No. 9]

210.

Proc. Japan Acad., 46 (1970)

921

On the Generalized Korteweg.de Vries Equation

By Masayoshi TSUTSUMI, Toshio MUKASA, and Riichi IINO

.

Department of Applied Physics, Waseda University, Tokyo
(Comm. by Kinjir.8 KUNU(I, M.

A., Nov. 12, 1970)

The nonlinear dispersive equation of the type
(>0
(1.1)
ut--(f(u)):+cuxxx--O,
is the generalization of the Korteweg-de Vries (KdV) equation
(1.2)
0,
4= 0
ut-uux +
and is closely related to the study of anharmonic lattices, see [1].
In [2], A. SjSberg proved, by the method of the semi-discrete
approximation, existence and uniqueness of the global classical solutions of the KdV equation for an appropriate initial condition and
periodic boundary condition. In [3], T. Mukasa and R. Iino extended
SjSberg’s results to the simplest generalized KdV equation
(1.3)
u-uu.+(Uxxx=O,
3#0.
By the method of parabolic regularization, R. Teman [4] obtained the
existence and uniqueness theorems of the global weak solutions o
the KdV equation or an appropriate initial condition and periodic
boundary condition. In [5], Y. Kametaka proved existence and uniqueness of the global classical solutions of the Cauchy problem for the
KdV equation and the simplest generalized KdV equation.
In [6], K. Masuda studied the Cauchy problem for the equation of the
1.

Introduction.

ux

type
(1.4)

Ut--(uP/P)x+Uxxx---O, p=1,2, 3, 4,

4:0.

In this note our aim is to extend those results to the generalized
KdV equation (1.1) under the appropriate conditions imposed on f(u),
which include the cases f(u)=u’, where p is an arbitrary odd number,
and f(u) e
The plan of this paper is the following" In Section 2, we study

.

or

the nonlinear dissipative-dispersive equation
(, / >0,
(1.5)
u-(f(u)) + (Ux=/u,
and establish the global existence theorems of the Cauchy problem for
the equation (1.1) by letting / tend to 0. Section 3 is devoted to
present a semi-discrete approximation o the equation (1.5), which
assures the global existence of the weak solutions of the initial-periodic
boundary value problem or the equation (1.5). In Section 4, by the
singular perturbation, we establish the existence theorem of the initialperiodic boundary value problem for the equation (1.1).
the Cauchy problem
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In this note we state the results only. Detailed proof will be
published elsewhere.
2. Nonlinear dissipative,dispersive equation and the method of
vanishing dissipations. Let H(R) 1) (s: integer) be the usual Sobolev
space and norm I1"1. When there is no chance of confusion, we shall
drop the symbol R. By L(a, b E) we denote the space of E-valued
functions u(t) on (a, b) for which
sup

where E is a Banach space with norm I1" I1,. We denote by C[a, b ;E], )
the space of functions which are m times continuously differentiable
over [a, b] with values in E.
Now we consider the following Cauchy problem:

(2.1)

u(x, O)=uo(x).
Construct the sequence of approximate solutions {un(x, t)} Of the

problem (2.1) as ollows
u-- (f(

(2.2)

+ u"-))x
u(x, t) =_ 0
u"(x, 0)=0,

,

(n= 1, 2,

where (x, t) is a solution of the problem

(2.)

+=,

y>0

(x, 0) u0(x).
have
the following local existence theorem.
we
Then
Theorem 1. Suppose that f (u) C( + ) (R). For every real-valued
initial function Uo(X) e Ha(m+l) and for each [t 0, there exists a posirive number T such that in the interval 0< t < T the problem (2.1) has
a unique solution u(x, t) belonging to L=(0, T H(m+l)) (’1C[0, Tm Ham]
C[0, T L].
If we impose further assumptions on f(u), then we have the following a periori estimates"
Theorem 2. Suppose that f satisfies the condition of Theorem 1
and, furthermore, satisfies one of the following two conditions:

,

Condition A

df(u)/du>/O,

F(u)-

o(f(v)-- f(O))dv)O,

Condition B
where K is a positive constant.
Then the solution u(x, t) of the problem (2.1) satisfies a priori
estimates of the form
1) In the sequel of this note, by the symbol R we always denote the onedimensional real Euclidean space.
2) We always denote by m, a nonnegative integer.
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k-0, 1,..., 3(m+ 1)
where T is an arbitrary positive number and are positive valued
monotone increasing functions with/(0)=0.
Combining Theorem 1 and Theorem 2, we easily conclude the
sup llul<l(llUo]l),

(2.4)

