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70. On the Conformal Arc Length.

By Kentaro YANO and Yosio MUTO.
Mathematical Institute, Tokyo Imperial University.
(Comm. by T. TAKAGI, M.I.A., Oct. 11, 1941.)

Let us consider a curve C in a conformally connected manifold C,,
whose conformal connection is defined by the formulae

dA4, = dud;,
1) dA; =11%du* Ao+ Iy du*A;+ IT5du* A ,
dA.= I gokdu A;,
where
(2) M, =971l , II5=0gn and ¢Yg;=20j.

(i’j5 k’ ”'=19 2’ 3’ ety n)

Defining two parameters s and ¢ on the curve by the equations

dw du® _
3
3 9in—— ds  ds
and
o otk duw? du®
4 t, =—— —11%,
( ) { 3} [ oS 2 Py 82 d dS
respectively, where
d3t dt _ d* /dt
5 t,s}=—-— =
) {t,s}= ds <ds“’ ds>
and
(6) o _ B e dwd du”

02 ds2 P ds ds

we find the following Frenet formulae®

dt d d
( =Y — =
') dsA ’ <§; dt (Lg (% dt &’
d i
dt (’25)'_— u(g.S;,
4 S5=_iS+is,
) 9 dt & @
4 g _4S+3S,
dt o 3 ®
d oo
\dt <§> u(é’),

1) See, K. Yano, Sur la théorie des espaces 4 connexion conforme. Journal of the
Faculty of Science, Tokyo Imperial University, Sec. I, Vol. IV, Part 1 (1939), 1-59.
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where S and S are two point-spheres and S, S, ...... , S, S, » mutually
(] @ (6D ¢ (n) ()

orthogonal unit spheres all passing through the points (§ and (,ZS)'.

The parameter ¢ being defined by a Schwarzian differential equa-
tion, we shall call it projective parameter. The parameter ¢ defined by

8 ¥ = at+b
(8) ct+d

is also a projective parameter. If we effect a transformation of the

projective parameter ¢ of the form (8), the curvature ;31, ;4, veey 3 AD-
pearing in the Frenet formulae (7) will be respectively transformed into

3, 4, <,
W, i, ..., », where
(9, d=( ) MEA
9) n <dt’ n, <dt’>n’ ...... , U <dt’ n.
Hence, we can see that the differential
(10) do= (o)t dt

is a conformal invariant, it is the conformal invariant of the least de-
gree.

We shall call ¢ the conformal arc length of the curve. The con-
formal arc length does not exist for a generalized circle®.

The conformal arc length ¢ being thus defined, the point

=do g_do
av 4= 8

is a not only geometrically but also analytically invariant point.
Differentiating the point (4(% with respect to o, we have

&
(12) A=0 4=F g4 g
O doe ©® _d"— o @
dt
hence, we can see that
(13) AA=0, AA=0, AA=1,

[(OXO] O @ @D
that is, :% is an analytically invariant unit sphere passing through the
point ff,l) Differentiating the unit sphere f% with respect to o, we
obtain

i ()W
E[{f%:(%)2{3—<%:_)3(§+(%)2<§+%_%w

1) K. Yano and Y. Mutd, Sur la théorie des hypersurfaces dans un espace 3 con-
nexion conforme. Japanese Journal of Mathematics, 17 (1941), 229-288,
2) K. Yano, loc. cit.
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or (_dfi>2 d2
(14) %fﬁ= <{%§;2£+‘; ( % >3<§$+< fl: >2<IS>+%1%‘<2>°

Now, putting
(15) P (1) S A

and
d’e
(16) <d—t2) s+—1— S
(2) (ﬂ) (0) < >2(1> do @ ’
dt dt dt
we find from (14)
0 4 p=34+4.

o o @

The function 2 being defined by the Schwarzian derivative —{t, s}
where ¢ is a projective parameter and o is a conformal one, the equa-
tion (17) shows that the sphere é defined by (16) is an analytically in-

)

variant one. Moreover, the equations (11), (12) and (16) shows that

AA=AA=0, AA=AA=0, AA=1, AA=-1,

W @@ [(VXEY) @) @ @ D 0 @
that is A is a point on the sphere A satisfying the relation {)1 124-— —1.
0 @
Substltutmg the relation
do _ 3y
7 )

in (15), we can find the expression

(18) A=%[(5)2 ‘;1’2‘ -2 (5)3 (%ﬂ,

which is a conformal invariant we have already found in a previous
paper’.
Now, differentiating 4;1 along the curve with respect to o, we
(2)

obtain

&o d’c (.t&)” &o (i"‘g)
d ,_|de a8 _3\d#/ | | df _3\ds _ % g

do® <%>4 2(_%)5 © <fl—:>3 2<%)4 8 (d_:)z(s)

1) K. Yano and Y. Muté. loc. cit.
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o ds o) g b
RN
_{ot} (ZZ ]

<%>2 (;ll: ®» O _<%)2('3S)

from which

(19) 4 g—24-8

do @ [¢ DIC))
in virtue of the relation

& .
_ Aot} ag n o _
(da)z’ 4=, 518 and (@)2 1.
dt dt dt

The equation (19) shows that the (,35)’ is an analytically invariant
unit sphere, hence, if we put

(20) A=-8,

[€)) 3)
we have from (19)

(21) 4 4—24+A4.

de @ @ @&

It will be easily verified that the unit sphere {31) passes through the
two points :;1) and zg and is orthogonal to the unit sphere gl)
(

Differentiating the unit sphere f:% along the curve with respect to
o, we have

(22) S+ S

da (3> doI: © @l’

consequently, if we put

[CY) @

4
23) A=t =4y A=-8,
do
d

we obtain from (22)

(24) 4 A—AtiA,

de®» © @
This equation tells us that the unit sphere f;l) is an analytically

4
invariant sphere, 1 being a conformal invariant.
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The sphere A passes through the points fol and f;l, and is orthogonal
)
to the spheres A and A. Differentiating

@

A=-8,
@ 4)
we obtain
(25) 4 A 14474,
do @ 3) 5)
where
5 5,3.-1
(26) 2=1(x)"2
is a conformal invariant and
27 A=-S8

®) &)

is an analytically invariant unit sphere passing through the points
A and A and is orthogonal to the spheres 4, A and A.

(V) () ()] 4)
Contmumg in this way, we obtain finally the following conformal
Frenet formulae

(4 4—4,

do @ @

9 A=A+ A,

do O © @

4 A—1A+A,

da @ D @

d
(28) ! +a=avia,

d 4 5
— A=—1A+14,

do W (3) )

44— 4 474,

da‘ ) =1 ()
d (-]
L A==
k do' ({03) (17:4) ’
where A and A are two points and A, A, A are n mutually

(] 1) (3)

orthogonal unit spheres passing through the points A and (4% and

@)  a=—{t,0}, 1=xD7Y, =@, . . A=50)7h,

The consequences of these conformal Frenet formulae will be de-
veloped in the forthcoming papers.



