Periodic orbits of the three dimensional
logarithm galactic potential

Daniel Pasca Bogdan Mircea Tataru

Abstract

We apply the averaging theory of first order to study analytically fami-

lies of periodic orbits for a three dimensional logarithmic galactic potential
2

H = %(pi + p; +p?) + % In(x* — Ax® + ay? + bz% + ¢3), that is relevant in
the study of elliptic galactic dynamics. We first introduce a scale transforma-
tion in the coordinates and momenta with a parameter ¢ and we find, using
averaging theory of first order in ¢, the existence up to three periodic orbits
if o, B are irrational, and one periodic orbit if either « is irrational and S is
rational, or f is irrational and « is rational, for € sufficiently small.

1 Introduction and statement of the main results
We consider the Hamiltonian
1
H = H(x,y,2,px by, pz) = 5(px + 1y +12) + V(x,9,2),

where the potential V = V(x,y, z) is given by

2
V= % In(x? — Ax® 4 ay? + bz% 4 ¢c2),
where «a, b are the flattening parameters, ¢, is the scale length of the bulge com-
ponent, while the parameter A < 1 introduces a small asymmetry in the sys-
tem (see [2]). The parameter vy stands for the consistency of the galactic units.
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The choice of this potential is justified by the fact that triaxilities are common in
elliptical galaxies (see e.g. [4], [9], [1], [5], [11]). Due to the fact that A < 1 we will
replace in the following A by eA where ¢ is a small parameter. So the Hamiltonian
will be

1 v3
H(x,Y,2, pr, Py pe) = 5 (P + py + p2) + 5 In(x® — A +ay? + 02" + ). (1)

We start with the Hamiltonian system associated to the logarithmic poten-
tials (1), having the first integral given by the total energy H whose logarithmic
Hamiltonian system is given by

x - a—H = px/
oPx
. JH
y= apy = Py
z= of =Pz
p: ’
. oH 03(2x — 3eAx?) ()
Pr= "%y = C2(E a2 ay? + b2 —eAxd)
, oH avgy
Pv="%y ~ S22 ay? + b2 —eAxd
oH bv3z

P== "%, ~ 22 ay? b2 —eAxd
We denote the vector field associated to equation (2) by F:
03(2x — 3eAx?)
2 + x2 + ay? + bz? — eAx3)’

F =F(x,Y,2 Px, Py, Pz) = (px, Py pz,—z(

aviy bv3z )
24+ x2 4+ ay? 4+ bz2 — eAxd” 2 +x2 4 ay? + bz? —eAxd/’

After introducing a non-canonical scale transformation in the coordinates and

momenta with a parameter ¢ of the form

{x = Vex,y = Vey,z = Vez, px — Veps, py — Vepy, p: — Vep:}

the Hamiltonian system (2) can be reduced to study the differential system

J.C:px/
Y =Py
ZZPZ!
2 2.3 2.2 2.2
VAX vAx° + avsxyc + busxz
by = — o2 0 oi/ 02 0@?),
c;, (o (3)
2 2.2 2.2.3 2.2
%o, RUSX“Y + acvsy° 4+ abviyz
by = — oy , AU%rY oY oY L O®2),
T E

bv3z N €bv% X’z + abvdy?z + b?03z3

Pz = —— 4
o %

+ O(£?),
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having the first integral

1, o P+ p}+p2) +05(x + ay® + b2?)
K — _UO h’ICb +8 5
2 2¢c;,
03(x? + ay? + bz?)?

2 3
—¢€ O(e).
el +0()

As K is a first integral, also H = (K — —vo Inc3)/e is a first integral, and we are
going to use this first integral

cp(p3 + py + p?) + 05(x* + ay® + b2?) - gvg(xz + a4 b22)?

H =
2 1
2cb 4cb

+ O(£).

Thus, the conditions for finding families of periodic orbits using the averaging
theory up to first order in ¢, apply for this system.

