Laplacian solitons on nilpotent Lie groups

Marina Nicolini

Abstract

We investigate the existence of closed Gj-structures which are solitons
for the Laplacian flow on nilpotent Lie groups. We obtain that seven of the
twelve Lie algebras admitting a closed G,-structure do admit a Laplacian
soliton. Moreover, one of them admits a continuous family of Laplacian soli-
tons which are pairwise non-homothetic and the Laplacian flow evolution
on four of the Lie groups is not diagonal.

1 Introduction

A closed G-structure ¢ on a 7-manifold M is said to be a Laplacian soliton if
Npp = Ap + Lxo, (1.1)

for some ¢ € R and vector field X on M, where A, is the Hodge Laplacian on
forms defined by ¢ and Lx denotes the Lie derivative. Laplacian solitons are also
characterized as the Gy-structures that evolves self-similarly under the Laplacian
flow %q)(t) = Aqv(t)(p(t) introduced by Bryant in [B] (see [LoW] for further infor-
mation).

For left-invariant Go-structures on a simply connected Lie group G, one has
the following ‘“algebraic” versions of Laplacian solitons (see [L2]): a semi-algebraic
soliton is a Laplacian soliton for which the field X is defined by the one-parameter
subgroup of automorphisms of G associated to some derivation D of the Lie
algebra g of G. If D! is also a derivation, then it is called an algebraic soliton,
which is known to be equivalent to evolve ‘diagonally” under the Laplacian flow
(see [L2, Theorem 4.10]).

Conti and Fernandez proved in [CF] that there are, up to isomorphism, twelve
7-dimensional nilpotent Lie algebras that admit a left-invariant closed G,-structure.
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On the other hand, Fernandez, Fino and Manero studied in [FEM]| the existence of
left-invariant closed Gy-structures defining a Ricci soliton metric among the Lie
algebras given in [CF]. It is also natural to ask which of these twelve Lie algebras
admit a closed Laplacian soliton. In this paper, we find a closed Laplacian soliton
on each of the first seven Lie algebras. Our main result is summarized as follows.

Theorem 1.1. Foreachi =1,...,7, let n; be the Lie algebra given in Table[ll
(i) ny admits an algebraic soliton (see Table[2).

(ii) w3 admits a pairwise non-homothetic one-parameter family of algebraic solitons
(see Table[2).

(iii) Each of ny, ns, ng, 0y does admit a semi-algebraic soliton which is not algebraic
(see TableBland Tabled).

The Laplacian solitons obtained are all expanding (i.e. A > 0in (LI)). It is not
hard to see that in the cases n; and ny, the Laplacian soliton is also a Ricci soliton.
In cases ny and ng, the Laplacian soliton we found is not a Ricci soliton, though
ng and ng are known to admit closed Gp-structures with Ricci soliton associated
metrics. The remaining algebras ng, ns and ny; do not admit a closed G,-structure
with Ricci soliton associated metric (see [FEM]).

The family of non-homothetic Laplacian solitons found on n3 shows that the
uniqueness up to isometry and scaling of Ricci solitons on nilpotent Lie alge-
bras (see [L1]) does not hold in the Laplacian case. This abundance of soli-
tons on the same nilpotent Lie algebra is kind of unexpected, bearing in mind
that the uniqueness of the solitons seems to hold even for some other geometric
flows like Chern-Ricci flow (see [LR]) and symplectic curvature flow (see[LWI]).
Another relevant difference between Laplacian and Ricci solitons is the fact that
any homogeneous Ricci soliton is isometric to an algebraic soliton (see [J]). On the
contrary, we proved that four of the Lie algebras admit semi-algebraic Laplacian
solitons that are not equivalent to any algebraic soliton.

It would be desirable to find a Laplacian soliton on every Lie algebra in Table
[ but the computations became very complicated. Indeed, the Ricci soliton on
ny9, whose existence was proved in [FC, Example 2], is not known explicitly and
the existence of a closed G»-structure with a Ricci soliton associated metric on nqg
is still open (see [FEM| Remark 3.5]).

