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1. Introduction. Let G be a compact Lie group, M" a closed
smooth n-manifold and ¢: GXM"—M" a smooth action. Then the
fixed point set is a disjoint union of smooth k-manifolds F*, 0<k<n.

P. E. Conner and E. E. Floyd [2] obtained several properties of
fixed point sets of smooth involutions and one of their results is the
following.

Suppose that T:M*—M?* is a smooth tnvolution on a closed
manifold of odd Euler characteristic. Then some component of the
fixed point set is of dimension =k.

Now we consider semi-free smooth S'-actions on oriented mani-
folds and we claim the following

Theorem 1.1. Let M™ be an oriented closed smooth n-manifold
and @:S'XM"—~M" o semi-free smooth action. Then each k-di-
mensional fixed point set F* can be canonically oriented and the index
of M™ is the sum of indices of F*, that is,

(M) = Z I(F%).

Theorem 1.2. Suppose that ¢:S'}XM*—>M* is a semi-free
smooth S*-action on an oriented closed manifold of mon-zero indezx.
Then some component of the fixed point set is of dimension =2k.

Detailed proof will appear elsewhere.

2. Outline of the proof of Theorem 1.1.

Let S' and D? denote the unit circle and the unit disk in the field
of complex numbers. Regard S' as a compact Lie group. Let M be
an oriented closed smooth n-manifold and ¢: S'xX M*—M" a smooth
action. The action ¢ is called semi-free if it is free outside the fixed
point set. Then we have the following ([4], Lemma 2.2).

Lemma 2.1. The normal bundle of each component of the fixed
point set in M™ has noturally a complex structure, such that the
nduced S*-action on this bundle is a scalar multiplication.

From this lemma, a codimension of each component of the fixed
point set in M" is even. Let v* denote the complex normal bundle to
Fr-%_ Then v* is canonically oriented and F*~* can be so oriented
that the bundle map 7(F*~%) @ v* — (M) is orientation preserving,
where 7(M) denotes the tangent bundle of M.
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For each complex vector bundle & over an oriented closed smooth
manifold X, let S(§) and CP(£) denote the sphere bundle and the
complex projective bundle associated to &, respectively. Then the
orientations of S(£) and CP(€) are induced by those of X and £&. Then
we shall have the following

Lemma 2.2. Let M™ be an oriented closed smooth n-manifold,
©:S'XM*—M" a semi-free smooth action and F"** an oriented
(n—2k)-dimensional fixed point set. Let v* denote the complex normal
bundle to F*~*, Then

(@) > [cP(®]=0

k=1
and

(b) [M "]=k§0 [CP(Y* ® 6Y)]
in the oriented cobordism ring 2., where §' is a trivial complex line
bundle.

Now we consider the index of CP(£%), the total space of the complex
projective bundle associated to a complex k-plane bundle £* over an
oriented closed manifold V. The following lemma is an immediate
consequence of [1].

Lemma 2.3. I(CP(S"))=M——1-I(V”).

2
Combining these lemmata, we easily have
> I(F*) =0,

k:odd

Z I(Fr-%)=I(M™)

k:even

Since the codimension of each component of the fixed point set is even,
we have

IM™)= i]o I(Fm—%)

Hence we obtain Theorem 1.1.

3. Outline of the proof of Theorem 1.2.
Let

4: 2,(CP~)—2,_(CP)
be the Smith homomorphism (cf. [2], § 26) and
Iyt 2,(BUK)—2,(BU(k+1))
a homomorphism induced by the canonical inclusion map 7: BU(k)
—BU(k+1). Let
0: 2,(BU(K)— 2y, 31_o(CP”)
be a homomorphism as follows (cf. [4], §3). To each complex vector
bundle &* we have a line bundle {9 associated to the principal S*-bundle

S(£¥)—CP(EY), then 9([E¥])=[£]. Then we have the following com-
mutative diagram (cf. [2], 26.4)
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0.BUR) —> Dy (CP?)

li* TA
2,(BU(k+1)) ——> 0,,(CP).
And we obtain the following result by the same way as in the case of
[2; Theorem 27.3].

Lemma 3.1. Let ¢:8'XM"—M" be a semi-free smooth S*-action
on an oriented closed manifold of non-zero index, and let v* denote the
complex normal dbundle to (n—2k)-dimensional fixed point set F™~%,
There exists a k such that [v*] is not in the image of i, : 2, _,,(BU(k—1))
— 2 _(BU(K)).

Since i, : 2,(BUk—1))=02,,(BUk)) for m<2(k—1), Theorem 1.2 is
an immediate corollary of the above result.

4. Remark.

The following proposition shows that Theorem 1.2 is a generali-
zation of the theorem of Conner and Floyd stated in the introduction
of the present paper when we restrict ourselves to involutions induced
from semi-free S'-actions on oriented manifolds.

Proposition 4.1. For an oriented closed n-manifold M",

I(M™)=y(M™) mod 2,
where y(M) denotes the Euler characteristic number of M.
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