We apply the averaging theory of first order in the small parameter € to compute
periodic orbits of a perturbed periodic differential system depending on . We
recall in section 2 the basic theorem of this tool: the Averaging Theorem of first
order. This theorem provides, under certain conditions, perturbed periodic orbits
for e sufficiently small that bifurcate from some unperturbed periodic orbits for
¢ = 0. The method goes back to [6] and [7], and a shorter proof is given by [3].
For a general introduction to the averaging theory see the books [8] and [10].

We find five families of periodic orbits parameterized by the energy when
the parameters a and b are such that /& or/and /b are irrational, all of them
bifurcating from unperturbed periodic orbits around the center: one bifurcat-
ing from the two-dimensional plane (x,0,0, py,0,0), another one from the two-
dimensional plane (0,y,0,0, py,O) and another one from the two-dimensional
plane (0,0,z,0,0,p;). When /a and Vb are rational, the Averaging Theorem
gives no information about periodic orbits.

Our main results on the periodic orbits of the tridimensional logarithmic Hamil-
tonian systems is summarized in the next three theorems, which is proved in sec-
tion. 4. We denote the periodic solutions v;(t) = (x(t),y(t),z(t), px (t), py(t), p=(t))
fori=1,...,5.

Theorem 1. The following statements hold for the perturbed differential system (3):

(a) For ¢ > O sufficiently small and \/x and \/b irrational, at every energy level

H = h > 0, it has at least one periodic solution <y1(t) such that
nO) = (52,

) —
12(0) — (0, Cb\/_ ,0,0,0,0) and at least one periodic solution y3(t) such that
) —

75(0 (oocbf“—ooo)

0,0,0,0,0); at least one periodic solution 7y,(t) satisfying

(b) For e > 0 sufficiently small, \/« irrational and \/b rational, at every energy level
H = h > 0 it has at least one periodic solution y4(t) such that

h
74(0) = (0,222,0,0,0,0);
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(c) For e > O sufficiently small, \/a rational and /b irrational, at every energy level

H = h > 0it has at least one periodic ys(t) satisfying v5(0) — (0,0, Cf/\z/j_h, 0,0,0).
0

2 The averaging theory of first order

Now we shall provide the basic results from averaging theory that we need for
proving the results of this paper.

We consider the problem of the bifurcation of T-periodic solutions from the
differential system

x(t) = Fo(t, x) + eF1(t,x) + €2Fa(t,x, €), (4)

with ¢ # 0 sufficiently small. Here the functions Fo,F; : R x O — R" and
Fp : Rx QX (—¢f,er) — R"are C? functions, T-periodic in the first variable, and
(1 is an open subset of R". One of the main assumptions is that the unperturbed
system

x(t) = Fo(t, x) ®)
has a k-dimensional submanifold of T-periodic solutions. We assume that the
coordinates have been taken in such a way that the k-dimensional submanifold
of periodic orbits is contained in {x1,...,x%,0,...,0} € Q. A solution of this
problem is given using the averaging theory.

Let x(t, z) be the solution of the unperturbed system (5) such that x(0,z) = z.
We write the linearization of the unperturbed system along the periodic solution
x(t,z) as

y(t) = DxFo(t, x(t,z))y. (6)
In what follows we denote by M,(t) some fundamental matrix of the linear
differential system (6), and by & : RF x R"% — RF the projection of R" onto
its first k coordinates; i.e., &(x1,...,x,) = (x1,..., Xx).

