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1. Introduction and preliminaries. Let G be a locally compact
group with unit element ¢, and A be a complex Banach algebra with
unit element 1.

Through this paper, we let Haar measure of non abelian group
be left invariant, and we let J dx, I dy, - - -, denote integration with re-

spect to Haar measure and m(E) the Haar measure of a set E.
We denote the Fourier transform f of f ¢ LG), when G is abelian,

by
fp= j J@(=2,pdz  (reT'; the dual group of G).

A well known theorem states that a functional % defined on LX(G) is a
non-zero complex homomorphism if and only if
h(f)=f(r) (f e L(@)) for some yel.

In this paper, we give an analogue of this theorem by replacing
the functions f € L'(G) with A-valued functions on G. This is also a
preliminary step to get formally a unified view about the group algebra
and the representation of groups by linear transformations on a vector
space, which form a Banach algebra.?

Let C,(G—A) denote the set of all A-valued continuous functions
on G with compact support, and L'(G—A) denote the completion of
Cy(G—A) with respect to the norm ||| - |||, defined by

7=, 17@] da.

We say an A-valued function f on G is a measurable step function
on G if f(x) is of the form

J(@)= 2;‘1 a,xz,(®),

where a,¢ A and E, are measurable sets (with respect to Haar
measure) with compact closure, and y5, are characteristic functions of
E..
The proofs of Proposition 1 and 2 will be given easily.
Proposition 1. The set of all measurable step functions is dense
in L(G—A).

1) L. Loomis §31 and §32.
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For f, g e L'(G—A) we define the convolution of f and g, f*g, by

Frg(@)= f . f(xy)g(y~l)dy=fG Fgyz)dy.

And we put f.(x)=f(z"'2) for z,x ¢ G.

Proposition 2. ||| f./lI=Ilflll and (fx9).= f.xg for each € G. For
a fixed f e L'(G—A) and for any ¢>>0, there exists a neighborhood V
of e in G such that t eV implies ||| f.—f|||<e. In other words, the
map : t—f. is a continuous function of ¢ on G into LN(G—A).

Proposition 3. L'(G—A) is a Banach algebra with respect to the
convolution.

Proof. If f,ge C(G—A) and if K, and K, are supports of f and
g respectively, then

reo@=[ e ay=0  ifzek, K,
Therefore fxg has compact support. Also,

| f+g(@)— f+g(@)| éfa | fxy)—f@Il-1lgy I dy
S| foms= Foalle: [ o1 dy.

Since f is uniformly continuous this implies fxg is continuous.
Hence if f, g € C(G—A), then fxg e C(G—A), and

7sgli={ I1rso@ldes [ [ 17@I-l9@ ) dyda=Il7 1oL

If f,9eLY(G—A), then there exist sequences {f,} and {g,} in
C(G—A) such that
lim f,=f and limg,=g.

n—>0 n— oo

Since f,*9,¢e C(G—A) for each n and since lim f,xg,=f*g, we

have,
fxge L(G—A) and
!lIf*glll=£{I{'}Hlfn*gnlllélijgIHfn|H~IHgnHlélllflll'lllglll- Q.E.D.
Proposition 4. For a fired f e L(G—A) and for any ¢>0, there
exists a neighborhood V of e in G with a following property; if a
measurable set ECV, then |||mE) g+ f— fl|<e.
Remark. By Proposition 2, this inequality is equivalent to
[ImE) (gp)exf — fill|<e  for all teG.
Proof. By Proposition 2, we can choose a neighborhood V of e
so that ||| f.— f|l|[<e for allce V.
If F is a measurable set such that ECV, then we have,

m(E)"‘xE*f(x)—f(x)zm(E)"‘IG 15 f ) dy —m(E)™ j RrOVCLY

—m(B)"" f RUCEOR LN
and
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IS @)~ F @I <mE [ 17,0~ 5 @) dy,
so that
lImE) e =7 lism@® | [ 17,@—r@)] dyds

—m(E)~! L|||fy—f|||dy<s. Q.E.D.

2. Banach algebra valued homomorphism. Now we state about
a Banach algebra valued homomorphism.

Let B be a Banach algebra such that BDA 51, and let & be a con-
tinuous mapping of L'(G—A) into B with following properties;

D raf+dbg)=ah(f)+bh(g) for a,bec A and f, g ¢ L{G—A),

2 w(fxg@)=n(g)  for f,ge L(G—A),

(3) for any ¢>0 there exists f, e L(G—A) such that ||h(f,)—1||5
<e.

Proposition 5. For a mapping h given above, there exists a
bounded continuous B-valued function ¢ defined on G such that

(1) w(fD=p®(f)  for teG and fe L(G—A),

(i)  p(st)=p(8)e(t) for s,te @,

(ii)) ap®)=e®)a forallac A and t e G.