2 Preliminaries

Given a 7-dimensional differentiable manifold M, we consider a differentiable
3-form ¢ € O®M. For each p € M, ¢y, is said to be positive if there exists a basis
{e1,...,e7} of T,M such that

9p = €177 + ¢ 4 BT 4 o135 _ pld6 _ 236 _ 25 2.1)
where e/f := ¢! Al A ek and {e!, ..., e} is the dual basis of {e;, ..., e;}. When ¢,
is positive for every p € M, we call ¢ a Gy-structure (see [B, LoW, [L2] for further
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information on Gp-structures). Any Gp-structure induces a Riemannian metric
g¢ and an orientation, and so a Hodge star operator denoted by *, : OM —
QM. The Hodge star operator in combination with the differential of forms on M
define the Hodge Laplacian operator A,. In particular, on 3-forms, A, : Q°M —
OPM is givenby Ay = xod %o d — d % dkq.

For a one-parameter family ¢(t) of Gy-structures on M, we have a natural
geometric flow, introduced by R. Bryant in 1992, given by

d
5 (8) = Loy (1), (2.2)

so called the Laplacian flow (see [B]). A Gp-structure ¢ on a 7-differentiable man-
ifold flows in a self-similar way along the Laplacian flow, i.e. the solution ¢(f)
with ¢(0) = ¢ has the form

p(t) =c(t)f(t)*p, forsomec(t) € R* and f(t) € Diff(M),
if and only if
App =cop+ Lxo, forsome c¢€R, X € X(M) (complete),

where Lx denotes the Lie derivative. In that case, c(t) = (3¢t + 1)3/2 and ¢ is

called a Laplacian soliton. Furthermore, ¢ is said to be expanding, steady or shrink-
ing, when c > 0, c = 0 or ¢ < 0, respectively.

A Gp-structure ¢ on a 7-differentiable manifold is said to be closed if dp = 0.
In the closed case, the intrinsic torsion is only given by the 2-form

Ty = —*pd*p @, dty = Ny g.

We now consider a 7-dimensional vector space g. It is known that a 3-form
¥ € A3g* is positive, i.e. i can be written as

0o 1= €12 1 T 4 57 | o135 Q46 236 245 2.3)

relative to some basis {ey, ..., ez} of g, if and only if ¢ is in the orbit GL(g) - ¢o.
Here the action is given by,

(h-)(X1,..., X)) =¢(h1Xy,...,h X)),  VXy,...,Xp €9, ¢e g
(2.4)
Also, we know that ¢g induces an inner product on g as follows:

<X, Y>§00 volp := %lxgoo N ty@o N @o,

where volg := e'7 and 1y is defined by (ix¢)(-,*) := ¢(X, -, ). It is easy to check
that the basis {ey, ..., e} is orthonormal with respect to the inner product -, -) ,
and oriented relative to voly.

Every positive 3-form ¢ = h - ¢g with 1 € GL(g) defines an inner product
(-,*)yp and a volume form voly, by

<./ .>1,L7 = <h_1./ h_1'>(P0/ VOLT/) = h . VOIO . (2,5)
If {fi,...,f7} is an orthonormal basis of (g, (-, -)y), then we also denote by
(-,-)yp the inner product on Akg*, which makes of {fil"'ik tip < -+ < @k} an

orthonormal basis.
The following facts are direct consequences of the above definitions.
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Lemma 2.1. Let g be a 7-dimensional vector space. If X,Y € g, h € GL(g) and
P e A3g* is positive, then,
(i) (X,Y)yvoly = Lixth Aty A

[eV] )

(iii) <-,->C¢ =cC <', '>¢, Ve € R*.

For our next lemma, we need to introduce a definition. Let g be a Lie algebra
and G the corresponding simply connected Lie group. We note that each positive
3-form ¢ € A3g* defines a left-invariant G,-structure on G. Given D € Der(g)
and t € R, we denote by f; € Aut(G) the automorphism such that df;|, = €'’ €
Aut(g) and by Xp the corresponding vector field on G:

XD(a) = %)Oft(a), Va € G.

It is easy to prove that the Lie derivative of a left-invariant form ¥ € Akg*

with respect to Xp is given by
(Lxp¥)(Xq,..., Xy) :=9(DX1,Xp,..., X)) + -+ 9(Xq,Xo,...,DXy), (2.6)
for all Xy, ..., Xy € g. The proofs of the following results are all straightforward.
Lemma 2.2. Let g be a 7-dimensional Lie algebra and consider { € A¥g*, h € Aut(g).
(i) d(h-) =h-di.
(ii) If k = 3 and v is positive, then
(@) Npyh-p=h-Ayip.
(b) Acycp = C%Alpt/}, Ve € R*.

