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Introduction. The integral group ring ZG of a finite abelian
group G is an important example of Gorenstein ring o dimension one
(see [1], [2]). In this case, since ZG is isomorphic to the character
ring Re of G, we say that Re is a Gorenstein ring. In this paper we
show that the character rings of arbitrary finite groups are Gorenstein
rings.

1. Let G be a finite group. Then the character ring Ro of G is
a commutative ring and a finitely generated free Z-module. Its unity
element is the principal character of G. As for group rings ([3]), we
see that Ra is isomorphic to the dual Hom (Ro, Z) as R-modules. This
is equivalent to the existence o a nondegenerate symmetric bilinear
form (,):Ro Ro-.Z which satisfies the following conditions:

1) (rs, t)=(r, st) or r, s, t e R.
2) For each f e Homz (Re, Z), there exists an s e Re such that

f(r)--(r, s) or r e Ro.

Such a bilinear orm (,) is given by

(r, s)=
for r, s e Re, using the ordinary inner product

1 F, (x),(x),

where # denotes the unction defined by t(x)=/(x-1) or x e G. In fact,
if (r, s)=0 or all r e Re, then (, s}=0 or all irreducible characters Z
of G. Hence s-0, which shows that (,) is nondegenerate. Moreover,
or each f e Homz (Re, Z), put

s-- , f(2)Z,

where the sum is taken over all Z. Then f(z)=(Z, s) for all Z. Since
{Z} is a Z-basis of Re, we have f(r)=(r, s) for all r e Re.

Hence Re is a Frobenius Z-algebra in the sense o the definition
given in [3]. It ollows rom Corollary 8 of [3] that Re has a finite
injective dimension. Thus from the undamental theorem of [2] we
obtain
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Theorem 1o The character rings of finite groups are Gorenstein
rings.

Let A be a commutative ring. Since the isomorphism R-.
Hom(R,Z) is extended to the isomorphism /(R)zR-*Hom(/z(R)R,/),
we see that /(R)zR is a Frobenius A-algebra. This ring is a supple-
mented algebra under the mapping A(R)zRo--,A given by rr(1) for
r e A(R)zR. Therefore we have

inj dim /(R)R----inj dim /

(see Corollary 8’ of [3]). This yields
Corollary 1. For a commutative ring 4, the ring 4(R)zRe is

Gorenstein if and only if A is Gorenstein.
2. The next result gives us an example of a local Gorenstein ring

of dimension one.
Let G be a finite p-group, and let S--Z-pZ. By Corollary 1 we

see that S-R is a Gorenstein ring. We shall prove that S-R has
only one maximal ideal S-Mo, where

Mo= {r e Re r(1) e pZ}
is a maximal ideal of Re.

It is evident that any maximal ideal of S-Re is of the form S-M
for some maximal ideal M of Re such that M Z=pZ. Let A be a Z-
algebra generated by all G[-th roots of 1. Then every maximal ideal
M of Re is expressible as

M={r e R r(c) e p}
for some c e G and some maximal ideal p of A ([7]). Moreover we see
that MZ--pZ implies OZ--pZ. Since G is p-group, the unity ele-
ment is only one p-regular element of G. Therefore, if OZ=pZ,
then r(c)--r(1) (mod p) for r e Re and c e G (cf. Lemma 7 of 10.3 in
[7]). This shows that if M Z=pZ, then M--Mo. Hence S-Mo is a
unique maximal ideal of S-Re.

:. Finally we shall prove a result related to the above example.
It is easily seen that the ring S-1Re is a finitely generated S-Z-module
and has no non-zero nilpotents.

Theorem 2. Let A be a local ring of dimension one which satis-

fies the following conditions"
1) A has no non-zero nilpotents.
2) There exists a Dedekind subring R of A such that A is a finitely

generated R-module. Then A is a Frobenius R-algebra if and only if
A is a Gorenstein ring.