Proof. By the property (8), there exists f; ¢ L(G—A) such that
mfD)teB. Fixany fe L(G—A). By Proposition 4, there exists a
sequence {E,} of measurable sets in G such that
() [lmE D) e)ex [r—Sull[<l/n  (n=L12,--.),

[Im(E ) (e )+ S —Selll<l/m (=12, ---).
Then by the continuity of % and the property (2), we have,
| m(E )y z,,) —R(fi) () |5
<|ImE ) h g, JRD — R Fi) |- | ROD s
<Al llmE D Yz, Si— Fuelll- 1RO s
<1/n- k|- 1 R(SD 5
Therefore,
lim m(E,) """ z,,)=h(fi)R (D7

n—»co

Putting ¢(t)=h(f1)R(f)™", we have from (%),
| R () —p(OR(S) IIB=1nifE | R (f) —m(E ) " hxz, )0 () |5

<tim ||| fo— B, gz, 1 1=0.

Hence h(f;)=¢t)h(f), and since ¢(t) does not depend on the choice
of sequence {F,} and f e L'(G—A4), (i) is proved.
(ii) and (iii) are due to the definition of ¢ and (1);
o(88) =h(f1:) () =R fi) SRS = (oD JDR(F) ™ = p(S)e(?),
ag(t) = ap®h(fIR(f) " =ah(f)h(f) 7 =ka fi) ()
=h((@ DI f) ' =e@)ah(fIR(f) ' =¢d)a, ifaeA,



Nos. 5, 6] Fourier Transform of Banach Algebra Valued Functions 353

Also the boundedness and the continuity of ¢ are due to Proposition
2 and the continuity of & ;
le@ a1 5 1Rz R L2 T RCGD B
o) — (&) =1~ (f1) —R(fi) 51 (D |5
SR fre— Fuslll-T RGO 5 Q.E.D.

Proposition 6. For any ¢>0,there exists a neighborhood V of e
in G with the following property; if a measurable set ECV, then
() Ry m) — 15 <e.

Proof. Let f, e L{(G—A) such that h(f,)! exists in B. In Prop-
osition 4, if we take ¢/||k||-|h(f) ||z and f; in place of ¢ and f respec-
tively, then we have,

| m(E) " h(xp) — 1] p | m(E) R g) () — R 5+ I1R(FD) |5
=Pl mE) e Si— Lilll- 1RO 5
<e, it ECV. Q.E.D.

Theorem. Let h be a continuous mapping of L'(G—A) into B
with the properties (1) ~(3) mentioned already. Then there exists a
bounded continuous function ¢ on G into B such that

(i) ¢(x) commutes with all a € A, for all x e G,

(i)  o(zy)=p(®)p(y) forall z,y e G, and p(e)=1,

G k()= o@)r@de.
Conversely if a bounded continuous function ¢ on G into B satisfies
@) and (ii), and if we define a mapping h of L'(G—A) into B by
WH=[ o@f@dz (/e LG—A)),

then h is continuous and satisfies (1) ~(3).

Proof. Let ¢ be the function given in Proposition 5. Since ¢
satisfies the conditions (i) and (ii), we show that ¢ satisfies (iii).

Let E be a measurable set in G with compact closure, and for ¢>0,
let V be the neighborhood of ¢ in G in Proposition 6.

Then there exists a decomposition of F, F = Cj E,, such that
i=1

(%+x) E;,NE,=0 (i+)), «7'E,CV (x,eE),
and

(es) || lwom@o— [, go(x)dxHB<e.
Since k(f,) =¢#)h(f) by Proposition 5, we have
W) =h( 3] 13,) = 35 MCtaprn)ed =35 0@ Loz 5,
and so we have by (x%), (x%%) and Proposition 6,
[ [ sz,

th(xE> ~ S ewom@®| +

B
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<

33 o@Im(B)m(E) "h(zs.) — 1 +o

<33 g @)lls- M) -| mEB) hgrrz) —1ls+¢
<ellll- m(E)+1).
Hence we have
Waw=[ p@da=| p@rs@ds
for each measurable set E¥ in G with compact closure.

So we have, for any measurable step function f (x):Zi]l a,xz,(®),

W)= z a,h(xz,) =za fa o(@)y 5 (@) =jg o(@)f (@) da.

By Proposition 1, for any f ¢ L'(G—A) and any ¢>0, we can choose

a measurable step function g such that ||| f—g|||<e/2 max (|2, ¢]..)-
Then,

Hh(f) —IG (@) f (x)dx! |B

<[|h(f)—R(g) ||B+HIG o(2)g(x)da -ja o) f (x)da “B
AL =gl Hlelle- g —SlI<e,
so that ()= f _p@) @, for all f e L(G—A).
Conversely if & is a mapping of L'(G—A) into B defined by
MH=[ o@r@ds  (feL(G—A)),

where ¢ is a bounded continuous function on G into B with the proper-
ties (i) and (ii), then we have,

1) —=h(D =l Il —glll,
and by (@),

h(af+bg)=ah(f)+Dh(g), ifa,beA.
Also,

=JG IG oW f Wy~ )9y~ w)dyda

=f so(y)f(y)dy-f oy~ w)g(y~x)dx
G G

=nh(h(g) for f, 9 € L\(G—A).
By the continuity of ¢, for any ¢>0 we choose a neighborhood
V=V, of e in G such that |[p(x)—1|z<eif x e V.
If we put f,.=m(V) 'y, then we have,

IR(f)—1]5= {m(V)—1 L () — 1}dxll3§m(V)"‘ jv Hgo(x)—l HB dw<e,
and (8) is proved.
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