(iii) Lx

hDh—1

(h-9) =h-Lx,, forany D € Der(g).

Laplacian solitons on Lie groups have been deeply studied in [L2].
The following definition will be used from now on along the paper.

Definition 2.3. Given g a 7-dimensional Lie algebra and i a positive 3-form on g,
we call (g, ¢) a semi-algebraic soliton if there exist D € Der(g) and A € R such that

Aptp = Lx, ¥ + Ap. 2.7)
In the case when D! € Der(g), we say that (g, ¥) is an algebraic soliton.

Let 6 : gl(g) — End(A3g*) be the derivative of the action given by (2.4), i.e.

O(A)P(, ) = —p(A ) =P Ay ) = (-, A), VAEgl(n), ¢y
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It is shown in [L2, (11)] that for any closed Gy-structure ¥ on g, there exists a
unique symmetric operator Qy € gl(g) such that 6(Qy)yp = Aytp. The follow-
ing useful formula for Qy was given in [L2, Proposition 2.2]: for any closed G»-
structure ¢,

) 1 1
le = R1C1/] _ﬁ tr(Ti)I + ETI%” (28)

where Ricy is the Ricci operator of (G, gy) and 1y € s0(TG) also denotes the
skew-symmetric operator determined by the 2-form 7y (i.e. Ty = (Ty-, -)y)-

According to [L2} Proposition 4.5], (g, ) is a semi-algebraic soliton with Ay =
Lx, ¥+ Ay, ifand only if Qp = —3AI — D+TDt. Recall that ¢ is an algebraic soliton
if and only if D+TDt € Der(g).

Definition 2.4. We say that two G,-structures (g1, 1) and (gp, ¥2) are equivalent
if there exists a Lie algebra isomorphism h : gy — go such that i - ; = . We
denote it briefly by (g1, 1) =~ (g2, ¥2). Also, we say that (g1, ¢1) and (g2, §2) are
homothetic if there exists c € R* such that (g1, ¥1) ~ (g2, cyn).

Proposition 2.5. Let g be a 7-dimensional Lie algebra, 1, > € A?g* positive such that
(g,¥1) and (g, o) are homothetic. Then (g, ) is a semi-algebraic soliton if and only if

(9, 12) is so.
Proof. Recall that (g, ;) is semi-algebraic soliton if and only if there exist D €

Der(g) and A € R such that Ay, 1 = Lx,,§1 + Apy. Therefore, by LemmaR.2, we
have that

C3 A2 = Doy (c2) = Dy (- 1) = h- Dy = - (Lxptpr + A1)
=Lx, o (h-p1) +A(h-p1) = Lx, - (cp2) + Alcy2)
= CL:XhDh—l Py + cAYs.

2 2 2 . 2 —
So, Ay, = 3Ly, P2+ 3Py = ﬁxc%hmillpz + c3Ay,. Since c3hDh™1 €
Der(g), we conclude that (g, ¢, ) is a semi-algebraic soliton. u

3 Closed Laplacian solitons

In [CE], Conti and Fernandez studied the existence of closed G,-structures on a 7-
dimensional nilpotent Lie algebra. They obtained that, up to isomorphism, there
are 12 nilpotent Lie algebras with that property, which are shown in Table[ll It is
of interest to know whether these Lie algebras admit closed Laplacian solitons.

We prove that for the first seven Lie algebras of the table, there exists at least
one closed Laplacian soliton.

Theorem 3.1. Foreachi =1,...,7, let n; be the Lie algebra given in Table[]]
(i) ny admits an algebraic soliton (see Table[2).