Theorem 2 (Averaging Theorem of first order). Let V C R be open and bounded,
and let By : CI(V) — R" % be a C? function. We assume that

(i) Z2 ={zoa = (a,Bo(w)),a € CI(V) C Q} and that for each z, € Z the solution
x(t,zy) of (5) is T-periodic;

(ii) for each z, € Z there is a fundamental matrix My, (t) of (6) such that the matrix
M, 1(0) — M }(T) has in the upper right corner the k x (n — k) zero matrix, and

Zy

in the lower right corner a (n — k) x (n — k) matrix A, with det A, # 0.
We consider the function F : CI(V) — Rk

T
Fla) = g( /0 M (B)E (£ x(t, z,x))dt). @)
If there exists a € V with F(a) = 0 and
det (dF/da)(a)) # 0, 8)

then there exists a T-periodic solution ¢(t,¢) of system (4) such that ¢(0,e) — z, as
e — 0.
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3 The scale transformation and the first order differential sys-
tem

Of course, the Hamiltonian system (2) is not into the normal form (4) for applying

the averaging theory. So we first introduce a non-canonical rescaling transforma-

tion with a factor /¢ in order to have a small parameter ¢ > 0 in the differential
system

{x = Vex,y = Vey,z = Vez, px = Vepr, py — Vepy, pz — Vep:}.

The differential system (2) of the logarithm potential in the rescaled variables is
given by

x - px/

¥ =py

Z = Pz/
by — — 03(2x+/e — 3x%€%))

’ 2v/e(c2 + ex? + eay? + ebz? — 5/2)x3)’ 9)
b, = — avdy

Y c% + ex? + eay? + ebz? — 5/2\x3’

bv3z

Pz = 0

2t ex? +eay? +ebz? — /2033

with the first integral

2
€ v
H= E(p?‘ + pi +p2) + ?0 In(ex? — €/2Ax> + eay? + ebz® + c2).

As the change to the new variables is only a rescaling transformation, the differ-
ential system (9) for all ¢ > 0 is topologically equivalent to the Hamiltonian sys-
tem (2). Therefore studying the differential system (9) for small values of € # 0,
we are also studying the original Hamiltonian system (2) with e = 1. Now we
expand equation (9) in powers of the small parameter ¢ and the first integral H
up to first order in ¢, thus we have

x:pJC/
Y =ry
ZZPZ!
2 2.3 2.2 2.2
VAX vAx° + avsxyc + busxz
Py = — o2 1% oi/ 02 L 0@?),
C Cy (10)
2 2.2 2.2.3 2.2
%o, wvsx“Y + acvsy° + abviyz
b, = — 0.1/+€ XY oY oY +(9(52),
g E

bv3z N Ebv%xzz + abvdy?z + b*v32°

2
cg + O(e%),
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and the first integral becomes

cp(px + py + p2) + 05(x* + ay* + bz?)

1
K= -vjIlncs +¢
2
2¢;

2
B+ ag? + b2
4cy

— &

+O(&).

As K is a first integral, also H = (K — %U% Inc?)/e is a first integral, and we are
going to use this first integral

g WPy pE) T ey’ b2 of(x? ey + b2)

O(&).
2c? 4ct TOE)
(11)
The unperturbed equations with e = 0 represent a tridimensional harmonic

oscillator that can be easily solved with arbitrary initial conditions x(0) = xo,

y(O) = yO; Z(O) = Z, pX(O) = pXOI p]/(o) = PyO, pz(O) = on
x(t) = xq cos (tv_o) + SPxo g <tv_0>,

o) o o,
px(t) = px, cos (tf_bo) _ vz_zmsin (t:_bo>

26 = zocos (“VI0) 4 0 g, (1T
p2(t) = pa cos (tgvo) - ﬂczozo o <t¢jvo>.

We have the following situations:

(A) If /& and v/D are rational then the dimension of the space generated by the
periodic solutions is six.

(B) If \/« is rational and /b is irrational then we have the periodic solutions
(x(t),y(t),0, px(t), py(t),0). Then the dimension of the space generated by
the periodic solutions is four. Moreover in this case we also have a plane
generated by periodic solutions, namely (0,0,z(t),0,0, p-(f)).

