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In his recent book [1], V. I.

Istrtesu proved some common fixed

point theorems about contraction mappings. In this paper, we shall
generalize his results.
Let (X, p) be a complete metric space, and T (k----l,2, ...,n) a
family of mappings o X into itself.
n) satisfies
Theorem 1. If T (k--l, 2,
n),
1) T T-- TT (k, l-- 1, 2,
2) There is a system of positive integers ml, m2,
mn such that

.,

. ...
<_ up(x,
Tx)
fl[p(x, T’T
+ 7[P(x, T T
+ p(y, TF1T*...
+ p(Y, T?IT... T,x)]
,

p(T,T. T,x, TIT
y)+

( 1)

T,y)

for every x, y of X, where
then

.,

Ty)

2...

Ty)

fl, 7 are non-negative and

T (k--1, 2..., n) have a unique common fixed point.

To prove Theorem, we use I. Rus theorem [2]. Let U
T 1T T then by (1), we have
p(Ux, Uy) <_ (x, y) +/3[p(x, Ux) + p(y, Uy)]
+ r[p(x, Uy) + (y, Ux)]
for all x, y of X. Hence by I. Rus theorem, U has a unique fixed
point in X. Therefore U-, then we have
(i-- 1, 2, ..., n).
(2)
T,(U)- T,
By the commutativity of {T}, (2) implies
U(T) T.
we obtain T-- (i--1, 2, ., n).
Since U has a unique fixed point
Hence is a common fixed point of the family (T}.
Let r] be common fixed points o (T}, then by (1), we have
p(, v)- p(U, Uv) <_ p(, v)
+ [p(, U) + (v, Uv)] + r[(, Uv) + p(v, u)],
Proof.

,

,

whieh implies

P(, V) -< ap(, V) + 2rP(, V).
From a + 2.<1, we have p(, 2)-0, i.e. =2. We have the uniqueness,
and we complete the proof.
Theorem 2. If {T} satisfies the conditions"
1) TIT....T commutes with every T,
2) for every x, y of X,
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Tx, TT_I. Ty) <_ap(x, y)
//[p(x, TT2... Tx)/ p(y, TT_... Ty)]
.[p(x, TnT_I. Ty) + p(y, TT2. Tx)],
are non-negative, and + 2 / 2 1, then T (lc-- 1, 2,

p(T1T2.
(3)
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.,

where
n) have a unique common fixed point.
Proof. Let U-TIT2... Tn, V---TT_... T, then by (3), we have
(Ux, Vy)<_(x, y)+ [(x, Ux)+ (y, Vy)]
(4
+ r[(x, Vy) + p(y, Ux)]
for all x,y of X. By I. Rus theorem [2], U and V have a unique
Then U= V=.
common fixed point
For any T,, T,(U)----- T,. By the assumption, U(T,)-- T,$. T,
is a fixed point of U, and is a fixed point of V. By the relation (9),
we have

p(T, ) _< up(T, ) + 2,p(T, ).
Hence T-- (i= 1, 2, ., n), which means that is a common fixed
point of (T}. It is easily seen that is a unique common fixed point
of {T). This completes the proof.
Remark 1. In Theorems 1, 2, if a=y--0, then we obtain Istrtesu
results (see [1], pp. 100-105).
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