(ii) ng admits a pairwise non-homothetic one-parameter family of algebraic solitons (see
Table[2).
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g Lie bracket
m [,-]=0
n [e1,e2] = —es, [e1,e3] = —eg
n3 e1,e2] = —ey, [e1,e3] = —es, [e2,e3] = —es
ny [e1,e2] = —e3,[e1,e3] = —es, [e2,e4] = —es, [e1,65] = —e7
N5 [e1,e2] = —e3,[e1,e3] = —es, [e1,e4] = —e7, [e2,65] = —e7
e [e1,e2] = —ey, [e1,e3] = —es, [e1,e4] = —es, [e1,65] = —e7
ny [e1,e2] = —eq, [e1,e3] = —es, [e1,e4] = —e6, [e2,€3] = —e6, [e1,65] = —e7
n e1,e2] = —e3, [e1,e3] = —eq, [e2,e3] = —es, [e1,e5] = —es,
2, e4] = —eq, [e1,e6] = —e7, |e3,e4] = —e7
o [e1,e2] = —e3, [e1,e3] = —eq, [e2,e3] = —es, [e1,e5] = —es,
[e2,e4] = —e6, [e1,66] = —e7,[e3,e4] = —e7,[e2,€5] = —e7
N le1,e2] = —e3, [e1,e3] = —es, [e2,e4] = —e5,[e1,e4] = —es,
N lea, e6] = —e7, [e3,e4] = —e7,[e1,e5] = —e7, [e2, €3] = —e7
- le1,e2] = —e3, [e1, €3] = —es, [ea, e4] = —ep, [e2, €3] = —e6,
lea, e5] = —ey, e3,e4] = —ey, [e1,e5] = —e7, [e1,e6] = —ey, [e2, e6] = 3ey
. e1,e2] = —eyq, [e2,e3] = —es, [e1,e3] = eg, [e, €6] = —2¢7,
le3, e4] = 2e7, [e1, e6) = 2e7, [e2,€5] = —2e7

Table 1: Nilpotent Lie algebras that admit a closed G,-structure (see [CE]).
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(iii) Each of ng,ns,ng,ny does admit a semi-algebraic soliton which is not algebraic
(see Table 3l and Table[4).

Proof. We only give a proof for the cases n3 and ny, the other cases follow in much
the same way.

To prove that nz admits a family of algebraic solitons up to isomorphism and
scaling, we consider n3(a,b,c) to be the 7-dimensional Lie algebra with basis
{e1,...,e7} and Lie bracket defined by

le1,e2] = —aey, le1,e3] = —bes, [er,e3] = —ces, a,b,c € RY,
or equivalently,
de'? = ge*, de'® = be®, de® = ce®, a,b,c € R*. (3.1)

We have a linear isomorphism that carries n3(1,1,1) into n3(a, b, ¢), whose matrix
is Diag(1,1,a,ab/c,1,ab,d). From now on n3 denotes n3(a, b, c). We consider the
3-form

03 = 123 1 ol45 | 167 4 246 257 347 356 A3n§.

If h3 € GL7(R) is the permutation (1,6,4,3,5,2,7), then h3 - ¢3 = ¢, which im-
plies that ¢3 is positive. It is easy to check by using that dgps =
(a—b—c)e'?, so @3 is closed if and only if a = b + c. If we assume @3 to be
closed, then the Laplacian can be computed as follows:

*Q3 = —61247 _ 61256 _ 61346 + 61357 + 62345 + 62367 + 64567,

dx @3 =
xd * @3 = ce® — be®® 4 ae,
dxdx @3 = —(a® +b* + ?)e'?,

11612567 _ bel3467 + C€23457,

By replacing in the condition a2 = b + ¢, we obtain Ay, 3 = 2(b* + ¢ + bc)el?.

What is left to show is that Ay, @3 = Lx,¢3 + A3 for some D € Der(n3) and
A € R. We propose D := dDiag(1,1,1,2,2,2,2) with d € R¥, so the resulting Lie
derivative of @3 with respect to the field Xp is

Lx,p3 = 3de'?® + 5de'® + 54e'%7 4 546246 — 5de%7 — 54e3 — 54¢3%.

It follows that Ay,¢3 = Lx,¢3 + A@s if and only if A = —5d and
d = —(b*>+ c? + bc). Since D = D!, one obtains that (n3, ¢3) is an algebraic
soliton.

Lemma 3.2. Ifa,b,c € R* and n3(a, b, c) are as above, then
(i) @3 is closed if and only ifa = b+ c.
(ii) (n3(b+c,b,c),@3) is an algebraic soliton.

Remark 3.3. For all b, c € R¥, the algebraic soliton (n3(b +c,b,c), ¢3) is expand-
ing since A > 0.
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As we have two free parameters, it is natural to ask whether there are two
non-equivalent algebraic solitons on n3.

Proposition 3.4. There exists a pairwise non-homothetic continuous family of algebraic
solitons on ns.

Remark 3.5. This is in contrast to the known uniqueness up to isometry and scal-
ing of Ricci solitons on nilpotent Lie algebras (see [L1]).

