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147. Wave Equation with Wentzell’s Boundary Condition
and a Related Semigroup on the Boundary. I

By Tadashi UENO
The College of General Education, University of Tokyo

(Comm. by Koésaku YosipA, M. J. A., Nov. 12, 1973)

1. For diffusion equation in one dimension, W. Feller [1] deter-
mined all types of possible boundary conditions. A part of the result
was extended by A. D. Wantzell [2] for multi-dimensional case. In
fact, he found a candidate for the most general boundary condition
which is possible for diffusion equation
(1) a ; =Au,
where A is a second order elliptic differential operator on a compact
domain D in R¥. More precisely, he proved that, under regularity
conditions on A and D, any smooth function «# in the domain of the
generator, which is a contraction of 4, of a strongly continuous semi-
group {T,,t>0} of non-negative linear operators on C(D) with norm
I T:1I<1,” necessarily satisfies a boundary condition:

Lu(x) =0, xzeaD.

Lu(x)=i;=1““(w) asi o] 2T @+ Z pia)-2 asm (@)
(2) + @) u(x) + o(x) Au(x) + y(x) (x)

+[ fuwy—uw -3 2 @ (y)}»(x dy),

where {a;;(x)} is symmetric and non-negative definite, y(x), d(x), — p(x)
are non-positive, and v(z, -) is a measure on D. {£.(y),1<i<N} is a
system of functions in C*(D) and is a local coordinate in a neighbour-
hood of x, and (9u/0&Y¥)(x) coincides with the inner normal derivative
(@u/on)(x).”> We sometimes omit the suffix v of &. Wentzell also
proved that the boundary condition (2) is actually possible in an im-
portant special case. For the problem to solve (1) with his boundary
condition in general case, we considered a method in [3], [4], which
reduces the problem to solve an integro-differential equation on the

1) Here, the domain of the definition of A is C%(D) and A is the closure of
A in C(D).

2) For a more detailed information about the terms in Lu(«x), the reader
can consult [2].
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boundary.? Recently, the result was extended by Bony and others [5]
along the same line.
Now, it seems to be of some interest to know whether Wentzell’s

boundary condition is also possible for the wave equation
2
3 —u=Au,
(3) 7

and to know what is the intuitive meanings of non-classical terms of
the boundary condition, if the answer to the first question is in the af-
firmative. In fact, Feller [6] already solved a one-dimensional wave
equation

—aiuz.Qu:L al u,? xe(r,r,),

ot? am 0ds
with boundary condition

7o u(ry) +0,2u(ry) + »b%u'(n) =0, 1=1,2,

and explained §; to be the effect of point masses attached to énd points
r; of a string between », and 7,.

Here, we construct a semigroup solution of (2)-(8) in a Hilbert
space set up, where A and L are restricted to a typical special case for
simplicity. A result for a general case will be published elsewhere
with a detailed proof. The method is an extension of K. Yosida [8],
where he solved a wave equation on RY with uniformly elliptic A.%

The author thanks very much to his friend Daisuke Fujiwara for
his kind help during the research of this problem, and also to Masatoshi
Fukushima for his comment.

2. An abstract scheme. Let ¥, be a real vector space with an
inner product (f, 9);, a norm | f||, and a positive constant ¢ such that
(4) el flls<lflly  for fedl,
where || fll,=(f, H¥:. Let JH and K be the completions of 4, with
respect to the norms || f|l, and | f|;, respectively. We consider as-
sumptions

(A.1) K can be imbedded uniquely in 4.

(A.2) There is a strongly continuous semigroup {7T;,{>0} of
linear operators on 4 with norm || T,||<e%, such that the domain 9
=9P(J) of the generator _J is contained in K.

(A. 3) 9 is a dense subset of K.

3) This method goes back to an idea of Feller [1], where D is an interval
and the integro-differential equation on 8D here is reduced to a pair of linear
equations with two unknowns.

4) This is the intrinsic form of one-dimensional diffusion operator dis-
covered by Feller [7].

5) As for the diffusion semigroup, related results on the Hilbert space set
up have been obtained by H. Kunita [9] and M. Fukushima [10], [11].
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(A. 4) For.aconstant ay, (ayf—Af, .= [} for fe .
(A.5) For a constant K, [(Af, 9);—(Ag, /).|<K( fIi+gl}) for
f,9e9.

Theorem 1. Under the assumptions (A. 1)—(A. 5), let B be the

direct product space (‘;C[) with norm ” (i;)H:(Hf]IH]]gl]?)yz, and define

T ) ()@

Then, G is the generator of a strongly continuous group {U;, —oo<1%
< oo} of linear operators on B with norm | U,||<e**.

Corollary. If we write (ggg): Ut<£) for (f ) € (‘@ ), then

9 K
(5) Do u,  lmu@)=1 in K, imv@)=g in 4.
dt? t=0 =0
Remark. (A.1), (A.2) and the following conditions imply (A. 3).
(6) al@—A LISl for fe I, a=a,

lela—A)"f—=fli—0  as a—oo, for fe 4,

3. Construction of the solution. Let D be a bounded domain
with smooth boundary in RY, and let 4{, be the set of all M-times con-
tinuously differentiable functions on D=DU4D for some fixed M>8.
We assume

_ & u

(2) ou

+——@)+ j (u(y) —u(@)v(z, dy),

on 2D
where a is a non-negative constant and é(x) is smooth and non-positive.
v(z, dy) is concentrated on 8D —{x} and has a symmetric density v(z, %)
with respect to the surface element dy on 6D, such that
u—slul=| () —u@e, dy)
maps C%D) into C(6D), and
y,= sup v(x,y)<oco, for ¢>0,

lz—yl>e
(7) N
[ Sswivedp<e, forzeab.
oD i=1

For real valued functions f and g, we write

f g)=jD f@g@dz,  D(f,g)=

J
So>=[ r@g@ds, D= ”z 2 @ @,
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W, g)=% j wd”LD (F W) — F @) 9W) — 9@z, dy),

where dx is the volume element in case of the integrals on D. We
define
(f, g)s=(f, g)'|"<f’ g-lﬁl}, for f:g eﬂo’ ”f”sz(f,f i/zy
Ba(f’ g)=a(.f’ g)s+D(f’ g)+a'D<.f’ g>+”(.f’ g)’ for f,g € cq[oy 0‘>O’
(> 9:=B(f, 9, for f,ge I, |Sfl.=0, N2
Let 4 and X be the completions of 4, with respect to || f|, and || f],
respectively.

