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14. On the Uniform Distribution of Values
of a Function mod. 1.

By Masatsugu TsuJL
Mathematical Institute, Tokyo Imperial University.
(Comm. by T. YOSIE, M.I.A., Feb. 12, 1943.)

1. Unaform distribution of values of f(x) mod. 1.
Let f(x) be a continuous function defined for 0 <x << and

(f@) =f@)~Lf@)], so that 0= (f@)) <1. Let A=[0,f] (0<a<p<1)
be an interval in [0, 1] and E(r, A) be the set of points « on the x-axis,
which lie in [0,7], such that « < (f (x)) <PB and mE(r,A) be its
measure. If for any 2,

Ty r
then we say that the values of f(x) distribute uniformly mod. 1.
H. Weyl® proved that (I) the necessary and sufficient condition, that

the values of f(x) distribute uniformly mod. 1 is that

5: @ =o(r), 2)

for any integer « (5=0).

(I1) Let F(t) be periodic with period 1 and be integrable in
Riemann’s sense in [0,1]. If the values of f(x) distribute uniformly
mod. 1, then

. 1(" _ 1
lim 7&, F(f@)da=| F(dt. @

We will prove
Theorem 1. Let f(x) be a positive comtinuous increasing convex

function of log z, such that lim L@ —co, then the values of f(x) dis-

x> log 2
tribute uniformly mod. 1.

Proof. Let a(Z=0) be an integer and put t=2raf(x)=¢(xr) and
x=¢(t) be its inverse function. We suppose that «>>0; the case
a<<0 can be proved similarly. From the convexity of f(x) as a func-
tion of log x, xgo’(x)=% is an increasing function? of x. If x¢'(x)<<K
for 0 <z << o, then ¢(x)=0 (log x), which contradicts the hypothesis.
Hence lim x¢'(x)= o0, so that F4V) is a decreasing function of ¢ and

>0

$(@®)

1) H. Weyl: Uber die Gleichverteilung von Zahlen mod. 1. Math. Ann. 77 (1916).
In Weyl’s paper (II) is not expressed explicitly, but (II) follows from (I) easily.

(2) ¢’(x) may cease to exist at an enumerable set of points, where we define ¢/(x)
suitably.
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/ r
lim »%) =0. By (I), it suffices to prove f e"Ddr=o0(r). We will
vo

first prove
I= s: sin g(x)dx=o0(r). 4)

By the second mean value theorem, we have by putting p=¢(r),

po=¢(0), r=4¢(p),
I= f"sin t-¢/(@)dt=| sint- ¢’(t)dt+j o) sint- £ gy

o0 #(t)
j sint- ¢/ (t)dt+ ¥ ((’))j g(t) sin td
=j sin t - ¢/ (D)dt+ i”((’)) ¢(rz)j sintat
=j sin t - /(8)di+ ¢((T)) 0(4p)) (w<c<u<n<p),
where 10(¢(0) | < 20(p)=2r .

We take t so large that ‘—‘Z((—T))x < e and then p so large that
T

s:sin t¢’(t)dtl <eg(p). Then |L| < g(p)(e+2e)=3er, so that I=o(r).

Similarly J: cos g(x)dx=o(r). Hence I: e“@dx=o(r), q.e.d.

Since the Nevanlinna’s characteristic function 7'(r) of a trans-
cendental meromorphic function for |z|<< oo satisfies the condition of
Theorem I, we have

Theorem II. The values of T(r) distribute uniformly mod. 1.

2. Uniform distribution mod. 1 of higher dimensions.

Let wi=fi(®y, ---) Tn), -y W =Frn(®1y---, ) be continuous functions
defined for —o <z; << (2=1,2, ...,m) and A be an interval:
0, <w; <B: <1 (6=1,2,...,m). Let S(r): 23+---+a22 <7 be a
sphere and E(r, A) be the set of points (x, ..., 2,) in S(r), such that

((fl(xl, e @) ooy (Finlt, wn))) lie in A and |Al, mE@, A), V(r)
be the measure of A, E(r, A), S(r) respectively. If for any A,

. mE(r,A) _

}gg Vo) |A|, (5)

then we say that the values of (fi, ..., f) distribute uniformly mod. 1.

