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§ 1. Introduction. In this paper we consider the &-well-posed-
ness for the Cauchy problem of the first order system:

b} L 0
—_Z Yy— z - u—B , —_ , b)),
M[u] u & Aj(x, t) ju (x t)u f(x t)

1.1 (@,t) e 2=RL X [0, T,

u(@, to) =uy(x), 0=¢,<T,
where A,(z, t) and B(z, t) are (m, m) matrices whose elements belong to
the class B(2) (in the sense of L. Schwartz [5]).

We suppose that A(x,t,&8)=> ', A,(x, t)&; is not diagonalizable.
Such a case has been treated by V. M. Petkov with the method of asymp-
totic expansions ([6], [7]).

Here we shall approach this problem in a different viewpoint from
his and propose a more concrete condition which is necessary and suf-
ficient for the £-well-posedness of (1.1). Our proof is much due to, so-
called, the method of energy estimates (see S. Mizohata [2], S. Mizohata
and Y. Ohya [3], [4]). The forthcoming paper will give the detailed
proofs.

§2. Levi’s condition and an energy estimate. As indicated in
§ 1, throughout this paper we assume the following:

(2.1) The multiplicities of the characteristic roots are constant and at
most double, more precisely,

det (eI —A(x, ¢; =[] (c—2(x, ¢; &)’ AL =22, 15 6).
(2.2) The roots A(x,t;&) are real and distinet for (x,t;&) e
X (RL\{OD), (¢=1,2, ..., m—s).
2.3) Fori=1,2,...,s, rank (4;(x,t; &)I—A(z, t; &))=m—1, independ-
ently of (x,t; &).
Proposition 2.1. Suppose (2.1) and (2.3), then there exists a
(m,m) matriz N(xz,t; &) which satisfies

(i) N(x,t; OA@,t;8)=D(x,t; &N(x,t; §),
where
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D(x,t; )= (4(x,t;8) ax,t;8) )
0 Az, t;8)
28 as
(VIR
Asi
L Am—s |
and a;(x,t; &) are homogeneous of degree 1 in &, (1=1,2, -.-,s).

(ii) N(x,t; &) is homogeneous of degree 0 in &.
(iii) |det N(z,t; 8)|=a(>0) for (x,t; &) e QX (RL\{0]).
Now we consider the equations:

@.3) Miu]= [.;it_u(x, t; D)—B(z, t)]u(x, ty= 1z, D).

Operate the pseudo-differential operator (hereafter we write this
p.d.op.) Jl(x, t; D) with the symbol N(x, t; &), then we have

@.4) [a%-—ig)(x, ts D)— Byar, t D)](fﬂu)=fﬂf+6’(x, t; Dy,

where ¢(9D(x,t; D)=D(x,t; &), B(x,t; D) is a p.d.o.p., homogeneous of
order 0 and C(x, t; D) is of order —1.

Denote the symbol of B,(x,t; D) by B,(x,t; &), and its (i, j)-entry
by b(x,t; &. Let us introduce the following condition:

(C.A) All the symbols by, i(2,t; &) are identically zero for
(x,t;8) e 2XR, (1=1,2,---,9).

Theorem 2.1. Suppose the condition (C.A) and let u(t)=u(x,t)

be the solution of (1.1) belonging to EX(DL.), then there exists a con-
stant C, such that

¢
@.5) lu® s =C[Iuta e+ [ 1761k ds].
for any integer k=2.
We show the outline of this proof. First we introduce the operator

J(D) defined by F(D)(uy, -+, u,) = (A4 A" uyy 1ty A4 A7 ety 2y, - - -,
A4 D U5y Uggy Uss 41y * + +» Un). Then we have

2.6) [% —iDy(@, t; D)— By, t D)](gﬂzu) =491f + 4Cu,

where 9,(x,t; D) is homogeneous of order 1 and diagonalizable, and
Bx,t; D) is of order 0. Now by an almost procedure we can prove
Theorem 2.1.

§3. Condition (C.A) and the influence domain. We shall re-
present the condition (C.A) more explicitly. For this purpose we
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calculate the symbol of B, (x,t; D).
a(B(z, t; D))=principal symbol of [{(TlA—DIN)— T, +TB- M

3.1) [ L ON A< a_D__a_ﬁ__ﬂ.FNB]-M
Jj=1 a&, 396/ Jj=1 8&1 axj ot

where M =M(x, t;¢&) is the inverse matrix of N(x,t;¢& and
M= M(x,t; D) is a p.d.op. with the symbol M(x, t; &).

Let R,(x,t; &) (resp. L,(x,t; &) be an eigenvector of A(x,t; &)
(resp. *A(x, t; &) corresponding to 1,(x, t; &), then from the structures
of D, N and M we have

Proposition 3.1. Condition (C.A) is equivalent to the following
condition (C.B):

0; 0
B2 Cuat; O=(Lu (& - j;lA%-B)R +2 axj(Li, ER‘>
is identically zero for (z,t; &) e 2XRL, (1=1,2,-.-,9).

We note that the condition (C.B) is independent of the choice of
eigenvectors R;(x,t; &) and L,(x, t; £). Moreover we have

Proposition 3.2. The condition (C.B) is invariont under any
space-like transformation.

From this proposition and the energy inequality, we have

Theorem 3.1. The solution of the Cauchy problem has finite pro-
pagation speed. More precisely its speed does not exceed A..., where
A= SUP  [2(x,¢; §)|.

(zt>GﬁléI 1
i= 12 ym—8

§4. Sufficiency of the condition (C.A). From the fact that the
influence domain is finite we can deform the coefficients A ,(z, t) in such
a way that they are remain constant outside a small domain. This
implies that the p.d.op. N(z, t; D) stated in Proposition 2.1 is invert-
ible in the space 9%, Next we deform B(x,t) as a p.d.op. in such a
way that the condition (C.A) is still valid for this system.

Now, the existence theorem is almost clear. Because, to solve (2.3)
is now equivalent to solving (2.4) with v=Jlu. Next, this is equivalent
further to solving (2.6) with w= gv. Notice also that JCu=4CI1Tu
=4CIN' 97w and JCI' 47" is of order 0. Finally (2.6) is diagonaliz-
able. Thus we have

Theorem 4.1. Suppose Condition (C.A), then for the given initial
data u(x) € Dt and any right-hand side f(x,t) e EX(DL,) there exists a
unique solution u(x, t) of (1.1) belonging to EXDEY and it satisfies the
mequality (2.5).

§ 5. Necessity of the condition (C.A). Next we shall show the
reciprocal statement of Theorem 4.1, namely we have

Theorem 5.1. Condition (C.A) is necessary for the uniformly &-
well-posedness of the Cauchy problem (1.1).
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For the proof of this theorem we use the method of energy esti-
mates employed [2] and [4]; We suppose that the Cauchy problem is
&-well-posed and that at least one C,(z, t; &) in (8.2) is not identically
zero. Then we can show that these two hypotheses induce a contradic-
tion.
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