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In this note we treat the following problems"
(I) Construction of the elementary solution of the Cauchy
problem for a hyperbolic differential operator (Theorem 3).
(II) The condition for I-hyperbolicity (Theorem 5).
(III) Construction of a solution of a (homogeneous) differential
equation whose singular support on S*M is contained in a bicharacteristic strip (Theorem 6). Here S*M denotes the co-sphere or cotangential sphere bundle of the underlying real analytic manifold M,
which we take to be a domain in R n+l containing the origin.
This paper is a summary of a part of forthcoming paper Kawai
[7] in which details will be given. Throughout this note P will denote
a linear partial differential operator of order m and of simple characteristics with analytic coefficients, whose principal symbol we denote
by

P.

We first state a theorem essentially due to Hamada [1], which
generalizes the Cauchy-Kovalevsky theorem.
Theorem 1. Let P be a partial differential operator with holomorphic coefficients defined near the origin of C n+l. (Hereafter we
z) and assume P(t, z; 1, O)
denote a point in C +1 by (t, z)-(t, zl,
=/=0 near the origin.) We assume that the solutions v-v(t,z;
m) of the equation P(t,z; v, )-0 are mutually disjoint
(]-1,
near (t,z;)-(0,0; 0) and consider the following singular Cauchy

...,

...,

problem"

(SC)

IP(t,z, 3/t, 3/z)u(t,z, y; )--0
((3/3t)u(t,z, y; )lt=o--((1/ z--y, >)n
(0_<_], k<=m-1, Il--]$01--1, I-- $01( 1).

Then (SC) admits a unique local solution u(t, z, y; ) which is a multivalued analytic function of (t, z) e C n+l defined outside K(1)(y, ) [J
UK()(y, ) here K(t)(y, )- {(t,z) l(t)(t,z,y $)- 0}, l- 1, ...,m,
denote the m (non-singular) characteristic surfaces of P, passing
through the intersection of complex hypersurfaces t=0 and
(y, } in C n+l. ()(t, z, y ) denotes the corresponding characteristic
function or the phase function satisfying P(t, z grad(t ) 9’)(t, z y ))
=_0. Furthermore u has the form F,= u (), where the summand u
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is multivalued analytic except on a single K ( and satisfies the same
equation Pu(t)-O. The domain of the existence of u()(t,z,y ) can
be taken uniform with respec$ o z provided tha$ lYl is sufficiently small.
We have urther the ollowing
Theorem 2. Let l p m and consider the following singular
Cauchy problem"
P(t’z’5/’3/3z)u(t’z’ y; $)--0
(SC),
[(3/3t)u(t,z, y; ) t:o=(1/(z-y, )n

<= <=

(O<=],k<__p-1).
Then we can construct in a canonical way the solution of (SC) which
[3 K()(y, ).
is multivalued analytic outside K()(y, ) [3
These two theorems are proved in an analogous way to Hamada
[1], so we omit the details.
We treated the problem o hyperbolicity or convolution operators
in Kawai [3], [4], [5] and constructed the elementary solution o Cauchy
problem or hyperbolic differential operators with constant coefficients
in Kawai [4], [6]. In this note we treat the same problem or the
operators with analytic coefficients under the assumption o strict
hyperbolicity.
It is easy to extend the ollowing result to those operators satisfying the Levi condition (cf. Mizohata and Ohya [8]) but here we restrict
ourselves to the simple characteristic case for the sake o simplicity.)
Theorem :. Let P be a strictly hyperbolic operator. Then we
can construct the local elementary solutions for the Cauchy problem,
E(t,x, y)(k-O,..., m--l), which depend real analytically on y and
satisfy the following"
P(t, x, /t, /x)E(t, x, y)-O

