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163. A New Concept of Integrals.

By Shin-ichi Izumi.
Mathematical Institute, Tohoku Imperial University, Sendai.
(Comm. by M. FUJIWARA, M.LA., Dec. 12, 1933.)

The object of this paper is to define the integral, which is more
general than the Ridder’s integral, and then than those of Danjoy and
Burkill.

1. Let f(x) be defined in an interval (a, ). If we can find a set
E, such that

1°. x is the point of exterior density of E,
2, lim JO-S@ )
YEE) >z E—ux
exists and is finite, where the limit is taken such that & tends to 2,
lying in E, then f(x) is called to be approximately differentiable at x,
and the value (1) is called the approximate derivative at x and is
denoted by ADf(x).
Theorem 1. If f(x) is measurable and is approximately differen-

tiable at x, then there is a measurable set E, such that

1°. z is the point of density of E,
2, 1im SO ricts and is equal to ADf(@).

ECE) >z E—x

2. If we can find a set E, such that
1°. the inferior interior density of E at = is =>7(>0),
2. lim JEO=f@ @)
' wemorr  E—g
exists and is finite, then f(x) is called to be (7)-approximately differentiable
at 2. The value (2) is called the (7)-approximate derivative of f(x)
at x, and is denoted by ADf(x). And put zilDf(x)=A*Df(a:).

Next, let £ be a set such that the inferior interior density on the
right hand of F at x is =7(>0).

Put ag= Tim JE-S@)

ECE)>z E—x

The lower bound of ay is defined to be the upper (v)-approximate deriva-
tive on the right hand of f(x) at x, and denoted by AD*f(x). When
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we do not concern with the value of 7, we denote it by AD*f(x). When
t=1, we denote it by A*D*f(x).
Similarly, 4;1D+ flz), AD f(x) and AD_f(x) are defined.

Theorem 2. If ©>>0, then zilﬁf(x)_zilgf(m).

Theorem 3. If ©>>0, then éﬁf(x) = Jill_) {—f®)}.

Theorem 4. If t>>1 then 2éll_) {fx) +9(x)} _S_:;lﬁf(x) + /}Dg(x).
Theorem 5. If 7>}, then 2élQ {flx) +g(x)} gﬁlgf(x) + .:1_l?g(ac).

Theorem 6. The necessary and sufficient condition that f(x) is
(r)-approximately differentiable, is that ADf(x)=ADf(x).

3. Suppose that f(x) is defined in (a, b). If, for any ¢ (>0) and
any 2 (a <x<<b), there is a set E, such that
1°. z is the point of exterior density of E,
2°. |f&)—flx)|<<e for all £ in E,
then we say that f(x) is approximately continuous at x.

If x=a or z=b, then f(x) is said to be approximately continuous,
when z is the point of exterior density on the right (or left) hand of
E and 2° is satisfied.

Theorem 7. If a measurable function f(x) is approximately
continuous at x, then there is a measurable set E, such that

1°. g« is the point of density of E,
2°.  lim f(§)=f(x).
tCE)>z

If, for any &€ 0) and any z (@ <<« <<b), we can find a set E,

such that
1°. the inferior interior density of E at a2 is =7(>0).
2. @) —flx)|<e for all § in E,

then we say that f(x) is (r)-approximately continuous® at x.

Theorem 8. If f(x) is defined and is finite almost everywhere in
(@, b), then f(x) is almost everywhere approximately differentiable in
the set E’(zilD‘“f(x)<+ ).

4, Theorem 9. Suppose that 71 and f(x) is defined and is
everywhere (7)-approximately continuous in the closed interval [a, b].
If AD, f(x)=>0, with the possible exception of enumerable set in (a, d),

then f(x) is non-decreasing in (a, b). Specially, f(b) =f(a).

1) (v)-approximately continuous function is measurable. I owe this remark to
Prof. J. Ridder.
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5. Let f(x) be almost everywhere finite in (a, ). M(x) is called
a magor function of f(x) in (a, b), if it satisfies the following conditions :
1°. M(x) is (v)-approximately continuous in the closed interval
[a, b], (=>3),
2°. M(a)=0,
3°. éQM(x) > — o with the exception of enumerable set in (a, b),

4°. ADM(x)=f(x) for all z in (a, b).

Similarly, a minor function m(x) is defined. M(x) and m(x) are
called associated functions of f(x) in (a, b).

Theorem 10. If f(x) is defined in (a, ), and M(x) and m(x) are
the associated functions of f(z), then M(x)—m(x) is a positive non-
decreasing function. In particular, M(b)=>m(b).

Suppose that fx) is defined and is almost everywhere finite in
(a, b), and the associated functions M(x) and m(x) of f(x) exist.

If we put L(b)=Ilower bound of all M(b)
and L(b)=upper bound of all m(),
then they are finite and L(b) = L(b).

If L(b)=I(b), then f(x) is said to be (r)-integrable in (a, d), and
the value Iy(b) is called the (7)-integral, and is denoted by

). fx)des .

6. Theorem 11. If f(x) is (r)-integrable in (a, b), then f(x) is
also (7)-integrable in any subinterval of (a, b).

Theorem 12. If a <<b<<c and f(x) is (7)-integrable in (a, b) and
(b, ¢), then f(x) is (v)-integrable in (a, ¢) and

@ fdz= (). fw)dz -+ (o) |; fla)de .
Theorem 13. 1If f(x) is (7)-integrable in (a, b) and ¢ is a constant,
then (T)SZ{c -fx)}ydx=c- () SZf(m)dw .

Theorem 14. If fi(x) and fy(x) are (r)-integrable, then fi(x)+fix)
is (o) integrable, and

@ fi@)dz + () f@)de= () | { filw) + filw)} dus,

where o=27—1.
Theorem 15. 1If fi(x) and fy(x) are ()-integrable, and fi(x) = fa(x),

then (z) S:ﬁ(x)d:v >(7) SZﬁ(x)dx s where 7>>%.

Theorem 16. The indefinite integral F(m)=(r)S:f(t)dt (@z<b)
is a (r)-approximately continuous function of .
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Theorem 17. 1If F(x)=(r)S:f(t)dt, then ﬁlDF(w)=f(x) for almost

all z in (a, ).

Theorem 18. If f(x) is non-negative in (a, b), then flx) is (7)-
integrable and integrable in Lebesgue’s sense at the same time, having
the same value.

Theorem 19. If {f.(x)} is a sequence of (7)-integrable functions,
such that

1° lim f,(2)=f(2) ,
2°, there is a (7)-integrable function g(x), such that
|fa@) | <gl@) (2=1,23, .....),
then f(z) is (-)-integrable, and lim ()} fu(@)dz= (), fl@)da.

Theorem 20. If f(x) is (7)-integrable, then f(x) is measurable.



