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49, Some Results on Additive Number Theory. I

By Minoru TANAKA
Department of Mathematics, Faculty of Science,
Gakushuin University, Toshima-ku, Tokyo

(Comm. by Kunihiko KODAIRA, M. J. A., April 12, 1976)

In his previous papers [2]-[5], the author gave some generaliza-
tions of the theorem of Erdos and Kac in [1]. In this note we
shall give some theorems on additive number theory which are obtain-
able by similar methods as in the above papers. The detailed proofs
will be given elsewhere.

Let k be an integer >1; let I, (¢=1, - - -, k) be positive integers, and
put =L+ +1.

Theorem 1. Let P, (i=1,---,k;j=1,...,1,) be sets, each con-
sisting of prime numbers, subject to the following conditions:

(C) For each i=1, ---,k, the sets P,;; (=1, - --,1,) are pairwise
disjoint ;

(C) Aszxz— oo,

L =2, log log &+ o(vTog Tog 2)

psz,pEP1; P
with positive constants A,y for i=1, .-, k;j=1,---,1,. (The sets Py
with distinct 7's need not be disjoint, and P, U --- UP,;;, may not con-
tain all primes.)

For a positive integer n, we denote by wyy(n) the number of distinct
prime factors of n belonging to the set Pyy.

Let FE be a Jordan-measurable set, bounded or unbounded, in the
Euclidean space R¥ of 1, dimensions. For sufficiently large integer N,
let A(N; E) denote the number of representations of N as the sum of
k positive integers: N=mn,+ - -+ +n, such that the point (x, -- -, 2y,

<oy Ly, v 0y Big,) Delongs to the set E, where
1 _0y(ny) — 2,y log log N
(D T s Tog log N
fori=1,...,k;j=1,..-.,1,., Then, as N—oco, we have
Nk—l _ 1 kol
() AW; B~ IE exp ("E I xfj)dxu- gy,

Theorem 2. Let the polynomials f,,(8) G=1,.--,k;j=1,---,1;)
of positive degree be subject to the following conditions:

(C) Each f;6) has rational integral coefficients, the leading
coefficient being positive;
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(C) Each fi,&) is irreducible;

(Cy) For each i, f;(8) (j=1, ---, 1) are relatively prime in pairs.

w(n) will denote, for a positive integer n, the number of all distinct
prime factors of n.

Let E be a Jordan-measurable set, bounded or unbounded, in the
Euclidean space R™ of 1, dimensitons. For sufficiently large positive
integer N, let AN ; E) denote the number of representations of N as
the sum of k positive integers: N=n,+ .- - +n, such that f;;(n;)>0

and the Point (T, « -+, Ty« + +» Tiyy + + - » Liy) belongs to the set E, where
3 2. = @Sy} —log log N

) Y v1og log N

fori=1,.--,k;j=1,..-,1;. Then, as N—oo, we hove again the same

formula as (2).

We could restate this theorem on removing the condition (C,), but
then the enunciation would become more complicated. We could also
state a theorem which would contain Theorems 1 and 2 as special
cases.

The statement of the Theorem 1 remains true, when we replace
;;(n;) in (1) by £2,,(n,), the number of prime factors of n; belonging to
the set P,;;, multiple factors being counted multiply, or when we replace
wyy(ny) by log 7,y(n,) /log 2, where z,;(n;) stands for the number of posi-
tive divisors of n;, which are composed only of primes belonging to the
set Py;.

Also, the statement of the Theorem 2 remains true, when we re-
place o{fi;(n)} in (8) by 2{f:,(n,)}, the number of all prime factors of
fi;(n;), multiple factors being counted multiply, or when we replace
o{fi;(n)} by log z{f;;(n,)}/log 2, where {f,;;(n,)} stands for the number
of all positive divisors of f;;(n,).

We mention now some special cases of Theorems 1 and 2 which
might be of interest.

Theorem 3. Leta;<p;(i=1,---,k). For sufficiently large N, let
AN)=AWNN; ay, By, -+ -, axy Bi) denote the number of representations of
N as the sum of k positive integers: N=n,+ - - - +n, such that the in-
equalities
(4) loglog N+a,vlog log N <w(n,) <log log N + 8;+log log N
hold for i=1, - . -, k simultaneously. Then, as N—oo, we have

Nlc—l k)2 k 81 — %2
AN~ G357 @ ™ 1 J LT

Theorem 4. The statement of the Theorem 3 remains true when
we replace w(n,) in (4) by o(n,+1).

The author expresses his thanks to Prof. S. Iyanaga for his kind
advices.
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