Proof. By using e.g. the formula for the Ricci operator given in [L1, (8)], it is easy
to see that

1
Ricy . = = D1ag( a® — b?, —a® — %, —b* — %, a%, V%, 2, 0),

where a = b + c. Clearly, Ric, . has three positives eigenvalues, one equal to zero
and three negatives for each b,c € R*. If wesetb := 1 —1t and c := t with
t € (0,3), then for every t € (0, 1) the positive eigenvalues are ordered in the
following way:

#1-2t+£ 1

2572 °7
Now, if (n3(b1 + ¢1,b1,¢1), ¢3) and (n3(kby + kcp, kby, kea), ¢3) are equivalent for
some k € IR* (where b; = 1 —t;, ¢c; = t;), then there are in particular isometric,
hence

2 "2 2 2 2
which implies that k? = 1 and t; = to.

In the case when t = 2, the Ricci operator results Ric = Dlag( 3/ g, — %, %, %,
£,0), which has two of the three positive eigenvalues equal. Thus n3(1,3,%) i

non-homothetic to n3(1,1 —t,¢) for any ¢ € (0, 3); concluding the proof o

proposition. n

1_ ol 1-2H+1# :k21—2t2+t§ 2 _kztz

Remark 3.6. Let R, denote the scalar curvature of ¢, i.e. R, = tr Ric,. The num-
2

RZ . . . . .
ber R, 18 therefore an invariant up to isometry or scaling.  For
P

R2
(n3(b+c,b,c),93), ‘Rlcl;c 7= % for all b,c € R*, so it can not be used to prove

non-homothety.

It follows from (2.8) that Q, = W Diag(—2,—-2,-2,1,1,1,1). Note that
this coincides with —%)\I — D above.

We can now proceed to the proof of part (iii) for ng. Letng = ny(a, b, ¢, d) be the
7-dimensional nilpotent Lie algebra with basis {ej, ..., ey} and Lie bracket given
by

le1,e2] = —aes, [e1,e3] = —bes, [ex, es] = —ceq, le1,e5| = —de; a,b,c,d € RY,
or equivalently,

de® = ae'?, de® = beld® +ce®*, de’ = de!® a,b,c,d € R*.
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We have a linear isomorphism that carries n4(1,1,1,1) into ng(a, b, c,d), whose
matrix is Diag(1,1,4,ab/c,1,ab,d). From now on ny4 denotes ny(a,b,c,d).
We consider the 3-form

Pu = —el24 o456 | T G135 | G167 | 257 236 ¢ B
Let hy € GL7(R) be the permutation (1, —6,3,4,5,2,7), then hy - 4 = ¢o, which
implies that ¢4 is positive.
Lemma 3.7. Ifa,b,c,d € R* and ny(a, b, c,d) is as above, then
(i) @4 1is closed if and only if a = cand b = d.
(ii) If a®> = 2b?, then (ny(a,b,a,b), @3) is a semi-algebraic soliton.

Proof. 1t is easy to see that dp, = (a — c)e!® + (d — b)e'3*, so ¢y is closed if and
only if a = cand b = d. Assuming ¢4 to be closed we proceed to compute the
Laplacian Ay, ¢4:

*Qy = 83567 4 61237 + 61256 _ 82467 + 62345 + 81346 + 61457,

d* @y =
xd x @y = ae>t — ce'® + be®® — de¥’,
dxdx gy = (a® + 2)el? — (17 + d%)e® — bee®® — ade'?.

a312567 _ C€23457 + b€12347 + d€12456,

Replacing in the condition ¢ = ¢ and b = d, we obtain Ay, ¢y = —2a%e'* +
20?13 + abe®® + abe'?’ .

To prove that (ng, @4) is a semi-algebraic soliton, we have to find some A € R
and D € Der(ny) such that Ay, 94 = Ay + Lx, ¢4. We propose

- 0 0 0 0 0 0
0 —2v%2 0 0 0 0 0
0 0 =3 0 0 0 0
D := 0 0 0 -2 0 0 0
—ab 0 0 0 =32 0 0
0 0 0 0 0 —4b%2 0
0 0 0 —ab 0 0 —4b?

and A = 9b2. Then the Lie derivative equals

CXD P4 :5b2€124 + 9[926456 _ abel% _ 9b2€347 _ 7b2€135 _ 91926167

+ abe® — 9p2e?7 4 abe'?” + abe®®® + 9p?e?30.
The soliton equation holds if > = 2b?, i.e. if a> = 2b? then
Lx, ¢4+ 9b2g04 = —4b%e'? 4 20%e'® 4 abel?” + abe®® = Ap, 4.

