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1. Let X be a Banach space and U be a subset of X. Let
{T(®); t>0} be a family of nonlinear operators from U into itself satis-
fying the conditions:

(i) T@O)=I (the identity mapping) and T(t+s)=T()T(s) for
t,s>0.

(ii) For ze U, T(t)x is strongly continuous in ¢>0.

dii) (T®z—TAy|L||lx—y| for z,ye U and t>0.

Such a family {T'(¢); t>0} is called a nonlinear contraction semi-
group on U. We define the infinitesimal generator A of the semi-group
{T@®); t>0} by

Ax—lim, _, b~ (T(h)— D=
and the weak infinitesimal generator A’ by
A'z=w-lim,_, h'(T(h)—Dx
if the right sides exist. (The notation “lim” (“w-lim”) means the
strong limit (the weak limit) in X. We denote the domain of A by
D(4).)

H. F. Trotter [6] established the following result for linear con-
traction semi-groups.

Theorem. Suppose that {T(t); t>0} and {T'({);t>0} are linear
contraction semi-groups of class (C,) in the Banach space X with in-
finitesimal generators A and B, respectively. If A+ B (or its closure)
18 the infinitesimal generator of o semi-group {S(t); t>0} of class (C,),
then

S®)x=lim,_,,(T(R)T' (W) x, z e X.
[ 1denotes the Gaussian bracket.

In Section 2, we shall prove an extension of this theorem for the
case of nonlinear contraction semi-groups on a subset U of a Banach
space X. In Section 8, we shall approximate the semi-group {S(?) ; {>0}
by using 2-(T'(2h) + T"(2k)) which is the arithmetic mean of 7'(2k) and
T’(2h). Note that, roughly speaking, T(R)T'(h) may be regarded as
the geometric mean of T'(2%k) and T'(2h).

2. The proofs in this paper are based upon the following theorem
which was proved by I. Miyadera and S. Oharu [3], [4].
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Theorem 2.1. Let X be a Banach space and X%® (k=1,2,3,-..)
be closed convex subsets of X.

Suppose that C,, ¢ Cont(X®) (the contractions from X® into itself)
k=1,2,8,---, and that {h,} is a sequence such that h,>0, h;—0
(a8 k—o0).

If (i) limAa;"(Cr—Dx=Ax,xec D(C ﬁ X®),
k=1

(ii) A (on D) is the restriction of the weak infinitesimal gener-
ator of a contraction semi-group {T(t); t>0} on a closed set X© (on a
set X),

(iii) there exists a set Dy(C D) such that for x e D,, T(t)x e D for
a.a. t>0,

then for x € Dy(x € D,)

2.1) T@zr=lim, . C¢"lx uniformly in t on every bounded in-
terval.

Let X, and X, be subsets of a Banach space X and let {T'(?); t>0}
be a contraction semi-group on X, with infinitesimal generator 4, and
{T"(t); t>=0} be a contraction semi-group on X, with infinitesimal
generator B.

Theorem 2.2. Let X, bea closed convex set such that X,C X, N X,.
Suppose that

(i) T®X,cX,and T'HX,CX, for t>0,

(ii) lim, o, A" Y(T(R)T'(h)—Dx=Kzx for x ¢ D(C X,N D(A) N D(B)),

(iii) K is a restriction of the weak infinitesimal generator of a
contraction semi-group {S(t); t>0} on a closed set X, (on a set X,),

(iv) there exists a set D,CD such that if x< D, then S(t)x e D
for a.a. t>0.

Then for x € Dy(x € D,)

2.2) S®z=lim,_ {T(RWT'(W}/Mx, uniformly in t on every
bounded interval.

Proof. Putting C,=T(h)T’(k) on X,, we have that C, ¢ Cont(X,)
for >0 and lim,_,, A (C,—Dxz=Kx for xcD. Hence, Theorem 2.1
(with X*® =X, k=1,2,8, - .-, and X®=X,) implies that

S®x=lim,_,, C¥"x lim,_, {T(W)T"(R)}*/*1z
for x ¢ Dy(x € D). Q.E.D.

Definition 2.1. A set-valued operator A in a Banach space X is
said to be dissipative if for each 2,y ¢ D(4)" and ' ¢ Az and ¥’ ¢ Ay,
there exists an fe F(x—¥), F denotes the duality mapping between X
and X*, such that re(z’—y’, f)><0.

