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65. Theory of Connections in a Kawaguchi Space
of Higher Order.

By Akitsugu KAWAGUCHLI.
Research Institute for Geometry, Hokkaido Imperial University, Sapporo.
(Comm. by S. KAKEYA, M.LA,, July 12, 1937.)

The object of the present paper is to give the foundation to the
geometry in a Kawaguchi space of order m (m: a positive integer) and
of dimension n by generalization of the results in the previous paper.?
An element of this space is a line element of not the mth order but
the (2m—1)-th.

1. The assumption that the metrics in the space with a point co-
ordinate system 2° (¢=1, 2, ...... , M) :

s=jF(w, x, 2, ... , 1™ dt

is invariant under any change of parameter ¢, offers the necessary and
sufficient conditions :

W S OF D=3,
putting x“‘"=%%i. Owing to (1) it can be derived from the Synge
vectors Ea',-(a=0, 1, .eeeet , m) the following intrinsic vectors

@) E=F13 EAYw,  0=0,1,ym,

where A¢ are defined by the recurring formulae

Al=1, Az=%fﬂ—+Ag—lF,

Al=F“", Aj=0, A}=0, c=1,2,...... ym;d=2,8,...... ,m.

We shall assume that the matrix ((MFimyicmy+t &i&lj)) is of rank
n—1, then the determinant of the intrinsic tensor

m m 1 1
3) 95; =M F riimyi+ €€+ CE;
1
is not identically equal to zero, for g;a"=—FG€, g; may be functions

of a line element of the (2m—1)-th order and this tensor can be taken
as the fundamental tensor. It follows immediately

1 11
4) F* 18 0m10;=0i;— €E; .

1) A. Kawaguchi, Theory of connections in a Kawaguehi space of order two,
Proc. 13 (1937), 6. We adopt here the same notations as in this paper.
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Under the assumption that aEg""&ifﬁnj 31, we have a scalar of
order 2m—1:

v v-1 T
(6)  T=UT+ 3 (A~ A0S, e=1,2, e, m—1,

which behave under a change of parameter in the same way as
Fv(m+r-—1)’ where

g=FmD,

r -1 -1 A /0
S=[vP+ lzi (A7HD— AT ) S omymF? m—'g’k(@k -

m 0
] G)'
2. X' be an arbitrary intrinsic vector, then

. .
F?™ 1 DYAF ) X’ = mF?"1F (m)i(m)jd—i(ti

+ P U EF myicm-1i+ F P FPF yicmi) X7

L FZ m2F (mnD {(F) X7 = F*™2F (uyiF (i djf

+%' F?" 2 F oy (Fem-1i+ F'FOF ) X7

0

é,-{(é,-Xf)<l>—(mE;-+

" §mgE;) )

=66 %X gz

are all geometrical vectors of class 1 and order 2m—1, where Z;
are functions of a line element of the (2m—1)-th order. From these
vectors it follows a covariant differentiation of a vector X?, which is a
geometrical vector of class 1 and of order 2m—1:

6X: _ dX¢
rixs,
(6) 7 ot -+
where
)] = 9“‘(172 ™ B moicm—-1i T 1 F™ 2 F ey F (m—-l)j)
m
F‘ ey w’ i

is a geometrical quantity of class 1 and order 2m—1. Put
®) f)f;‘:ﬁ: C)Eanda@ %, p=1,2, cereeey m,
=D

1
then 5[‘,-" are all tensors except DI}. It can be proved after some
calculations that
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m P . m-lpmip 2m-2 a
9) FAQ FoPDIj+ B¢ D [)= 33 Fids™
= =1 a=

is an intrinsic quantity of order 2m—1 and is transformed by a co-
ordinate transformation in the way

2m-2 a 2m-2 a . A j le axi .
10 Tida@r =" [ida@: 2% 00 _ 00 0 g5
(10) g":) w g}o ik o' dx*  oxtox’ ot
from which an intrinsic covariant differential of an intrinsic vector X*
of order 2m—1 follows immediately :
. ) 2m-2 a . .
(11) oXt=dX+ E% I3 X0da@* ,

From this differential one can define a covariant differential of an
arbitrary tensor by the usual method.

3. The base connections are defined by

12) F“m"lgﬁaéisax@m-l’f =(ai+ (lﬁ-fi)dx‘z"‘""i+ Zi“_z Ny
? (2 F 2 b

a=0 2m-1

..2m—1 2m-1 1 )
(13) ) 3T AR 5T (DG ndat P =oatn ]
b=n =

R ] . 2m-p-2 a, .
— (31 + @z‘ 71':'7> dx(2m—p—l)z + 2 A’,—dw‘“" s

a=02m—-p-1

where F™**D(r=1, ...... ,m—1) in A’s should be replaced by v
respectively, and the following relation holds good for any intrinsie
vector X*

2m—1
(14) S Xi= 20 V;_a) X¢. Sl , (Sx(o)jdej) ,
where ) )
(15) { P PX = Xom-1; s

. R 2m—1 . D D
rPXi=Xby— 2 VXA TLXE,
=p

are the covariant derivatives of X®. P{®X* is a geometrical tensor of
class a. One can easily verify that

(16) P Xi=0 for p=1,2,.....,2m—1.

The curvature and torsion tensors are calculated form s and A’s
and fundamental theorems can be proved by a similar method as in the
case of order 2.

4. The connection defined by (11) is not metric, i.e. dg; ¢ 0.
But it is very easy to derive a metric connection from (11), in
fact,
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m-—-1l a .
) OX =dX+ 3] (X0,

el ek S P by L
az-o H,,,dx = l‘; [;‘kdx +§g ﬁghj

a=!

2m—2

= az_;) -%— 9" Insarne— Dhci+ Ljgu) de®*

+ % 9" Ghscom-vda®m-Dk

defines a metric connection, i. e. fg;;=0, which is easily verified.