O<t<T

global existence theorem"
Theorem :. Suppose that f satisfies the conditions of Theorem 2.
If Uo(X) e H3(/1), then for every fixed [ 0, the problem (2.1) has a
unique solution u(x, t) such that in any interval 0< t T,
N C[0, T L2]
u(x, t) e L(0, T H3(/1)) N C[0, T H3]
As concerns the weak solutions o the problem (2.1), we have the
ollowing theorem"
Theorem 4. Suppose that f satisfies the conditions of Theorem 2.
e H i-l, 2, then the problem (2.1) has a unique weak solution
Uo(X)
If
such
that for any TO
u(x, t)
u(x, t) e L(O, T H ) L2(O, T H/I).
Letting Z tend to 0, establish
Theorem 5. Suppose that f satisfies the conditions of Theorem 2.
If Uo(X) e H i= 1, 2, then there exists a function u(x, t) which belongs
to L(O, T H ) for any T 0 and satisfies

,

,

,

uxx

O,
(f (u)) +
> O,
u(x, O)-uo(X).
When i-2, the function u(x, t) is uniquely determined by the initial
function Uo(X).
Theorem 6. Suppose that f satisfies the conditions of Theorem 2.
e H/, then the Cauchy problem (2.5) has a unique solution
Uo(X)
If
such
that for any TO
u(x, t)
C[0, T; L2].
u(x, t) e L(0, T H/)) C[0, T H 3]
Remark. In Theorem 3, 6, let m--1, then we establish the global
(2.5)

{ut

existence theorems of the classical solutions o the problem (2.1)
and (2.5).
:. Semi.discrete approximation. We consider the following
initial-periodic boundary value ploblem"
0
6,
u (f(u)) + 6Ux-- Ux,

(3.1)

0<x<l,
u(x, O)--Uo(X),
or all t0.
u(0, t)--u(1, t)
For an integer s, H is a Hilbert space whose elements are real-

valued 1-periodic functions with finite norm

a_-,
i- /--1.
u(x)-- ,ae ’,
where
If we develop our arguments in the function space H instead of
the function space H(R), the method mentioned in Section 2 is also
applicable for the problem (3.1). Indeed, quite similar results as
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Theorems 1-6 are obtained under the following conditions for f(u):
satisfies one of the two conditions;
df (u) / du O,
Condition A’
Condition B’
If(u)l<K(1 + u),
where K. is a positive constant. However, in this section we shall
examine the problem (3.1) by the following semi-discrete approxi-

f C(/)(R)

marion"

du(x, t) / dr- Do(f (u(x, t))) + D D_Dou(x, t)
r= 1, 2, ., N
=/D+D_u(x, t),
(3.2)
r= 1, 2, ..., N
u(x, 0) u0(x),
r=1,2,... ,N and all t>0
u(x,t)=u(x/,t),
where the mesh-width h=l/N, N natural number, x=rh and the
difference operators D/, D_ and Do are defined by
hD_u(x)=U(Xr)-U(X_),
hD+u(x)--u(x+)-u(x),
2hDou(X) u(x ) u(x_).
We construct a family of functions q(x, t) rom u(x, t) in the
/

-

/

ollowing ashion

4XN(X, t)= --((X-- X)/ h)D +D_UN(Xr, t) 2(x-- x)D +D_u(x, t)
+ (x-- x)D_u(x, t) + u(x, t)
for xr< x Xr/.
Then, making use o a priori estimates of (3.2) which are independent of h, we can show that (x, t) converges (as h tends to 0) to
a function u(x, t) which possesses the properties enunciated in the following theorem.
Theorem 7.

Suppose that f e C(R) satisfies the conditions

where

Po gx) H, there exit iqe fetion (, t) whieh belog
to L(O T H) L(O T H) for
T > 0 and atie the idetit

u tdxdt +

f (u) dxdt +

tet fetio rl(, t) C[O, T H] that ae

fo

eqa to 0 at t= T.

4o The method of the singular perturbation with a nonlinear
term.

We consider the next equation with the additional terms consisting of the fourth order term and the nonlinear second order term:

(4.1)

u:::--

e((f (u))::-- u::::) O.
ut- (f (u)): +
Under the appropriate conditions imposed on f(u) and initial value
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we can show the existence of a smooth solution u,(x, t) of the initialperiodic boundary vlue problem for (4.1) by the semi-discrete approximation similar to the scheme presented in Section 3.
Letting -0 in u,, then we get a solution of the initial-periodic
boundary value problem for the equation (1.1).
Theorem 8. i) Suppose that f(u) C2(R) satisfies the condition

(4.)

F()--

.f()dv>Kall+K,

Ka>O,

or the eodtio

df (u) / du > O,
F(u) > O.
(4.3)
Then, for every eO and for initial value Uo(X)e H2, there exists a
unique solution u(x, t) e L(O, T; H2) of (4.1), where m, integer>4.
ii) Under the same conditions for f(u), if Uo(X) e H, then there
exists a unique solution u(x, t) e L(0, T; H) of (1.1), where k, integer>2.
Remark. If we .add the higher order dispersive term, for instance, the fith order term, to the left member of the equation (1.1),
we can also obtain the global existence and uniqueness theorems of the
classical solutions of the Cauchy or initial-periodic boundary value
problem or this equation under the appropriate conditions imposed
on f(u) and initial value.
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