Note that (ny(a, b, a,b), ¢4) is not an algebraic soliton. Indeed, D' & Der(ny) since
[Dley, e7] + [ea, Dle;| = —abley, eq] = abceg # 0 = D'[es, e7]. n

Remark 3.8. For every 4,b € R* such that a®> = 2b%, (ny(a,b,a,b), @) is an
expanding semi-algebraic soliton since A > 0.



192 M. Nicolini

On the other hand, we are interested in computing Q,,. It is not hard to see

. . 2 2 2 2 2 2_ 12 2 2 2 -2 2
that  Ricy, = Diag (—“ +Z’2+d ,—ge, a zb ,—%,—%, b%,%) and
34 16—b56 d37 foll f h
Ty, = —ae’* + ce e’® +de”’. It follows from that
P4
) , ]
4 0 0 0 ko 00
0 a=d’=32 0 0 00
0 o e 0 00
Qo= 10 o0 0 e o g,
koo 0 0 w238 g
0 o0 0 0 0 o
| 0 0 0 o 0 0%

where & = a2 + b? 4 c? + d2. Thus, Qgp, = —%)\I — D, where A and D are as above.
The remaining cases are analogous and the following lemmas provide infor-
mation about them.

Lemma 3.9. Ifa,b € R*, ny(a,b) is the Lie algebra with Lie bracket [e1, es] = —aes,
le1, €3] = —beg and @y := %7 + €267 1 357 4 123 4 (156 4 0245 _ 0346 ypiop

(i) @ is closed if and only if a = b.
(ii) (np(a,a), py) is an algebraic soliton.
Lemma 3.10. Ifns(a, b, c,d) is the Lie algebra with Lie bracket given by
le1,e2] = —aes3, [e1,e3] = —beg, |e1,es] = —cey, [ep, e5] = —dey,

134 + 6457 _ 5246 6125 _ 6356 + 6167 _ 6237, then

where a,b,c,d € R* and @5 := ¢ e
(i) @5 is closed if and only if a = d and b = c.
(ii) If a®> = 2b?, then (ns(a,b,b,a), @s) is a semi-algebraic soliton.
Lemma 3.11. Ifa,b,c,d € R*, ng(a, b, c,d) is the Lie algebra with Lie bracket given by
le1,e2] = —aey, [e1,e3] = —bes, [e1,es) = —ces, [e1,e5] = —dey
and g 1= e123 4 347 4 356 | g145 _ g246 | (167 4 257 o
(i) @g is closed if and only if a = b and ¢ = d.
(ii) If a® = 2c2, then (ng(a, a,c,c), ps) is a semi-algebraic soliton.
Lemma 3.12. Ifny(a,b,c,d,e) is the Lie algebra with Lie bracket given by
le1,e2] = —aes, [e1,e7] = —bes, |ea, 7] = —ces, [es,e7] = —des, [es, e7] = —eey,

6127 T 8135 _ 146 _ 6236 _ 8245 + 8347 + 6567, then

where a,b,c,d,e € R* and ¢7 := e
(i) @7 is closed if and only ifa = —b —cand d = e.

(ii) If e = W, then (g7(b+c,b,c,e,e), py) is a semi-algebraic soliton.
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ny n3
le1,e2] = —eu, [e1,€3) = (c — 1)es,
['/'] [61162] = —¢5, [61163] = —Ce.
[62,63] = —C¢€, 0<c< 1/2.
Q147 | 267 4 357 p123 1,145 | 167

¢ 1123 4 o156 4 245 _ 346 26 257 347 356

Ty —35 4 26 —cel® + (1 —c)e?® — 3
Ao 2¢123 2(1 —c+c?)e!?

0) 3 Diag(—2+2c—c%, —1—c?,

Ric, | — Diag (1 1,10-3,-1
¢ 127275 27 2
—1+2c—2c2,1,(—1+¢c)?,c2,0)

Ry -1 —14+c—c2
R 1 1
trRic%,, 2 2
A 5 5(1—c+c?)
D — Diag(1,1,1,2,2,2,2) —(1—c+ c?)Diag(1,1,1,2,2,2,2)
Table 2:

The Lie bracket given in the above lemma is isomorphic to the one given by
Table[I} the isomorphism is given by:

1 0
0 be/
e/a

0 b
0
0
0

_

be

ROOOOOO
I

0
0
0
0

This concludes the proof of the theorem. m

The following tables provide information about the solitons found for the Lie
algebras ny, ..., ny. For any Lie algebra n;, the 3-form ¢, the number A and the
derivation D given in the tables are such that

ANpp = Lx, ¢ + Ag.