A is said to be maximal dissipative if A is not the proper restric-
tion of any dissipative extension of A.

1) By X eD(A), we mean that Ax=0.
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Theorem 2.3. Let both X and X* be uniformly convex and let
X, be a closed convex set such that X,CX,NX,.

Suppose that

(i) THX,cX, and T'(H)X,Cc X, for t>0,

(ii) A is maximal dissipative (as a set function),

(i) A+Blxapwnom S the infinitesimal generator of a contrac-
tion semi-group {S(t); t>0} on a closed set X, (on a set X,).

Then for xe X,NDA)NDB)(x e X,NDA)ND(B))

2.3) Sax=lim, . {T(R)T'(W}*"x uniformly in t on every
bounded interval.

Proof. First we prove that

2.4) lim,  t(TAOT'A)x—x)=Axz+ Bz for x e X,ND(A)N D(B).
Let z ¢ X,ND(A)ND(B).

T (TOT'®r—x)=t" (TE)x—x) +t(TET')x—T(t)x)

Since ut“(T’(t)x—x)ngt“ﬁuBT’(s)xlldsg 1Bz, we obtain

2.5) [[tH(TOT'Ox—THz||<|Bx|.
And, since T'(¢)—1I is dissipative,
re{TOT' Ox—T'Ox—TEAY+y, F(T'Ox—y)><0

hence

re(z;+t(T®zx—x) -t (T'Dx—2) -t (TOY—), F(T'Ox—y)><0
where z2,=t"Y(T'(t)T'(O)x—T(t)x).
Let {t,} be an arbitrary sequence such that {,—04. Since |z, || < | Bx||
by (2.5), there exists a subsequence {¢,,} of {t,} and a z< X such that
By, =% (weak convergence). By the strong continuity of F, we have
that

(2.6) rez+Ax—Bx—Ay,F(x—y)><0 for all ye D(A).

The maximal dissipativity of A implies that z—Bx=0, i.e., z=Bz.
Therefore, z,, —Bw, and hence |Bz| _<_1i111~iwnf I2;,,l.  On the other

hand, limsup|z,, ||<||Bz| by (2.5). So, we have | Bz|=lim||z,, ||.
koo k—co

The uniform convexity of X implies that lim,, .,.2,, =B®, soby the
uniqueness of the limit we have that lim,_,.2,=Bz. Consequently, we
have (2.4). Now, setting K=A+B|x,npwynowm, We have that K is the
infinitesimal generator of {S(¢); t>0} and that S(t)x ¢ D(K)=X,ND(4)
NDB) for t>0 and x e X,N D(A) N D(B) by Grandall and Pazy
([2]; Theorem 1.4). Therefore, the assumptions of Theorem 2.2 are
satisfied with K=A+B|y,npwnow and Dy=D=X,ND(A) N D(B).
Q.E.D.
Remark 2.1. Let X and X* be uniformly convex.
If A+ Bly,npwnow 18 closed and RUI—9(A + Blx,npwnow) DX, ND(A)
ND(B)) for all >0, then A+ Blx,npwnpwm is the infinitesimal gener-
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ator of a contraction semi-group {S(¢); >0} on X,ND(A)ND(B).?
For details, see [5].

Corollary 2.1. Let both X and X* be uniformly convex, and let
X, be a closed convex subset of X. Let {T(t);t>0} be a contraction
semi-group on X with infinitesimal generator A and {T'(t); t>0} be a
contraction semi-group on X with infinitesimal generator A and
{T"(t) ; t>0} be a contraction semi-group on X with infinitesimal gener-
ator B. If A is maximal dissipative, A+ B is closed and R(I—7n(A+ B))
DDA+ B)=D(A)ND(B) for all >0, then

(i) A-4B is the infinitesimal generator of a contraction semi-
group {S(t); t>0} on D(A) N D(B),

(i) for each x e D(A)ND(B)

Sz =lim,_, {T(WT' (W)} Iz uniformly

wn t on every bounded interval.

Remark 2.2. Theorem 2.3 is an extension of a result of Brezis
and Pazy ([1]; Theorem 3.8) in their case X is a Hilbert space.

3. Let X, and X, be subsets of a Banach space X, and let
{T(t); t=0} be a contraction semi-group on X, with infinitesimal gener-

ator A and {I"(¢); t>0} be a contraction semi-group on X, with in-
finitesimal generator B.