(C) If \/a is irrational and /b is rational then we have the periodic solutions
(x(¢),0,z(t), px(t),0, pz(t)). Then the dimension of the space generated by
the periodic solutions is four. Moreover in this case we also have a plane
generated by periodic solutions, namely (0, y(t),0,0, py(t),0).

(D) If /& and Vb are irrational then we have three planes generated by
periodic solutions, namely the plane (x(),0,0,px(t),0,0), the plane
(0,y(t),0,0, py(t),0) and the plane (0,0,z(t),0,0, p-(t)).
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However, using the averaging method of section 2 we was able to find periodic
orbits just in the planar cases.

4 Proof of Theorem 1

We start to consider the case when both /& and /b are irrational and the unper-
turbed periodic orbit at the plane (x(t),0,0, px(f),0,0)

t c t
x(t) = xq cos <ﬂ> + P gy <ﬂ),

Cp 00 Cp
px(t) = px, cos <T—bo) — 02—:0 sin (tz)—bo),
y(t) =0,
py(t) =0,
z(t) =0,
p=(t) =0,

with the first integral (11) when e = 0 taking the energy value

2.2 2.2
_ CprO +va0

h
2
2cb

(12)

Generically, the periodic orbits of a Hamiltonian system with more than one
degree of freedom are on cylinders filled of periodic orbits. Therefore we
cannot apply directly the Averaging Theorem to the Hamiltonian system, since
the determinant (8) would be always zero. Then we must apply Averaging
Theorem to every Hamiltonian fixed level where the periodic orbits generically
are isolated. This allows to eliminate one of the coordinates, say py, and to reduce
the study to dimension five.

We thus compute p, at the energy level H = h with H given by (11) and &
given by (12) and we take the expansion to first order in e. We introduce the
notation

2,2 4 2,2
c + X
BPx T %% — 0) —v%(x2+ocy2+bzz)>

_ 2( -2 2 2
Rb,a,volxolcb - \/Cb <Cb< — Py — Pz + c
b

and we obtain

Ro 0,00, 0,65 N ev% (x? 4+ ay? + bz?)?

2
o

py =+ + O(e?). (13)

2
4CbRb/DC/’UO/x0/Ch

We will consider first the positive solution for p,. The equations of motion (10)
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on the energy level H = § are given by

Rbr“rUO/x()er v% (xz + (Xyz + bZZ)Z

X - + 0(82)/
C% 4C%Rb/“1001x0/cb
2 2.2 2.2 3 2.2
. avgy | avpxTy + acogy” + abugyz
py =~ 4 SOV TR TERVE 4 o),
Y = Py
bvZz  boix®z + abviy’z + b*03Z°
po = ——3 + e iy 0 +0(),
b b
Z — pz.
Now the differential system (14) has the form of (4), where
Ry 000 x0, av3y bv3z
Fo(x,;?y,y,pz,z) = ( ngOCb'_ g 'Py'_—g'PZ>
b Ch Ch

and

03(x? + ay® + bz%)%e avix®y + a*v3y° + abviyz?

7

Fi(x, Py, p2r2) = (
y/ 7 FZzZr 7
4C%Rb,aﬂ)0,x0,€b C%

bodx2z + abvdy’z + b*v3z°

0, i ,0),

with the unperturbed solution (xg cos(tf—ho) + % sin(tf—bo), 0,0,0,0).

Set

tog Cp . 100\ 2
S 00,50, = \/ci (C%p%o + v3x3 — v3(xo cos(c—) 4 SbPx sin(—)) )

Now we compute the linearization of the unperturbed system along the periodic
solution, DyFy(t, x(t, zx,))

3 (xo cos( 2204 P sin(w—o))

