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7. On the Generalized Circles in the Conformally
Connected Manifold.

By Yosio Mutd.
Tokyo Imperial University.
(Comm. by S. KAKEYA, M.1A,, Feb. 13, 1939.)

As in Mr. K. Yano's paper” in which the same problem is studied,
take in the tangential space an (n+2)— spherical “repére naturel ”
[Ap] satisfying the following equations®:

3= AL=AA;=AA;=0, AA.=-1, AA=G;=95 ()

1 ?

G,5,k, ...=1,2, ..., n) g*
the connection being defined by
dAp=084y, (P,QR,..=0,1,...,n,») )
where w@=118,dx*, 3)

IG.=1%=104=1%,=0, I[I{,=06, Il5=Gy, Gij”ik=”gk} @
b= ‘%‘Gih(aijh +0,Gin—21Gix)

Then any curve z%(s) in the manifold can be developed into a curve
in the tangential space at any point 2%(s;) on the curve by the formulae
(2). Let us consider the curves whose developments are circles.

When we take two quantities a” and b” which are contragradient
to Ap and satisfy the equations

GanPa,Q =1, GanPbQ =0, GprPbQ =0, } ®)
a”=0,
where GPQ = APAQ y
then %Ao+a“Aut+%bPAptz @=0,1,2, ..., n) (6)

is an invariant and represents a circle in the tangential space. Because
of (5), (6) becomes, when multiplied by b>,

A=A+ b”a“Aa+%b°°bPAPt2

- ipira o papi izt 1acopin)a 4 1 qeope
_(1+G, bt+LGop b’t2>Ao+(b ait+L1 th)A,+ L Era.. @

1) K. Yano: Sur les circonférences généralisées dans les espaces i connexion con-
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When the development of the curve is a circle, the equation

dA
ds = ®

must be satisfied along this curve for suitably chosen aZ, b¥ and a.
This equation must hold for any value of ¢ but « and % may contain £.

From (7) and (8) we obtain
A e Yo i coqigt 1 poopiiz) 70
- (Guatit+ R b’t2)+(b @+ b t"’)l],,,x’k
=a(l +G,-ja=‘bft+lG,-ab‘bft2) , ©,2)
d i C X Y iRk l hiKk /3
(b it b bf‘) (1+G,kab -+ Gl tz)a:

0o _j. 1,05 i.klaczi k — 00 4. lwi
+(b ait+Lb w) b+ P! —-a(b @t Lb btz), ©, b)

1 d e (rois . L poorie) i 1 geone
AL t)2+G,,(b ait-+ b th)x a7, ©, ¢)
. dat
h xt= .
where ds

As t is an invariant in (6) it is expected that an invariant para-
meter s is obtained by putting »‘2—=1 in the equations (9). Expanding
a in series

a=ay+ eyt + apt?+---
and comparing the coefficients of s in (9) we get from (9, a)
ap= G,-,a"b" ’
and from (9, ¢), a;=0 for 10,
and because of these, (9) becomes

%(G,-,a"b")+ Gib -+ b0 1% — (Goab P =0, (10, )

%(G;,-b‘b’)+2]12kb"°b"x”‘—(¥,- G =0 , (10, b)

b ai=0, (11, 2)

i(bwai) I 0 + b7+ Gafbk(@ —b°a®) =0, (11, b)
—(b°°b’)+11 b L G,kb’b" i (BRI — Bb Gabt =0, (11, ¢)
02+ G;p aix =0, (12. a)

—g;(b“)% G aai— ()G =0, (12, b)
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From (11,a) we get because of (5), that is, Ga’a’=1
b =v' G =l. (13)
When we define vi=a"+ [Ihx 2", (14)

(11, b) and (11, a) give us
vi= lb"‘l‘ 2G,-,,ajb"w’ : ,

hence LU =Gya’b"?,
G a’t* =1, (15)
and consequently
b‘=l“‘v‘—2l‘2l' /i N ijbjbk=l_2 ,-,,v"v" s (16)
dl
here I’ denotes —.
where eno s
Then from (10,a) we get
l'll”—2l‘2l’2+%l‘2G,k1ﬁv"—H?,‘x”'x”‘=0 , 17

and from (11, ¢),
%w’ — 20 W) + My — 2™+ %z—za,-mkx'f
+ B2 -1 (v — 20 x%)=0,
which becomes because of (17)
%v’# yvix'*— 3l‘1l"v"‘+%l"2 v vra s — 21T
+BIL2*=0. (18)

It will be easily verified that (10, b), (12,a), (12,b), and (17) are all
satisfied by (18), which are the equations of the curve sought.

As we put —Z—:=l, it is necessary to prove that there is no curve
which can not be expressed in the form (18), the development being a
circle. This is easily done, because for any given initial values of a”
and bF satisfying (5) a curve satisfying (18) exists, and every circle in
the tangential space passing through the point of contact is expressible
in the form (6).

Now (18) are the equations of a generalized circle in the manifold
with conformal connection (2), (8), (4) where s is an invariant para-
meter. When we take another parameter o which is not invariant
under the transformation of coordinates 2 but satisfies the simpler

equation L
Gi'———=1,
“do da (19)
do
ha =80
we ve ds
;[ d*x* ; dx® dx® \(do\2, da* d%
p— ”t = —_
v (d02+ * da da)(dé>+da ds’
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Goroi= Gy T 4z, I 00" )( & P E__)(ah) ( Y,

do? do do
and consequently we get from (17) and (18)
d2 do® dod \( & e da®
.= m, g
&)= (daz+ do da>(d02+” “do do
_ Q.@ﬁ
I do do (20)
and
d (&% do’ dx* . ( d% dat da™) dat
1I; I i Lol
Ao\ gor THag, da)+’ “dot THlm e do)da
4. 4o’ d%’ da® da® \( d%"* | e da® da?\_ e do’ do*
A +ile do do X o2 T ey, da) T 4
a1, 37 . @1)
do

These are just the same expressions as obtained by Mr. K. Yano when
we put M=1 and constant=0. That these two equations are necessary
will be published by him too.