Let X, be a closed convex set such that X,CX,NX,. Then, we
define for any a, b>0 with a+5>0 and 2>0, C,(a, b) on X, by

(3.1 Cu(a, by — 9T(@+ D)D)+ bT'(a+ k)
at+b
and set
3.2) A, (a,b)=r"(Cy(a, b)—1I).

Theorem 3.1. Let a,b>0 with a+b>0 be arbitrary, but fixed.
Suppose that

(i) TX,cX,and T'H)X, X, for all t>0,

(ii) aA+bBlxnpwnpw 1S @ restriction of the weak infinitesimal

generator of a contraction semi-group {S, ,(t); t>0} on a closed set X,
(on a set X,),

(iii) there exists a set D,CD(=X,ND(A)ND(B)) such that if
xz e D, then S, ,()x € D for almost all t>0.
Then for x € D(x € D,),
(3.3 S,(Oe=lim,,, [ LEHOW+ITLaL DN JEE,
’ a+bd
uniformly in t on every bounded interval.

Proof. We first note that C,(a,d) is a contraction from X, into
itself and that A,(a, b)x—(@A+bB)x as h—0+ for x e D (=X,N D(A)
ND(B)). Hence, Theorem 2.1 (with X®=X,k=1,2,3,..., and
X©®=X,) implies that

2) “R” means ‘‘the range of”.
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8., ,(r=lim,_,,Cy(a, D)1z
lim, _,, { aT((a+b0)h)+bT'((a+D)R) } L/ "Jx
a+b
for x € D(x € D,). Q.E.D.
Corollary 3.1. Let a=b=1. Then under the assumptions of the
theorem, we have that

3.4) Sl,l(t)x=lim,,_,o+{

T(2h)-|2-T’(2h),} Wh]x, veD,
(x € D) uniformly in t on every bounded interval.

Corollary 3.2. Let {T(t); t>0} be a contraction semi-group on a
closed convex subset X, with infinitesimal generator A. Suppose that
there exists a set D(C D(A)) such that if xe D, then T(t)x ¢ D(A) for
almost all t>0. Then, for xc Dy, a,b>0 with a+b>0, we have

3.5 T(atye=lim, . { aT((@+b)h)+bI } e

a+db
uniformly in t on every bounded interval.

Proof. In Theorem 3.1 put X,=X,=X, and let {T'(¥); t>0} be
the identity semi-group, i.e., T"(t)=I for t>0. Then, the infinitesi-
mal generator of {T'(¢); t>0}, B, is the zero operator and D(B)=X,.
Also, note that aA is the infinitesimal generator of the semi-group
{T(at); t=0} on X,. Q.E.D.

Finally, we present an application of Corollary 3.2. In (3.5) set
a=& and b=1—¢& for 0<£<1; t=1 and 1/h=n, then we have

3.8) TEr=lim,..(A-EI+ETQA/m)"x for 0<EL1]
and z ¢ D,.

Remark 3.1. The representation (3.8) holds uniformly on [0,1]
for x ¢ D(A) without the assumption of the set D, in the Corollary 3.2.
This is proved in a more direct way by I. Miyadera and S. Oharu in [4].

Example (Linear Case). Let C[0, o] be the set of all continuous
functions z(.) defined on [0, co] such that lim, . x(f) exists. Then, C[0,co]
equipped with the supremum norm is a Banach space. Let {T'(¥); ¢>0}
be the semi-group of right translations on C[0, ool, i.e., (T'(®)x)(s)
=x(t+s) for t>0 and z(.) € C[0, o0]. Hence, {T'(t); t>0} is a linear
contraction semi-group on C[0, o] and D(A)=CI0, co].

Using (3.8) with Dy;=D(A), we have that for x(.) ¢ [0, o]

3.9 [T(®)x)(s)=lim, . (A—-EI+ETA/m)]"x)(s)

=lim, . - (}) Q=& +€*@k/ma)s)
~lim, .. 3% () A= & ats + k/n)
Putting s=0 in (3.9), we get
B10)  a@=lm,. > (7] Q- ek m), 0<E<T.
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Note that (3.10) gives Berstein’s Approximation Theorem.
Finally, the author wishes to express his gratitude to Professor
Isao Miyadera for his valuable advice.
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