- Srome 00 00
0 0 —"‘C—? 0 0
0 1 0 0 0
0 0 0 0 —bc—éo
0 0 0 1 0
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and the fundamental matrix Mz, (t) is obtained solving (6), that is, it is equal to

cos( m:) va%% sin(tcv—l?) 0 0 0 0
0 cos( \/Zf;vo ) - \/Ebvo sin( \/févo) 0 0
0 \/%bv . sin( \/Zivo) cos( \/flt]vo) 0 0 ,
: : o ety g,
0 0 0 \/%Z . sin( \/EZUO) cos( \/ZUO )

which satisfies M, (0) = I, and the inverse, M, (1) (t) is given by

e — 0 0 0 0
cpPag cos( T )—vpx sin(ﬁ)
0 cos(‘/fzfo) \/f&bo sin(@) 0 0
c . aty, Vato
0 _\fT'hszSI ( fbo) cos( fbo) 0 0
0 0 0 cos(—@“yo) @;0 sin (\[“0)
o \ft ;0 Vbtog

0 0 0 Toog sin( ) cos(ich )

In order to apply the Averaging Theorem, we verify the condition detAy, # 0,
thus we compute

0 0 0 0 0
0 1—cos(2yam) — ‘/E;O sin(2/am) 0 0
c
_ 2 0 L sin(2y/anm) 1-cos(2\/an) 0 0
Mleo (O)_ leo ( ;Tgb ): \/&Z}O
0 0 0 1—cos(2v/brr) —@ sin(2v/brr)
Cb . _

0 0 0 oty sin(2vbrr)  1—cos(2V/brr)

In the upper right corner, the 1 x 4 matrix is zero, and for each z,, in the lower
right corner the matrix Ay, has determinant non-zero, Ay, = 16 sin?(v/a7) sin?(v/brr)
« and /D are both irrational.

The function F; along the periodic orbit is given by

since

03 (xo cos(2) + 20 gin (224

Fi(t,x(t,24,)) = ( ,0,0,0, 0)

4Cb5b,zx,vo,xo,cb
and we must apply to it the inverse of the fundamental matrix
tvg

o))

))Sb x,00,X0,Cp

P20 gin

Pxo V3 (X0 Cos(tvo) + =

My L (O)F (8, X(t, 7)) = O000)
zy, LR (t,x(t 2 0)) <4cb(cbpxocos(c—0)—UOXOSID(t )

(15)
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The function F(x() defined in (7) is the projection ¢ in the first component of the
integral of (15) in one period

27rcb

tvg CbPxg i (tvg ) \4
Fg)= [ © P ¥ (0 cos (72 ) = sin ) ) it
0 4cp(cppx cos( o 0) — voxp sm( ))Sb 2,00,20,C
37px, (cp3, + v§x3)
4c,03

7

2Cbh ono

where p,, = £Y——020 at the energy level (12), thus

371thy/2c2h — v3x3?
Flxo) = + v

3
200

Now we look for the zeros of F(xp) = 0: x¢g = :i:cb\/— which implies py, = 0.
Every simple zero of F(xg) provides a periodic orb1t for the perturbed differ-
ential system in the energy level H = h > 0. Finally, the negative solution of
(13) provides the same solutions as the positive one because py, = 0. Note that
both initial conditions (+ %, 0,0,0,0,0) provides the same periodic orbits. This
conclude the first statement in Theorem 1(a).

Now we consider the case when both \/a and /b are irrational or the case
when +/« is irrational and /b is rational, and the unperturbed periodic orbit at

the plane (0,y(t),0,0, py(t),0)

x(t) =0,
px(t) =0,

Bavg\ | CoPy, . (t/av
y(t) —yocos< . 0) \/bEzyzo sm( - 0)’
py(t) = py, cos (t\/(:?’o) _ onfb\/E “in (t\/c_;:v(v
z(t) =0,
p=(t) =0,

with the first integral (11) when ¢ = 0 taking the energy value

2.2 2.2
Cbpyo + Uo&Yo

h =
2
2cb

(16)

Like in the previous case we eliminate now p,, and we reduce the study to
dimension five.