(3/3t)E(t,x, y)lt=o=(x-y) (]-0,...,m-l).
Sketch of the proof. We use Theorem I to oWmin E(t,z,y;$)

which satisfies (SC) with in S n-, the cotangential sphere at y, and
decompose E to ?__m(t) as remarked in Theorem 1. Then we can
define a hyperunction E()(, x, y; $) by taking the boundary value o
E()(t, z, y ) from the complex domain {Im ()(t, z, y $)0}. This
is possible since (?()-0 can be taken as a real equation or real y and
real (:/:0) by the assumption o hyperbolicity. Moreover S. S.
E()(to, x, Y0 0) is contained in {(x, 7)[<)(t0, x, Y0 0)-0 and r]-c
grad(t)(t0, x, Y0, $0) (c0)}; here S. S. means the singular support on
S*M. (As to the notion of the singular support on S’M, we refer the
reader to Sato [9]-[13]. Now the local elementary solution stated in
the theorem is given by
t x, y; )w(),
E(t, x, y)- (n--1)!I
(- 27i) =

Et)(

T. KAWAI

914

w()--

[Vol. 46,

,

(--1)-:dlA...Ad_lAd$/lA...Adn
is the volume element of S n-.
Remark. We can also show that the singular support of E(t, x, y)

where

is contained in the characteristic conoid issuing from y by using the
theory of integration on the sheaf 5’ (Sato [11]-[13]) and the properties
of the characteristic unction (?()(t, x, y; ). Combining a precise
version of Holmgren’s uniqueness theorem (Kawai [4], [5]) with this
regularity property we conclude E(t, x, y) has the trivial lacuna.
A little weaker orm of Holmgren’s uniqueness theorem for hyper2unction solutions is also obtained by Schapira [14].
Theorem 4. Assume that the following Cauchy problem (C) is
solvable near the origin"

(P(t, x, 3/3t, 3/3x)u(t, x)-O

(C)

x)lt=0 =/(x), (0]<__m-1), where f(x) are hyperfunc(3/3t)u(t,
arbitrarily given on the
initial
non-characteristic)

|tions

,

,

surface

at least one real
Then P(O, x; $)=0 has, as an equation for
solution for any x near the origin and any in S n-.
This theorem is an easy corollary of Sato’s fundamental theorem
concerning the regularity o the solutions. About Sato’s fundamental
theorem we refer the reader to Sato [9], [10] and for the proof of it to
Sato [11], [12]. More refined version using the pseudo-differential
operators will be given in orthcoming papers of Kashiwara and
Kawai.
(I-hyperbolicity). Let Mo denote the initial hyperTheorem
domain
the
or
in {t=O}={O}RcR /, and let I be an open
surface
set in S*Mo. Assume that P(t, x; ) has real coefficients and that
the solutions v(0, x; )(]=1, ...,m) of P(0, x; v,)=0 are all real
and distinct whenever (x, ) e I. Then the following Cauchy problem
(C) is locally solvable.
x; 3/3t, 3/Sx)u(t, x)-O
m-l), where [(x) are hyper(C) (3/St)u(t,x)lt__o-l(x), (]=0,
on
S.S.
satisfying
/ I.
functions Mo
proo
analogous
to that o Theorem 3.
of
theorem
is
this
The
Example. Let P=(/t)--(/x:)+(/x)
>11}. Then P is/-hyperbolic.
Remark. This theorem connects the Cauchy-Kovalevsky thorem
and the theory of hyperbolic operators. It seems that Voltera [15]
treats the above example.
Theorem 6 (Construction of a singular solution whose singular
support is very small). Let P be of real coefficients, and denote by

,

...,
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.

one of its (real) bicharacteristic strip, which we regard as a curve
in S*M. Then there exists a hyperfunction u which satisfies Pu=O
and has non-void S.S. u contained in
Sketch of the proof. We choose the coordinate (t, x) so that the
solution v(t, x ) of P(t, x v, $)-0 is non-singular near (0, 0 0),
where (0, 0, v(0,0; $0), $0) is the initial data of the bicharacterisitic
strip/. Then we can find E(t, x, y $) for which PE=O and E(0, x, y $)
1 / ((x- y, } + iO) hold, by employing Theorem 2 in an analogous way to Theorem I employed in the proof o Theorem 3.
Taking [2(x)-l/((x, $o}+i(Ix]2-(x, $0}0+i0}(101--1), we define v(x)