It suffices to prove the "if" part. We need the following lemmas.
Let A be a Noetherian ring with unity element, and K the total

quotient ring of A. For fractional ideals 5 and a in K, let 5" a denote
the set ot all elements x of K such that xap.
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Lemma 1 ([4], Lemma 2.1). Let a and 5 be fractional ideals in
K such that aK=K=SK. Then there exists an isomorphism " a" 5
-Hom(5, a) as A-modules which maps each x of a: 5 to the multipli-
cation by x.

Lemma 2 ([4], Lemma2.3). Let the notation be as above. Then
there exists an isomorphism a: (a: 5)-Hom (Hom (5, ), a) such that
the diagram

Hom (Hom (5, a), a)
is commutative, where i is the inclusion and c is the canonical mapping.

Corollary. Let the notation be as above. If A is a Gorenstein
ring, then we have 5--A" (A" 5).

Proof. From Lemma 2 it ollows that the mapping c" 5-Hom
(tIom (5, A),A) is injective (i.e. 5 is torsionless). By Theorem (6.2)
o [2] we see that c is an isomorphism, hence 5--A: (A: 5).

We turn to the proo o the "if" part o Theorem 2. We assume
that A is a local Gorenstein ring o dimension one and satisfies the
conditions o Theorem 2. Let S--R--{0}. Then S-1R is the quotient
field k o R. By hypothesis K--S-IA is semisimple and finitely
generated as a k-module (moreover K is the total quotient ring o A).
From Proposition 5 o [3] it ollows that K is a Frobenius k-algebra,
that is, K is isomorphic to ttom (K, k) as K-modules. We denote by
A* the image o Homa (A,R) under the embedding Homa (A,R)
-Hom (K, k)-K. Then it is easily verified that A*K=K. We shall
prove that A* is isomorphic to A, which completes the proof.

First we show that A--A*" A*. By Lemma I the following dia-
gram is commutative"

iA- ; A*: A*

Hom (A*, A*)

Hom (Hom (A, R), Hom (A, R))

Hom (Hom (A, R), R)
Here is the mapping induced by the isomorphism A*--Hom (A, R)
as A-modules, and . is the natural isomorphism. Since A is a finitely
generated torsion-ree R-module and R is a Dedekind ring, we see that
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A is a projective R-module. Therefore the canonical mapping c is an
isomorphism. This implies A=A*" A*.

We have seen that A’K--K, hence A* has non-zero divisors of A.
Since A* is finitely generated as an A-module, there exists a non-zero
divisor u of A such that uA* is an ideal of A. From Theorem
124 of [5] it follows that uA* is generated by non-zero divisors of A,
say ul,...,u,. Put vi=ulu. Then we have A--(’i=lvA*. Indeed,

viA*---A*" 7, Av;=A*" A*=A. By Corollary of Lemma 2 we
have

(A" vA*)--A" (A" (A" viA*)),
and

A" (A" vA*)--( (A" (A" viA*))--(-’)i viA*--A,
hence A (A vA*).

On the one hand, since A is a local ring and A: vA* are ideals of
A, we see that A--A" vA* or some i. This implies A*--Av:(. Thus
A* is isomorphic to A, which proves our assertion.

References

1 H. Bass" Injective dimension in noetherian rings. Trans. Amer. Math.
Soc., 10’2, 18-29 (1962).

[2] : On the ubiquity of Gorenstein rings. Math. Zeitschr., 82, 8-28
(1963).

3 S. Eilenberg and T. Nakayama: On the demension of modules and alge-
gras. II. Nagoya Math. J., 9, 1-16 (1955).

4 J. Herzog and E. Kunz: Der Kanenische Modul eines Cohen-Macaulay-
Rings. Lecture Notes in Math., 238, Springer-Verlag, Berlin-Heidelberg-
New York (1971).

[5] I. Kaplansky: Commutative Rings. The University of Chicago Press,
Chicago and London (1974).

6 S. Kondo: On the character rings of finite groups. Proc. Japan Acad., 49,
685-689 (1973).

7 J.-P. Serre: Repr6sentations lin6aires des groupes finis. Hermann Collec-
tion, Paris (1971).


