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Introduction. In this paper we consider the C-well-posedness for the Cauchy problem of the first order system:
1.

M[u]--u--

(1.1)

A(x,

t)xU--B(x,e/2=Rf(x,
t)u=

t),

(x, t)

[0, T],
0 <= to < T,
u(x, to) o(X
where A(x, t) and B(x, t) are (m, m) matrices whose elements belong to
the class (tg) (in the sense of L. Schwartz [5]).
(x, t) is not diagonalizable.
We suppose that A(x, t, )
Such a case has been treated by V. M. Petkov with the method of asymptotic expansions ([6], [7]).
Here we shall approach this problem in a different viewpoint from
his and propose a more concrete condition which is necessary and sufficient for the ’-well-posedness of (1.1). Our proo is much due to, socalled, the method of energy estimates (see S. Mizohata [2], S. Mizohata
and Y. Ohya [3], [4]). The forthcoming paper will give the detailed
proofs.
2. Levi’s condition and an energy estimate. As indicated in
1, throughout this paper we assume the following:
(2.1) The multiplicities of the characteristic roots are constant and at
most double, more precisely,

=_

det (rI--A(x, t; ))--

I (r--2(x, t; ))

i=l

I

j=s+l

(r--2(x, t; )).

(2.2) The roots (x,t;) are real and distinct for (x,t;)et9
(R \{0}), (i= 1, 2,..., m-- s).
(2.3) Fori=l,2, ...,s, rank(2(x,t;)I--A(x,t;))=m--1, independently of (x, t; ).
Proposition 2.1. Suppose (2.1) and (2.3), then there exists a
(m, m) matrix N(x, t; ) which satisfies
( i ) N(x, t; )A(x, t; )=D(x, ; )N(x, t; ),
where
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D(x, t; )--

,

and a(x, t ) are homogeneous of degree 1 in (i= 1, 2,
(ii) N(x, t ) is homogeneous of degree 0 in
(iii) det N(x, t )1(0) /or (x, t ) e 9 (R\{O}).
Now we consider the equations"

(2.3)

M[u]=

[ -i(x, t

D)-B(x,

., s).

t)lu(x, t)= f(x, t)

Operate the pseudo-differential operator (hereafter we write this
p.d.op.) (x, t; D) with the symbol N(x, t; ), then we have
(2.4)

[

i(x t D) -_(x, t

D)] (u)

f + (x, t D)u,

where a((x, t; D)=D(x, t ), (x, t; D) is a p.d.o.p., homogeneous of
order 0 and C(x, t;D) is of order --1.
Denote the symbol of (x, t D) by B(x, t; ), and its (i, ’)-entry
( t;)
by ()
Let us introduce the following condition"
,;, j\
(C.A) All he symbols b),=_(x,; ) re identically zero for
s).
(x, ; ) f2R, (i=1,
Theorem 2.1. Suppose
be the solution of (1 1) belonging to (,.), then there exists a constant C, such that

,. .,

lu(t)ll_ <=C U(to) I/

(2.5)

llf(s)l ds
to

for any integer
We show the outline of this proof. First we introduce the operator
og(D) defined by c(D)t(u,
un) t((l-.,
(1+ A)-lu,._, u,., u,.+,
u). Then we have

...,

(2.6)

[-0 --i)(x, t; D)--,.(x, t; D)](u)--cgf

where (x, t;D)is homogeneous of order 1 and diagonlizable, and
.,.(x, t;D) is of order 0. Now by an almost procedure we can prove
Theorem 2.1.
3. Condition (C.A) and the influence domain. We shall represent the condition (C.A) more explicitly. For this purpose we
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calculate the symbol of .l(x, t D).
a((x, t; D)) principal symbol of [i(--.q))-- + B].
N
DN N
(3.1)

=[

A_ x
x
=

+NB].M

where M-M(x, t;) is the inverse matrix of N(x, t;) and
=(x, t;D) is a p.d.op, with the symbol M(x, t; ).
Let R(x, t ) (resp. L(x, t )) be an eigenvector
(resp. tA(x, t;)) corresponding to (x, t; ), then from the structures
of D, N and M we have
Proposition .1. Condition (C.A)is equivalent to the following
condition (C.B)

(L,
is identically zero

for (x, t ) e 9 R, (i= 1, 2,

R

..., s).

We note that the condition (C.B) is independent
eigenvectors R(x, t;) and L(x, t;). Moreover we have
Proposition .2. The condition (C.B) is invariant under any
space-like transformation.
From this proposition and the energy inequality, we have
Theorem .1. The solution of the Cauchy problem has finite propagation speed. More precisely its speed does not exceed
where
sup
(x,t;).

,

a=

i=l2...m-S

4. Suciency of the condition (C.A). From the fact that the
influence domain is finite we can deorm the coefficients A(x, t) in such
a way that they are remain constant outside a small domain. This
implies that the p.d.op. N(x, t;D) stated in Proposition 2.1 is invertible in the space
Next we deform B(x, t) as a p.d.op, in such a
way that the condition (C.A) is still valid for this system.
Now, the existence theorem is almost clear. Because, to solve (2.3)
is now equivalent to solving (2.4) with v=
Next, this is equivalent
urther to solving (2.6) with w=
Notice also that
fl--w and -fl- is of order 0. Finally (2.6) is diagonalizable. Thus w e have
Theorem 4.1. Suppose Condition (C.A), then for the given initial
data Uo(X) e
and any right-hand side f(x, t) e () there exists a
-1
unique solution u(x, t) of (1 1) belonging to (
) and it satisfies the
inequality (2.5).
5. Necessity of the condition (C.A). Next we shall show the
reciprocal statement of Theorem 4.1, namely we have
Theorem .1. Condition (C.A) is necessary for the uniformly
well-posedness of the Cauchy problem (1.1).

.

v.

u.

u=
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For the proof of this theorem we use the method of energy estimates employed [2] and [4]; We suppose that the Cauchy problem is
-well-posed and that at least one C(x, t; ) in (3.2) is not identically
zero. Then we can show that these two hypotheses induce a contradiction.
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