Note that for each i, the given A is always positive. This implies that all the
Laplacian solitons are expanding.

Using (2.8), we computed Q,, for any n; withi =2,...,7:
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1y 15 \
] [e1,€2] = —V/2e3, [e1, 3] = —es, [e1,€2] = —V/2e3, [e1, 3] = —es,
’ le2, 4] = —/2e4, le1,e5) = — le1,e4] = —ey, [e2,e5] = —/2e7.
128 _ 456 1 3% T34 1 57 _ (286
% 1135 4 Q167 | (257 _ ;236 125 _ ;356 | 167 _ ;237
7, /263 1 /2616 — 6% 4 o7 — % 1 37 2635 1 /267
Apg | — 4128 00135 |\ /2,255 + V20177 26138 1 /20127 /26735 _ 4,15
. . 1 31 . 1 13
Ricy D1ag< 2,-2,5,—-1,—5 §,§> D1ag< 2, 2,2,— —1,2,2>
Ry 3 3
tr Ric? 4 il
A 9 9
—T 0 0 0 0 0 0 —T 0 0 0 0 0 0
0 20 0 0 0 0 0200 0 0 0
0 0-30 020 0 _
D 0 00 -2 00 0 \62 8 03 _03 8 8 8
-2 0 0 0 -30 0 0000 -2 0
0 00 0 0 —-40 0 0 0 0 40
0 0 0 —v20 0 -4 0 00 0 —v20 -4
Table 3:
| 1 ny
le1, e2] = 4ey, [e1,e7] = —2eq,
le1,e2] = —V/2e4, [e1,€3] = —V/2e5 _ 9 — 6
['/ ] [e e ] — _¢ [e e ] = —ey [621 67] - es, [65/ 67] - es,
1,€4 6, |€1,€5 . [66/ 67] _ —\/864.
1B 1 7 356 o127 1 o135 _ 146
% L pl45 _ G246 4 167 | 257 Q236 _ G245 | 34T | 567
7, /263 1 /2675 — 6% 4 & _2 15 1 2626 _ /6636 + /66 — 46
40127 25 137
Ay 46123 _ /26136 4 (/26127 4 9,145 — 4/6e'> — 21/6e
¢ +2\/—€247+12€567
Ric, Diag (~3,~1,~1,4,4,4,3) Diag (—10,-10,3,11, -1, —1, —10)
Ry 3 3
trRic%,, 4 4
A 9 54
10 0 0 0 0 O —12 0 0 0 0 0 0
0 -20 0 0 0 O 0 —12 0 0 0 0 0
88—0203888 0 —2v6-24 0 0 0 0
b w600 o 0 b
0 vV20 0 0 —40 0 0 0 0 0 —18 0
0 0v20 0 0 —4 0O 0 0 0 0 0 -6

Table 4:
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Qy; = 3 Diag(—2,-2,-2,1,1,1,1),
2000 Lo o] [ 2 0 -Lo000 0]
V2 V2
0 -10 0 00 0 0 -1 0 0000
0 000 0070 L9 0 0000
0 00-1 00— V2
Qq, = X v2 |, Qps = 0 0 00000 |,
- _1 -
5 000 000 0 0 0 0-1075
0 00(1) 010 0 0 0 0(1)10
0 00—= 00 1 0 0 0 0-=0 1
L V2 i B NG i
_ 1 7
20 000700 40 0 0 -1 0 0
0 -1 000 0 O 0 -4 0 0 0 1 0
0 0 -10 0 0—% 00 9 0 0 —v6/2 0
Qp=110 0 00000 |, Qp,=10 0 0 17 V6/2 0 -2
0 01 0O 0 0 0 O 1 0 0 —\/8/2 5 0 0
0 -5 00010 0 -1v6/2 0 0 5 0
1 L0 0 0 2 0 —4_
|0 0 —550 0 0 1 |
Note that in every case, we have that = — AT — D, where A and D are
y ¢ 3

given in the tables above.
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