Similarly as (I), (II), we can prove that (I’) the necessary and
sufficient condition, that the values of (fy, ..., fn) distribute uniformly
mod. 1, is that

............... S P | CIRZTCTRNE N EETEE T N ) | dxl . dx,,= 0(7'") (6)
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for any integers a;, such that |a|+---+|au| == 0.

(1) Let F(t,.--,t.) be periodic with respect to #; with period 1
and be integrable in Riemann’s sense as a function of (¢, ...,%,) in
0<t;<1 (¢=1,2,...,m). If the values of (f, ..., f,) distribute uni-
formly mod. 1, then

lim —1 Lﬁ +xg5r=s F (fl(acl, veey Xp)y ooy on@y ooy fvn))dwl e di,

o V(r)
=[Pyttt @)
0 (]

By (I'), (I'), we can prove that if the values of (fy,..-,fn) dis-
tribute uniformly mod. 1, then (5) holds, when ¥ is any set, which is
measurable in Jordan’s sense and | | be its measure.

We will prove®

Theorem III. Let Py(xy, ..., ), -y P2y, ---, &) be polymomials,
such that

arPi(2y, +o ey X) + - + am Py, -+, ) = const.,

for any integers a;, such that |oy|+--+|an|=0, then the values of
(P, ..., P,) distribute uniformly mod. 1.

Proof. We suppose n=m=2; the other case can be proved
similarly. Let a, @ be integers, such that |a|+|a|==0 and put

x=rcosf, T=rsind,

27r(a1P(x1, %2) + as P21, wz)) =ay(cos 0, sin 8)r"+ a,(cos 0, sin )r™!
+-tan=2(r, 0),
where ay(cos 6, sin 8) are polynomials in cosf,sinf and =1 by the
hypothesis. By (I’) it sufficies to prove
2r (Cr
jo L 0 Opdrdf=o(r?) . ®

Let ag(cos 0, sin §)=0 for 0=0; (i=1,2,...,k), then |ag(cos®, sinf) |
k
=>7>0 for |6—0;|=06>0. Let Iz=§1(0.-—8,0,-+8) and I, be the

remaining part of [0, 2], so that [0,27x]=I+ L. Then |ay(cosb,sind)|
=7>0 in I, Hence E}rg | @(r, 6) |= oo uniformly in I, and @’(r,0) =0

for > r,, where @'(r, §) means &;""Q

We put =&(r, 0) in I, then

i\ 0.0 =Sr ire™ do= e=r N\ 1 _ rd"(r,0) .
'°S M T [W(r, 6) ), S,f [w'(r,a) [, OF "

o T _of 1 1 _r07(r,0) _of_1
81nce mn Il’ ¢l(,r’ 0) O( 1‘”_2 ) ’ ¢,('r y 0) [¢/(’r, 0)]2 O( ’rn_l )

uniformly, we have

o

1) The case n=1 is proved in Weyl’s paper L ec. (1).
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"o opdgr—of 1 )=
shdﬂ Soe rdr 0( ot ) o(r?) . (10)
Since 2k is the measure of I,
Lz dn jo Oy = O(5r%) . (11)

Since ¢ can be taken arbitrarily small, we have from (10), (11),
rﬂ Y &0 Dpdyrdf =o(r?) , g.e. d.
0 Jo

Let w=P@)=Pi(x, y)+iPx(x,y) be a polynomial in z=z+1y,
which is not a constant, then we see by the Cauchy-Riemann’s
differential equation, that aPi(x, ¥)+ BP:x, y) == const. for any constants
a, B (|a|+|B|=F0).

Hence we have

Theorem IV. Let w=P(2) be a polynomial in z=x-+1y, which s
not a constant, then the values of P(z) distribute uniformly mod. 1.



