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1. Let G be a unimodular locally compact group of type I. For
such a group, so-called Plancherel formula was given by F. I. Mautner
[2], I. E. Segal [3], and H. Sunouchi [4], as follows.

Consider the dual G (the set of all equivalence classes of irreducible

unitary representations) of G, and put U,(w):j f(@U (w)dg for any
G

function f in LY(G) and any unitary representation o ={H(w), U,(w)} of
G. Then, there exists a measure p¢ (Plancherel measure) over é, such
that for any function f in L'(G) N L¥G), the equation (1) is valid.

171=], 11U @I dcan. (1)

Here || U(®)||| is the Hilbert-Schmidt norm of the operator U (w).

This formula is considered as an extension of the Plancherel
formula for abelian locally compact groups. But in this abelian case,
G becomes an abelian locally compact group too, and the Plancherel
measure u is just invariant measure over G.

The group operation of G is given by the ordinary product of char-
acters as functions on G, that is, the Kronecker product of 1-dimen-
sional representation. So the invariancy of Plancherel measure is that,

dp(@p=dp(y),  for any y,in G, (2)
and this is equivalent to,

[ lra@nrapco=|, 1700 duto,
G G

for any ¥, in G and f in LX(G) N LAG).
Here f shows the Fourier transform of f.
In general case, an analogue of (3) may be constructed as follows.
At first, by virtue of (1), we replace Fourier transform f of function
f by the operator-valued function U,(w), then the term |f(x,®y)* is
replaced by ||| U (w,Q) ||[*
On the other hand, the well-known relation o, @R~ >, @R, for

dim wg

the regular representation i and any representation w,, suggests that,
in general form, the factor (dim w,) ' is needed in the left hand side.
So, one of the purposes of this paper is to show the equation (4) for
finite dimensional representation w,.

(3)
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im 09 |, 11U @@a)|F dp@) =, I U @IF dp@). (4
For the case when w, is infinite dimensional the left hand side of
(4) is meaningless, so we have to take some modification.
The definition of the Hilbert-Schmidt norm gives,
NU;(0@ao)| IZ=§. ; 1 U A0@) (v (@) @v (@) | (5)
Here {v,(wp} and {v,(w)} are any orthonormal basis in H(w,) and H(w)
respectively.

For fixed basis {v,(w,)} of $H(w,), we take a partial sum of (5) with
respect to 7, and put

mw-:-% i (31U @0@a)@ (@)@, (6)
then our required equation is
1imjA Pr(@) dpp(w)= j U A||f dpe(@). (7)
N-oow JG G

But, in this paper, we get the stronger result as follows.

Theorem. Forany v(w,) in H(w,), such that ||v(wy) ||=1, the equa-
tion (8) is valid.

J@ ; | U {0 @@) (@) @v (@) | d p(w) =J@ U )|} dp(w),

for any f in L(G) N L¥G).
Evidently (4) and (7) are immediate results of (8).

Lastly we shall give an example, for which the limiting process in
(7) can’t enter under the integral sign, i.e.,

[, 1im ¢x(@) dpi@)2 [ 1 U@ dpx(@). (9)

2. Proof of the theorem. The proof is given by direct calcula-
tions. We take v(w,), {vi(®)}, f, as in the theorem, and an orthonormal
basis {v,(@y)} in H(w,).

I={, 21U/ 080D dp(w)
=[, =] ro @R @viw)ist duw
=[, 2], [ 760)7@XT, 0@, Upt@dvi@))
G &k GJaG
X (U, (0)vx(@), Ugg(w)vk(w»dgldgz} dp(w)
=[, 2] [ 707 T Wowiviw), vi@d
&% ¢l 7

X LU g(0)v(@y), V(@) > U, (w)v(w), Ug,(w)vk(co»dgldgz} dp(w).

But in the right hand side, the absolute value of the integrand is
bounded by

(8)
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I é j é 7911709 Zz: [<U () v(@9), vi(@0)> | [<U g, (o) v (@), V@) |
X |<U (@)0(@), U, (@)v(@)>| dg.dg,

éja .[a |/ (g)117(g)1( ; [<U s, (@)v(wy), vi(wy)) )
X (2 KUnl@v(@), v(@y D [ U@ | Un(@)vi@)] dg.dg,

={[. 7@ U @@ le@ide) ={[ 170 dg}

So by the Fubini’s theorem, we can take the sum by I before the
integrals by g9,, 9..

I =jé = ;L L F@F @I, (@)@, vi(w) ST @) v(@y, D@y
X (U, (@)0(@), U, (0)0(@)>dgdg, d(w)
=[, 22| [, 70XV 0@, viw) U wrvu(e) dg | dpue)

=%[, SV @@ dp).
Here u,(9)= U (@p)v(wy), vi(wy)).

1=5 [ 1V @i du)= 3 17w dg
=L SIS @F KU 00000, vilw))F dg
=L 7 @F U (@) v(@y) [P dg=jG | F(@)F I|v(wy) | dg

=j F@F dg=, 1T @) dp(e).
G G

That is, the equation (8) is proved.
Corollary. If dim w,<+ oo, then,

(@im 09" [, 11U (0@a)|F du@) =, | U (@) d ().
for any f in L*(G) N L¥G).

3. Example. Let G be the real unimodular group of second
order. Now we shall construct f, w, on G for which the inequality (9)
is valid. We quote the notations in the previous paper [5].

At first, we fix the positive integer (or half-integer) m (=38/2), and
the normalized highest vector v,, in $(D;), that is, v, is determined up
to constant factor as the vector satisfying

F+(D;)v,=0. an

2
.

(10)

Put

F(@=LUDp)Vms Vs (12)
then the V. Bargmann’s results ([1]) and calculations of eigenvalue
for Laplacian show the followings,

(@) f(g isin LG NLAG).
(b) For given irredudicble representation w and its canonical
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basis {Cy()} (cf. [5] p. 318),

UL )Ci(w), Cl(w)>=ja U D)0y vup<U(@)Ci(@), Clw))dg

:(2m—'1)_1 5m,—k 5m,—t7 for (l)—_—D;,,, (13)
=0, for w=D,(n#+m), D}, Ct 1.

(b) shows that,

U(w)v(w)=0, for w+D;, 14)
U,(D)v=02m—1)"{v, vy YV, for v e H(D;). (15)

That is,

U @) ||f=@2m—1)72, for w=D, (16)
=0, otherwise.

From the definition of the Hilbert-Schmidt norm, it is easy to see
that

1T A 0®@)|[f=d|||U (D7) ||F=d@2m—1)"*

Here d is the multiplicity of D, -components in the representaiton
0.

On the other hand, we can deduce the following by just similar
arguments as the proof of Proposition 1 in [5].

Lemma. For fired s (positive integer or half-integer), D}Q@w
contains D, once time only when w=D;(n=s+m, and m+n+s; inte-
ger). And for the other irreducible w, D @w does not contain D;,.

This lemma determines the value of the function,

N1 UAD:@w)||f=2m—1)"%  for o=D;(n=s+m, m+n+s; integer),
=0, otherwise.
That is, for w,=D;,
lim ¢ y(@)=lim = 5 5 || U,(D; @)@ u(@)
Novoo N-o N T %

<lim L 57 57| UD: @) @Lu(@)) |
Noo N T %

=lim L[| U (D;®w)||P=0,
N—roo N
So that,
_lim @y(@) dp(w)=0,
G N—-o

[ 1t @irap@=| 7@t dg=@m—1-0.
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