Let

2.2 2.2
CpPy, T 20y
Up,a,00,50,c = J c7 <c§( —p2—p2+ WT) — 03 (x% + ay® + bzz)>.
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We compute py at the energy level H = I with H given by (11) and & given by
(16) and we take the expansion to first order in ¢
ubzxvoyocbi UO( +(Xy +bZ)

2
c? 4c2U +0O().
b btb,x,00,40,Ch

py =+

We will consider first the positive solution for p,. The equations of motion (10)
on the energy level H = h are given by

Uy 00,50,0) N Ev%(xz + ay? + bz?)?

| 2
) O(¢e7),
2 4 U, 0,00,y0,5
2 2.3 2 11/2 2xz?
vEx v5x° + avjxy- + bugxz
Px = _2—2 +e 0c4 : o
: 1 (17)
X = px/
bodz  buix’z + abviy’z + bP03z°
Pz = — 0 +¢€ 0 oY 0 +O(€2)’
0 4
cj b
Z = Pz.

Now the differential system (17) has the form of (4), where

Up o vix  bviz

,%,00,40,Cp 0 0

FO(]//Px/xzpz/Z): ( 2 T T T T Z)
Cp b Cp

and

03(x? + ay? + bz%)? v3x3 + a’vixy? + bvdxz?

7 C% 7

Fi(y, px, X, pz,2) = (
46% ub/a/v()lyo Ch

0, bvix?z + abvzyzz + b?0323 ’ 0) ’
c}
b

with the unperturbed solution (1o cos( \/_vo) + 2P gin (t\/—vo) 0,0,0,0).

Cp \/_U
Set now
tavo, | CoPyy . tV/&v 2
Vo,a00900 = \/ o (Cbpyo + ’woyo ) (yO cos( o )+ &g sin( o )) )

Now we compute the linearization of the unperturbed system along the periodic
solution, DyFy(t, x(t, zx,))

avd (yo cos(t\/&vo)—k LTS (t‘/&vo))

_ b Vavg b
Voo 0 0 0 O
2
0 0 —j—g 0 0
0 1 0 0 O
0 0 0 o0 @
%
0 0 0 1 0
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and the fundamental matrix My, (t) is obtained solving (6) and is equal to

%YV

t/ao . /&
cos( o 0y — Lo sin( 5 0) 0 0 0 0
1o, to,
0 cos(c—bo) —i sin( fbo) 0 0
0 % gin(0)  cos(20) 0 0
Y0 R b ’
0 0 0 cos(@) —% sin(@)
c . Vbty Vbt

0 0 0 \/Ebvo sin( o 0) os( % 0)

which satisfies Mz, (0) = I, and the inverse M;%

(t) is given by

“bPyo

eppyg cos( V2 rugyg sin( VA0 )
0 cos( f) ZT? sm(%) 0 0
0 —% sin(%) cos(%) 0 0
0 0 0 cos(@) \Cbo sin( \C; 0)
0 0 0 - \/%hvo sin(@) cos(%)

In order to apply the Averaging Theorem, we verify the condition detA,, # 0,
thus we compute

0 0 0 0 0
01— cos(z\/—z) ~-2 sm(T’E) 0 0
M=1 (0)— (2”% - 0 ;—g sin(z—\/%) 1- cos(\/—z) 0 0
2xp 2xp \ogva y:
0 0 0 1—cos(2f{) — sm(zgn)
0 0 0 \/C-Tbvosin(%) 1—cos(2$”)

In the upper right corner, the 1 x 4 matrix is zero, and for each zy, in the lower

@)
\/E

right corner the matrix Ay, has determinant non-zero, Ay, = 16 sin’ (%) sin?(
since /& and /b are both irrational, or 1/a is irrational and /b is rational.
The function F; along the periodic orbit is given by

f\/EZ)O

Cb

ty/avg

Ch

o2

(257

P gin

Vg
2
4Cb Vb,lX,Z)o,yo,Cb

03 (o cos( )+

Fi(tx(t zs,)) = ( o,o,o,o),

and we must apply to it the inverse of the fundamental matrix

M, L (DF (8, x(t 2x,))

a? py, v (yo cos(
t\/—vo )

t/avg

CvPyo sin
Cp

)+ 22
Vavgyo sin( =%

n(fVEe )
t\/—UO

,0,0,0,0).

