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1. Concerning the non-vanishing of an almost periodic function

I have proved the following theorem:
Theorem 1. Let f(x) be S a.p. and its Fourier exponents greater
than some number A have gaps tending o infinity. If f(x)=0 almost
everywhere in some interval, then f(x)--O almost everywhere in (-, oo ).

--

This will be generalized in the following form, the proof of which
is quite similar as that of Theorem 1 and then I do not repeat it here-).
Theorem 2. Suppose that the conditions in Theorem I are satisfied.
Let g(z) g(x iy) (z x iy) be a function analytic in c x d, 0
y r and continuous in c x d, 0 y r. Then if f(x)= g(x)
almost everywhere in some interval in (c, d), then f(x)=g(x) almost
everywhere in (c, d).
In the theory due to Levinson, Paley and Wiener of non-vanishing
of purely periodic functions or functions defined in (-, oo), some
kind of integrability being assumed, two types of theorems are known).
In theorems of the first type it is supposed that the Fourier coefficient or Fourier transform tends to zero with considerable rapidity,
and in the second type it is assumed among other conditions that the
Fourier coefficients have gaps which increase indefinitely or the breadth
of intervals in which the Fourier transform vanishes tends to infinity).
Plainly Theorem 1 and 2 are of the second type. Thus it will be
desirable to obtain a theorem of the first type for the class of almost
periodic functions. In the present paper I shall prove such a theorem
(Theorem 3)by reducing it to a fundamental result concerning ordinary Fourier transforms which is due to N. Levinson). It runs as
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1/2 < v < 1/2, we have

By Lemmas 1 and 2, we have
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Hence by Theorem A, our assertion is immediate.