={’{"

E(t, x, y;)12(y)dyw($), where I is a small neighbourhood of
(0, 0). From the way of construction of E(t,x,y;) together with
the theory of integration on the shea C one concludes that S.S. v:/:,
S.S. v$ and Pv=9 with real analytic 9. Theorem 6 now ollows
immediately by replacing v by u=V-Vo, where v0 denotes an analytic
solution of Pvo- 9 whose existence is obvious by the Cauchy-Kovalevsky
theorem.
Remark. This theorem asserts that u(x) is real analytic except
on the single bicharacteristic curve. This improves a theorem of
HSrmander [2] (Theorem 3.6)and Zerner [16]. We shall prove in
Kawai [7] that this result is the best possible o the sort by constructing an elementary solution with good properties.

References
[1]
[2]

[3]

[4]
[5]

[6]
[7]

[8]

[9]

Hamada, Y.: On the singularity of the solutions of the Cauchy problem.
Publ. Res. Inst. Math. Sci. Ser. A, 5, 21-40 (1969).
H6rmander, L.: On the Singularities of Solutions of Partial Differential
Equations. Proc. Int. Conf. on Functional Analysis and Related Topics,
Univ. of Tokyo Press, pp. 31-40 (1969).
Kawai, T.: On the theory of Fourier hyperfunctions and its applications to
partial differential equations with constant coefficients (to appear in J.
Fac. Sci. Univ. Tokyo).
: Master Thesis presented to Univ. of Tokyo (1970) (in Japanese).
row: Report of the Symposium on Hyperfunction Theory Held at R.I.M.S.
Kyoto Univ., pp. 1-204 (1969) (in Japanese).
ram: Report Of the Symposium on Hyperfunction Theory Held at R.I.M.S.
Kyoto Univ., pp. 1-45 (1970) (in Japanese).
ram: Local Theory of Linear Partial Differential Operators mExistence
and Regularity of the Solution (in preparation. A summary is given in
[6].)
Mizohata, S., et Ohya, Y.: Sur la condition de E. E. Levi concernant des
6quations hyperboliques. Proc. Int. Conf. on Functional Analysis and Related Topics, Univ. of Tokyo Press, pp. 177-185 (1969).
Sato, M." Hyperfunctions and Partial Differential Equations. Proc. Int.

916

[10]

T. KAwAI

[Vol. 46,

Conf. on Functional Analysis and Related Topics, Univ. o2 Tokyo Press,
pp. 91-94 (1969).
Sato, M.: Hyperfunctions and Partial Differential Equations. Proc. Nice

Congress (1970).
[11] : Reports o2 Symposium on Hyperfunction Theory, Katata (1969, published by Dept. of Math. Univ. of Tokyo), 1-30 (Notes by Kawai, in
Japanese).
[12] : On the structure of hyperfunctions. Sugaku no Ayumi, 15 (1970)
(Notes by Kashiwara, in Japanese).
[13] ----: Reports of the Symposium on Hyperfunction Theory Held at
R.I.M.S. Kyoto Univ. (1969) (in Japanese)
[14] Schapira, P.: Thorme d’unicit de Holmgren et oprateurs hyperboliques
dans l’espace des hyperfonctions (to appear in Anais da Academia Brasileira de Ciencias).
[15] Voltera, V.: Rivista di Matematica, Vol. IV, 1-14 (1894). (Cf. Hadamard,
Lectures on Cauchy Problems, Dover, p. 254 (1922)).
[16] Zerner, M." Solutions singulires d’quations aux driv.es partielles. Bull.
Soc. Math. France, 91, 203-226 (1963).