4Cb (Cbpyo COS( ))Vb/“/UO/yOICb
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The function F(x() defined in (7) is the projection ¢ in the first component of the
integral of (15) in one period

me o (yocos( M) + TR sin(VE))!
Flro)= [ ” e TR

0 dcy(cppy, Cos(t\/—vo) Vavoyo sin( =% W 0))Vb,zx,vo,yo,0b
3Py (55, + 405Y5)

dt

4\/acyvy ’
/921 — 1212
where py, = iw at the energy level (12), thus

37thy/2c2h — avdy?
Flxg) = + ’ 070

2y/avy

Now we look for the zeros of F(xy) = 0. They satisfy yo = C\b/\_/— which implies

py, = 0. Every simple zero of F(xg) provides a periodic orbit for the perturbed
differential system in the energy level H = h > 0. Finally, the negative solution
of (13) provides the same solutions as the positive one because p,, = 0. Note
that both initial conditions (0, £+ C\"/%/g ,0,0,0,0) provides the same periodic orbits.
This conclude the second case of Theorem 1(a) and also Theorem 1(b).

Finally we consider the case when both /& and V/b are irrational or the case

when 1/« is rational and /b is irrational, and the unperturbed periodic orbit at
the plane (0,0,z(t),0,0, p-(t))

S+ S (V).
(A5 - 2R i (P01,

pz(t) = pz, cos
with the first integral (11) when ¢ = 0 taking the energy value

2.2 212
Pz, + vobzo

h=
2
2cb

(18)

Now we eliminate p, to reduce the study to dimension five.
Let

_ 2( 2
Wb,ﬂc,zo,yo,cb - \/C (C ( px P%

c + bv?z?
pro = 0_0) — Z)%(x2 + ayZ + bzz)).
b
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We compute p, at the energy level H = h with H given by (11) and & given by
(18) and we take the expansion to first order in ¢

Wh 20,0, N Ev%(x2 + ay? + bz?)?

2

1T + O(£).
Cb Cb b/“/ZOr]/OICb

pz==*

We will consider first the positive solution for p,. The equations of motion (10)
on the energy level H = § are given by

Z - PZ;
2 2.2 2,23 2.2
avgy  avgxTy + acogy” + abugyz
py = — Cg +e CQL 07+ 0(?),
b
¥ =Py (19)
2 2.3 2.2 2.2
v5x  vhx” 4+ avgxy” + bogxz
py = — C02 + &0 OCZ 07+ 0O(e?),
b b
X = Px.
Now the differential system (19) has the form of (4), where
Wb,lx,z Y0,C lXUzy v3x
Fo(z,py,y,px,x): < zoyo L, — S ,Py,—%,}?x>
Cp b b

and

03(x? + ay? + bz%)? avdx’y + a?vfy® + abovdyz?

7 C% 7

Fi(z,py, Y, px, x) = (
y X 4C%Wb,1x,20,y015b

2.3 2.1 /2 2.2
vx” + avgxy” + bogxz 0)
7 7

0,
C‘i
with the unperturbed solution (zg cos( t\/CEUO) + 2P0 gin tvboy ),0,0,0,0).
b Vb Cp
Set now
t\/Evo CoPzy . t\/Evo 2
_ 22 2.2 2
Xb 00,2005 = \/cb <cbp§0 + bvjzs — bug (zo cos( , )+ \/Ev(; sin( , ) )

Now we compute the linearization of the unperturbed system along the periodic
solution, DyFy(t, x(t, zx,))

