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180. A Remark on g-conformally Flat Product
Riemannian Manifolds

By Toshio NASU® and Masatoshi KOJIMA**

(Comm. by Kinjiré KUNUGI, M. J. A., Dec. 12, 1974)

Recently, the study of curvature structures of higher order has
been developed by J. A. Thorpe, R. S. Kulkarni and many other people.
Especially, Kulkarni has introduced the interesting double form con o
associated with the given double form », which is a generalization of
Weyl’s conformal curvature tensor for the case of higher order. Also,
the present first author has studied in [3] on g-conformal flatness for
Riemannian manifolds.

The object of this paper is to investigate on the double forms in
product Riemannian manifolds, and apply it to obtain a theorem on ¢-
conformally flat product Riemannian manifolds. An exposition with
detailed proof of Theorem 2 will be published elsewhere.

We shall assume, throughout this paper, that all manifolds are
connected and all objects are of differentiability class C*. For the
terminology and notation, we generally follow [1] and [2].

1. In this section we shall give a brief summary of basic formu-
lae for later use (for the details, see [2] or [3]).

Let 47(V) and A?(V*) denote the exterior powers of a real n-
dimensional vector space V and its dual space V*, respectively
(0<p=<n). We consider the spaces

n

PN =42 (VIRQAUV), 0=p,q=n, DV)= 2. D»UV).

2,¢=0

An element w € 9?9(V) is called double form of type (v, q) on V, and its
value on u=x, A&, A - - Ay € A2(V) and v=y, AY,\ - - - ANYg € AUV) is
denoted by

o(UQV) = 0(X,%;+ + - L, @YY+ +Yq)-
QD(V) forms an associative ring with respect to the natural “exterior
multiplication A”, and we have
(1) oNO=(—=1)P"*" 9 A\ w
for any double forms w, 8 of types (p, @), (r,s), respectively. A sym-
metric double form of type (p,p) is called the curvature structure of
order p on V, and the set of such elements is denoted by C?(V). C(V)
=>"_,C?(V) forms a commutative subring of 9(V) called the ring of
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curvature structures on V,

Let g € CY(V) be a metric on V. The contraction ¢ maps 9»4(V)
into Pr-H- V), If we D?4V) and p=0 or ¢=0, we set co=0. If
both p, ¢=1, then we set

(2)  colx, -2, ,Qy,-- ~yq_1)=’;;1 olex®, - -, QY+ Yq_1),

where {e, e, ---,e,} is an orthonormal base for V. Then, for any
double form w of type (p, @) we have
(g No)=g"""Neo+(@r+1Dn—p—q—7)9" No  (r=0),
from which we obtain inductively
s. tlm—t+s)!
(3) == T t—p1?
for any integers s, ¢t satisfying 0<s<t<n.

2. Let V, be a real n,-dimensional vector space (a=1,2). Let us
set V=V ,®V, and identify V, with the subspace of V. An element
a € AP(V*) is called of type (p,, p,) if p=p,+p, and, for vectors x; in V,
or in V,, a(x,, - - -, x,) =0 except for the case when the p, vectors x; be-
long to V, and the other p, vectors x; belong to V,. The set of such
elements is indicated by 4?+?2(V*). Then we have

AP(VF)= 57 Aror(V¥) (direct sum).

Pi1+p2=p
Now, we consider the spaces

g)wl,qupz,qz)(V):Apl,pa(V*)®Aqn,qa(V*),
and we call an element o of @P»uir21(V) the double form of type
(9:, Q;; 05y @) on V. Then we have
PrAVy= >, >, DPevarna(Y) (direct sum).

P1t+pP2=D q1+q2=¢
Also, we can identify

Qpl,ql(Vl) :@(PlaQI;O,O)(V)’ g)m,w(‘[/z) -—_—@(0,0;102,<12)(V).
Let ¢,, g, be metrics on the vector spaces Vy, V,, respectively. We
introduce a metric g on V by the formula
guv) = g,(u,Q@v,) + g,(4,&v,),
where u,,v, are V,-components of u,v eV, respectively. Also, we
define two mappings ¢,, ¢,: D»4(V)—P?P~11"(V) as follow: If w € D7 4(V)
and p=0 or ¢=0, we set c,o=c,w=0. If both p,q9=1, we set

(@, - - 'xp-1®y1‘ : ‘yq_t)=z_ji o(fi,- - 'xp—1®fiyl' Yqo1)s

(4) 3
cw(x,- - - xp—1®y1 tee yq—l):j; w(hjxl c xp—1®hjy1 © '?/q—l)
where {f, - - -, fx,} and {hy, - - -, h,,} are orthonormal bases for V, and
V,, respectively. It is easy to see that
(5) c=c,+c, on P(V),

and for any double forms w, 8 of types (v, 9;; 0, 0), (0,0; p,, q,), respec-
tively, we have
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(6) c,0=0 and ¢60=0.