Proposition 1. B,(f,9) can be extended uniquely to a bilinear
functional on K. The extension, under the same notation, satisfies
(8) By pI<c flle-ll9lls N FIRSBLS, )y for fr9e K, a>0.

Proposition 2. For f and g in Y,

(9) ((OC—A)f, g)s"'<Lf’ g>=Ba(f’ g)y a>=0.
This is proved by the Green-Stokes formulas for D and 6D
Ar,9+00, 9+{(-25,9)=0, (¥ 2L \+Dr,gy=0
Sy 9+D(f,9 +<an ,g>— , ] asz’g>+ y9)=
and I f1, 9>=—v(f, g), which is implied by the symmetry of v(x, y).

Lemma 1. If {f,,n=1,2,...} in 9, is ¢ Cauchy sequence in K
such that lim, .|| f,|l,=0, then lim,_.. || f,|.=0. Hence, K is imbedded
uniquely in Y.

In case d(x)=1, || fll;={(f, /) +f, O} and hence we have

Corollary. X is a set of real valued functions defined on D.

Proposition 3. If {f,, n=1,2,---} in H, and ge Il satisfy
limn—wo “fn ”L=O and Iimn—m {(Afn_g’ h)s+<Lfn’ h>}:O fO?" each h € ﬂo’
then g=0.

Definition. If, for f in K, there are a sequence {f,, n=1,2, ...}
in 9, and g € 4 such that lim,_., || f, —f|l;=0 and

lim {(Af,—9, W;+<{Lf,, h)}=0 for each & e 9,

n—+c0

then we define 4, f =g, and denote the set of all such f by D(4,).”
Proposition 4.

(10) (af —ALf, 9:=B.(f, 9 for fe DAL, ge KX
af—A;f=0, implies f=0
Proposition 5. For each ve K,

1y au—A,u=0, a>0
has o unique solution u, which satisfies
(12) B (u, )=, 1), for each fe K,  cllul.<|v].

6) In general case, we consider non-symmetric B«(f,g) and a Hilbert space
X whose norm is equivalent with ||f|;=Be(f, /)% for a sufficiently large a,. But,
the results and the proofs are essentially the same.

7) By definition, sufficiently smooth f vanishing near D belongs to D(A 1)
and Apf=Af.
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In fact, for a functional F(f)=(v, f), for f e K, there is v* such
that F(f)=(@*, f), by Riesz theorem. Then, by Milgram-Lax theorem
combined with (8), there is # such that F(f)=(v*, f),=B_(u, f), which
solves (11). Then, (12) extends the solvability of (11) for v € 4, as in

Lemma 2. For each ve 9, (11) has o unique selution w which
satisfies (12). Thus, a bounded linear operator G,=(a—A;)™" is
defined on 9, and A, is closed in Y.

Proposition 6.

alwlf+ (| ulf—[lu]D) =@, v),, for u=Gw, ve Jl.
flow—v |+l w]ff—| ) = (w, v),— @, v)s, forue G, veX.
lew—v |+ (@—1) |au—v|P=(eu—v, A,v),, for u=Gw, ve D(A,).

These are proved by using (10). By combing these equalities, we
have

Lemma 3.

“”Gav”s<”v”s’ lim ”“Ga’v—v“s:Oa fO’I" ve X
al|Goli<|v], imleGo—2],=0,  forveX.

Theorem 2. A, is the generator of a semigroup {T,, t>0} on I,
which satisfies (A. 2) and (A.3). (A.1), (A.4) and (A. 5) are satisfied
for 9, K and A=A,. Hence, the group of operators {U,, —oo <t< oo}
in Theorem 1 exists.

In fact, (A. 2) and (A. 3) are proved by Lemmas 2 and 3 and
Remark in 2 easily. (A. 4) is clear by (10) and the definition of (f, 1),
with ¢,=1. (A. 5) is also clear by (10) and the symmetry of B, (f,9):
ALf 90— (AL, =B.g, N—BLS, 9)=0.

Thus, the wave equation with Wentzell’s boundary condition with
L in (2') has been solved in the sense of the Corollary to Theorem 1.

Note. We assumed that Au= 317" a,;(0% /58,08 ,) + ¥~ B0 /o0&
+7-uin Lu(x) is a- 31 (0/022). But, if A with smooth coefficients
is uniformly elliptic or formally self adjoint, then (A. 1)-(A. 4) hold
true. But, when A is not formally self adjoint, our present proof needs
5(x)>0 for (A.5). For u(z, -), a much weaker condition is enough for
(A. 1)—(A.4). In fact, v(x, -) need not be concentrated on 4D, or have
a symmetric density. But, our present proof needs y(x,D)<<oo for
(A. 5). It is not clear that some technical device can remove this con-
dition or not.

We can also construct {T;} and {U,} in a similar way to [3], by con-
structing a class of semigroups on oD first. But, the present proof is
much simpler.
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