5 t\/EUO CpPzy . t\/EUO
_bvo(zocos( ;? )+ oy sin( % )) 0 0 0 0
b,a,00,20,cp
2
0 0 —% 0 0
0 1 0 0O 0
0 0 0 0 —-%
%
0 0 0 1 O
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and the fundamental matrix M, (t) is obtained solving (6), is given by

cos( t‘/civo )— v?;gz‘f sin( t‘/civo ) 0 0 0 0
0 cos(@) \/fbvo sin( ‘/Zt’vo) 0 0
0 \/i-bvo sin( \/ELUO) cos( \/ELUO) 0 0 ’
0 0 0 cos(tcv—bo) 722 sin(?—bo)
0 0 0 ;—gsin(tf—bo) cos(Tb[))

which satisfies Mz, (0) = I, and the inverse M,_ 3) (t) is given by

e o 0 0 0 0
b by,
cpPzg cos( q: 0)—Vbogzg sin( q: 0)
t v . o
0 cos( \/iblo ) th)o sin( ‘/E;O) 0 0
c . to to
0 _\/TTvasm( Jih)o) cos(@h)o) 0 0
0 0 0 cos(@) 20 sin( ”J)
b b b
cp .ty to,
0 0 0 —%sm(c—}?) cos(c—}?)

In order to apply the Averaging Theorem, we verify the condition detA,, # 0,
thus we compute

0 0 0 0 0
01 cos(zﬁﬂ) - ‘/Ebvo sm(z\/i”) 0 0
2 p 2/ . 2/
M;xlo (O)_MZxO(U:\C/%): 0 Jaog sin( NG ) 1—cos( 7 ) 0 0
0 0 0 1—cos(2—\/7£) —Z—g sin(z—fl[])
c . 2 2
0 0 0 % sm(ﬁ) 1—cos(—7;)

In the upper right corner, the 1 x 4 matrix is zero, and for each z,, in the lower

right corner the matrix Ay, has determinant non-zero, Ay, = 16 sin?( %) sin?( \/\/Egﬂ)
since y/a and /b are both irrational, or \/« is rational and /b is irrational.
The function F; along the periodic orbit is given by
v?03(zg Cos(t\/gvo) + Cbpzo sm(t\/;’o))
Fi(t,x(t,2x,)) = ( 0f0f0f0)f
4CbXb,lX,vo,20,Cb
and we must apply to it the inverse of the fundamental matrix
Mgz (DR (t (1, 2x,))
b3 pay (20 cos (1210 + P50 sin (10 ) ) (20)
= ( ,0,0,0,0).

4cy (CprO COS( t\/—vo ) \/_UOZO Sll’l( bvo ))Xb,lx,vo,zo,cb
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The function F(x() defined in (7) is the projection ¢ in the first component of the
integral of (20) in one period

2 b*03p2, (2o cos(t\/—vo) + 2P sm(t\[vo))
F(xg) = / Vo o Voo i dt
0 4c¢y, (Cb Pz, COS( t\/—vo ) \/EUOZO Sll’l( \/C;UO )) Xb,lX,Z)o,Zo,Cb

~ 37pz, (c2p3, + bvozo)

4v/b cbvo ’
/9021 _hn252
where p,, = iw at the energy level (12), thus

37thy/2c¢%h — bv3z2
.F(XO =+ b 0 0.

B 2\/508

Now we look for the zeros of F(xg) = 0. They satisfy zg = C\b/\_/_ which implies

pz, = 0. Every simple zero of F(xg) provides a periodic orbit for the perturbed
differential system in the energy level H = h > 0. Finally, the negative solution
of (13) provides the same solutions as the positive one because p,, = 0. Note

that both initial conditions (0,0, £ C\b/\g/j—h ,0,0,0) provides the same periodic orbits.
0

This conclude the third statement of Theorem 1(a) and also Theorem 1(c).
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