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1. Introduction.
In this note we shall consider a global property, that is, the quasi-

periodic property, of the solutions of the following quasilinear one
dimensional wave equation with dissipative term ut, where a is a
constant"
( 1 ) M(u)=utt--uxx+ut--h(x, t, u, ux, ut),
where h is quasiperiodic with basic frequencies o, ..., in t. We
shall show the existence of such quasiperiodic solutions of the form (1)
that have the same basic frequencies as h and satisfy the boundary
conditions u(0, t)=u(, t)=0. These solutions are classical solutions.

The case m--1 is the periodic case and was already solved by
Rabinowitz [1], [2]. Especially, in [2] equation is strictly nonlinear.

2. Notations and definitions.
Definition. f(x, t)is called quasiperiodic with basic frequencies

o, ..., in t, if there exists a function F(x, 0, ., 0) such that f(x, t)
=F(x, 0xt, ., ot), where F(x, 0, ., 0,) is a continuous function of
period 2z in O, ..., 0. Basic frequencies , ..., are real numbers.
We shall denote by _(,...,) the class of f(x,t) for which
(x, 0, ...,0) is C-class in x, 0, ...0 and by (, ...,,)
c(ox, ...,) the class of f(x, t) which is 2-periodic in x(l<=k<= oo).
Every f(x, t) e is expanded in the Fourier series if k=> 1"

f(x, t)-- , fee,).
We introduce the norms in F by II fll-- Ifl and

Now we assume that h(x, t, p, q, r) is in the orm
f(x, t)-t-g(x, t, p, q, r), f(x, t)_ O.

Then we can represent g(x, t, p, q, r) in the form G(x, ot, ., ot, p, q, r),
where G(x, t, ., t, p, q, r) is continuous and 2-periodic in t, ., t.
Further we assume that f(x,t) and g(x,t,U, Ux, Ut) vanish at the
boundary x=0, x=.

3. The existence of quasiperiodic solutions.
3.1. At first we consider the case where the forcing term

h(x, t, u, u, ut) does not depend on u, u, ut
( 2 ) M(u)--utt--ux--out--f(x, t).
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As or (2) we have two propositions"
Proposition 1o If f(x, t) belongs to (w, ..., o) and aev0, then

(2) has a unique classical solution u=u(x, t) e (wl, "",o). This
solution satisfies the estimate"

Ilull<=C(a)llfll, i.e. llLfll<=C(a)llfll, where L--M-and C(a) is a constant depending only on .
Proposition 2. If f(x, t) belongs to (, ...,) and -0, then

(2) has a unique solution u=u(x, t) e (Wl, "", w), provided that 1,, ..., satisfy the irrationality condition" For some constants 0
and vm, (1, , ., w) satisfy [ko+ k11+... + kw](]k0[+...
+[k,)- for all (ko, ..., k) e Z +1.

Above two propositions are proved by comparing the Fourier coef-
ficients and using the estimates o them. Here we need the following
lemma"

Lemma. Let (x, ., x) be C-function of period 2 in x, ., x.
Then the Fourier coecients f of F--ezfe(,) satisfy the
estimates"

(s) sup sup [DF[

for any natural number N, where k-(k, .., k,) e Z and

Remark. Irrationality condition in Proposition 2 is not unreason-
able, since almost all (w0, 1, "", w) e R + satisfy this condition.

.2. Now we consider the quasilinear case. We assume the
following"

f(x, t) and g(x, t, p, q, r) belong to F(,, ..., w);
(C)JG(x, , ., 0, p, q, r) is analytic in p, q, r in neighborhood

[of (0, 0, 0) with its derivatives of sufficiently high orders.
Our results are as ollows. Assume a#0.

Theorem A. Suppose that in addition to the condition (C) the
convergence radius R of the power series which expresses G(. ., p, q, r)
satisfies the inequality 2C(a)I]f[<R. If g(x, t, p, q, r) is of the form
e(x, t, p, q, r) for suciently small O, that is, (1) is a perturbed equa-
tions of (2), then (1) has a unique solution u=u(x, t)e (,..., ).
This satisfies the estimate" ]u],2C(a) ]lf][, where C(a) is the same as
in Proposition 1.

Theorem B. Suppose that in addition to (C), the power series
G(. p, q, r) begins with order k2. If [[f[[ is suciently small, then
we obtain the same conclusion as that of Theorem A.

These theorems can be proved by applying the well-known Picard’s
iteration method and the estimates from Proposition 1, lemma and
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Cauchy’s estimation formula.
Finally we consider the stability of the above solution u(x, t) o

Theorem A. Suppose that there exists a second global solution v(x, t)
of (1) which satisfies the boundary conditions. Then we have the
ollowing result"

Theorem C. There exists a constant (, , g)0 such that lu(x, t)
v(x, t) l<= .e-(/)t for sufficiently small 0 and the initial values of v

sufficiently close that of u, where , depends on and v initially.
For the proof, see [1].
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