Theorem 1. For any double forms w,8 of types (p,q,;0,0),
0, 0; p,, q,), respectively, we have

c(wNO)=cioN\G+(—1)P+ 0y cf.
Proof. Let Sh(r,s) denote the set of all (r, s)-shuffles
Sh(r,s)={reS,.s; < ---<r,and 7, , <-- - <z,.},

S, . being the symmetric group of degree r+s. Then, from the as-
sumptions of Theorem 1 and (4), we find

@A (@« Tp, 0.2 *Vgyrq0)
:gi ;9 et O([iaiy* * * Caipy@S Y * Ypian)
KO aipyeny* * * Latpre o Yparsn* * * Yocarean)

=(CONDZ, Ly 2, OV * Ygyi00)s
where the second summation is taken over all shuffle-permutations
a e Sh(p,—1,p,) and e Sh(q,—1, q,), and &,,¢, denote the sign of the
respective permutations «, 8. Similarly, we see that c,(0 \Nw)=c,dNo.
Thus, Theorem 1 follows from the equations (1) and (5). q.e.d.

Corollary 1. For any curvature structures we C*(V)) and ¢ C«(V,),

we have

(7) (@A) =] ,CueiFw A k.
=0

3. Let (M,g9) be an n-dimensional Riemannian manifold and
T,.(M) be its tangent space at a point m e M. The vector bundles
Pr1(M) and C?(M) assign the vector spaces 9?4(T,(M)) and C*(T,,(M)),
respectively, as fibres to each point m € M. The algebraic notions and
operations in section 1 can be applied to the rings

.@(M)=p>; i Pra@d,  CAH= 2 Cr(),
where E denotes the vector space of all global sections of the bundle
E. Let Re C¥M) be the curvature tensor field of type (0,4) on M.
The manifold (M, g) is called g-conformally flat if n>4q9—1 and con R?
=0, where
41— Dq 29 (_l)kgk /\cqu
() o T =g+ 2+

Now, let (M, g) be a product Riemannian manifold of two Rieman-
nian manifolds (M,, g,) and (M,, g,) with dimensions », and #,, respec-
tively. Then the tangent space T,(M) at each point m=(m,, m,)
(m, e M,, m,e M,) is isomorphic in a natural way to the direct sum
T, (M)®T,,(M,), so we identify

T (M) =T (M)BT (M)
Also, the metric g and the curvature tensor R are given by
9(m)(u®v) = g,(m,) (1, @v,) + g.(m,)(u,Qv,),
(9) R(m)(uv®zy) = R,(m,)(u,v,Q,y,) + RBy(m,) (u,0,Q2,1,),
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at each point m=(m,, m,), respectively, where R, e C(M,) is the curva-
ture tensor of M, and u,, v,, %,, ¥, are the T,, (M ,)-components of u, v,
x,y e T,(M), respectively. Thus, all algebraic operations and rules
mentioned in the previous section can be now re-formulated for the
manifolds M and M, (a=1,2).

Theorem 2. Let (M, g) be a product Riemannion manifold of two
Riemannian manifolds (M,,9,) and (M,, g, with constant sectional
curvatures k, and r,, respectively. Suppose that both M, and M, are of
dimension =2q (¢=1). Then, a necessary and sufficient condition for
(M, 9) to be g-conformally flat is
10) £+ £,=0.

Outline of the proof. We set dim M,=n, (¢=1,2). By the as-
sumptions of Theorem 2 and the formula (9), we have

(11) Ra=§xagz (@=1,2), R=%<xlg%+ngz).

Substitute this into the formula (8), and then apply the equations (3),
(5), (6) and (7) to the resulting equation. Then, after long but straight-
forward calculations, we find that the component of type (2¢,2¢; 0, 0)

of con R? is given by the formula
_g 8t Ny—7F
2-¢ L el S 2g2,
on n—4q+2+j(xl+k2) 91

Thus we get (10). Conversely, it is well-known that (10) and (11) imply
that con R=0, that is, (M, g) is conformally flat. Hence, we have
con R?=0 (cf. Theorem 1 in [3]).

Remark. The assumption that both M, and M, are of dimension
=>2q is essential in Theorem 2. In fact, suppose that (M, g, is an
arbitrary Riemannian manifold of dimension 7,<2q and (M,, g,) is a
flat Riemannian manifold of dimension n,>4q—mn,—1, then R?=0 by
(9), hence (M, g) is always g-conformally flat.

Corollary 2. Under the assumptions in Theorem 2, (M, g) is q-
conformally flat if and only if (M, g) is conformally flat in usual sense.
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