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41. Normed Rings and Spectral Theorems, IV*.

By KSsaku YosrA.
Mathematical Institute, Nagoya Imperial University.

(Comm. by T. TAKAG:, M.I.A., April 12, 1944.)

1. 00. The spectral theorem iven in the third note’
constitutes, in the special case when (M) is an enumerab|y-vlued
step function, a refinement with an error estimation of E. Schmidt’s
procedure of the approximate calculation of the greatest proper value
of the integral equation. The result is then similar to that due to
Temple and Collatzz. The purpose of the present note is to show that
our treatment may be extended to obtain an approximate calcu|ation

of the lower proper values.
At this juncture, I intend to correct the misprints in III" 1) the

right hand side of (iv) on page 72, line 5 must be read as

1___./::: E(") F(T’+)
/r(Z) F(T(’+) -(.TW/i’ (as n --*

2) lira v,+(/-)-I on page 73, line 6 must be read as lira

(z-o)=(z).
2. The Theorem. As in III, let R be the totality of the real-

valued continuous functions S(M) on a bicompact Hausdorff space
and let F(S) be a positive linear functional on R such that F(I)--1
where I(M)I. Then

F(T) , T(M)(dM)--- o
dr(), a0=inf T(M), =sup T(M),

v()---(M; T(M) < )
We assume that 20 0 and that r() be of the form

f r(()+0) > r((v-0) (1)=constant for a() - 2 z
(A) rfz()+0) r(/(D-0), r(2)=constant for (D

r(z()+0) :> (Z(-0), r(2)=r(/()/0) for 2 Z()

Z(), ) may respectively called as the maximal, the next maximal
spectrum of F referring to T.

We put

F(T+)

__
/ F(T) =_!

* The cost of this research h been defrayed from the Scientific Research Expendi-
ture of e Department of Education.

1) Pr. 20 (1944), 71. This note will be referred to as III.
2) G. Temple: Proc. London Math. Soc., 29 (1929), 257. L. Collatz: Math. i

schr., 4 (1940), 692. Our formula (iv) ((ivy) ds not conin the unkno val
p((()) explicitely. Moreover in (iv) the values (0), (), z() are only implicitly
need. The are the main difference of our resul from Temple-Collatz’s.
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then from the proof of the spectral theorem in III we obtain
, o, > /h> l/ (n > 0),

(ii) 1’ (o) > 1//) > 1//(o) (n > 0),

(iii) lim "’ (-lim 1//$)= 1//()

(v) o (z/’)-(/’)

1- dr+(2)= 1 1 2+ 1

if (1/(1))- (llz)) > (1/))- (1/()).

We will prove the
Theem. Put

Fa)(S)=F( (’()I- T) .S)F(<l T)
and define

then

()’

(ii)’

(i)’

(iv)’

FI)(T’*+1) 1 #/ FI)(T) 1

if (1//(D)--(I//)) > (11/’)-(11/)).

Proof. Fa)(S) is a positive linear functional on R such that

F ((/(o)i_ T)T, (/()-2)ndr(2)=/ (/()-2)2dr(),

,p(1)+

we have F(I)(T’9 ndrl)(). Thus (i)’-(iv)’ may be proved as

(/)-(iv).
3. A practical ]ormula. (i)’-(iv)’ is applicable only when the

exact value /o is obtained. We will give a practical approximate
formula by making use of the apr-ximations .o Z, of /0>

Lem,ma.

and H()--
F((,T.-T)T’/’)

F(1)(I)=I. Since, by the hypothesis concerning r(),
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are decreasing in .
P’oo/. We have

F(T+7-F(T+gFC/) 0,

since, by Schwartz’s inequality,

F(T’+gF(T+)
That H’() 0 will proved milarly. Q.E.D.

By ()-(iv) we have

w,ere /o> (/Zo>) ()-
_

(zo)-

Hence, by the lemma Rnd (i)’-(iv)’, we hve a Practical .formula"

0 P((z>I- T)T+) 1 which is

+

for sueiently large k, , vi. if , are large sueh

I1/)-(1/’) > (1/")- (1/),
(1)(1/(’)-(1/) > (1/)-(1/().

Rem. It is to nod hat, in raeiee, he eondition (C)
often tisfied only when , 8 or 4. Our roeedure may
to obtain the aroximaions to the next smaller roer values


