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Abstract

Let G be a locally compact amenable group. The goal of this paper is to
investigate the problem of surjective zero products preserving maps from the
Fourier algebra of G into a completely contractive Banach algebra. We show
that if B is a completely contractive Banach algebra which is faithful and
factors weakly, then every surjective completely bounded linear map from
A(G) into B which preserves zero products is a weighted homomorphism.
Moreover an equivalent condition is given for such a map to be a homomor-
phism. In particular, this result implies that if B is a commutative C*-algebra
or a matrix space and T : A(G) — B is a continuous surjective linear map
which preserves zero products, then T is a weighted homomorphism and
there is an equivalent condition for T to be a homomorphism.

1 Introduction

Let A and B be two Banach algebras. A linear operator T : A — B is said to
preserve zero products if it has the following property

Va,b € A ab=0= T(a)T(b) =0.

Obviously if T is a homomorphism, then it preserves the zero products. The
question that might be challenging is the converse, i.e, if T is a zero products pre-
serving map, then under what conditions T is a homomorphism? In many cases,
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being homomorphism is strong to be proven. Hence the question can be modi-
fied by replacing homomorphism with weighted homomorphism.

In prior to extending this question to general Banach algebras, it was a challeng-
ing question for different classes of Banach algebras. The zero products preserv-
ing maps in the case A and B are function algebras are usually called the sepa-
rating maps or Lamperti operators. For more information about the separating
maps between function algebras we refer the reader to [4]. The problem was in-
vestigated by S. Banach for the case A = B = L?[0, 1], for p # 2 in [3]. It has also
been considered for group algebras in [11] and for operator algebras. In the latter
case, the reader is referred to [5, 9, 14, 15, 16, 18, 21]. The problem of continuous
surjective zero products preserving maps was generalized to arbitrary Banach
algebras by J. Alaminos, M. BreSar, J. Extremera and A. R. Viellena [2]. They in-
troduced a property called the property (B). It was shown that this property is
of great importance in handling the zero products preserving maps.

In this paper, we consider completely bounded surjective linear maps from the
Fourier algebra of a locally compact amenable group into a completely contrac-
tive Banach algebra which is faithful and factors weakly. We show that if such
a map preserves zero products then it is a weighted homomorphism and being
homomorphism is equivalent to a milder condition.

Our result in particular shows that if B is a commutative C*-algebra or a matrix
space, then every continuous surjective zero products preserving map
T : A(G) — B is a weighted homomorphism where G is an amenable group.
It also provides us an equivalent condition for T to be a homomorphism. Our
results also imply that if G; and G; are two amenable groups, then every com-
pletely bounded surjective linear map T : A(G1) — A(G,) which preserves zero
products is of the form T = 7®. Where ® : A(G1) — A(G,) is a homomorphism
and 7 is an invertible element in the Fourier-Stieltjes algebra of G,.

The key tool in our approach is to define a condition for a Banach algebra with
an operator space structure which is similar to the property (B) and we call it the
property (B) completely. We show that the Fourier algebra of every locally compact
amenable group has the property (B) completely.

2 Preliminaries

Let G be a locally compact group and suppose that 77 : G — B(Hj) is a represen-
tation of G. For each §,n7 € Hy, the map mey G — Cis defined with

ey (x) =< m(x)¢,n > .
The Fourier-Stieltjes algebra of G is defined by
B(G) = {mg, : {,n € Hy, 7is a unitary representation of G}.
It is well-known that B(G) is the dual of the group C*-algebra of G. The closure

of B(G) N C.(G) in B(G) is called the Fourier algebra and is denoted by A(G).
Note that A(G) is a two sided ideal of B(G).



Zero products preserving maps from the Fourier algebra of amenable groups525

A locally compact group G is called amenable if there is a left invariant mean on
L*(G), i.e, there is a bounded functional m on L*(G) such that

[m| =m(1) =1.
and in addition
Vx € G, Vf e L*(G), m(Lyf) = m(f).
Where Ly f : G = G is defined with

Lif(y) = f(x7'y) Wy € G.

The following Theorem which is proven in [19, Theorem 10.4] gives an equivalent
condition for a locally compact group G to be amenable.

Theorem 2.1. Let G be a locally compact group. G is amenable if and only if A(G) has
a bounded approximate identity.

Theorem 2.2 ([19]). Let G be a locally compact amenable group. The multiplier algebra
of A(G) is B(G).

A closed subset E of G is said to be a set of spectral synthesis for A(G) if for
each f € A(G) which vanishes on E and for each € > 0 there exists ¢ € A(G) the
support of which is compact and disjoint from E and

If = ¢ll <e.

Since the maximal ideal space of A(G) is G and the Gelfand transformation is
the inclusion map from A(G) into Cy(G), this definition is just the standard defi-
nition of a set of spectral synthesis for a commutative semisimple regular Banach
algebra.

Theorem 2.3 ([13]). Let G be a locally compact group. Every closed amenable subgroup
of G is a set of spectral synthesis for A(G).

Let V and W be two operator spaces and ¢ : V — W a linear mapping. the

th amplification of ¢ is a linear map @, : M, (V) — M, (W) which is defined by

n
Pn(v) = [p(vi))]
for all v = [v;;] € My(V). The completely bounded norm of ¢ is defined by

l¢llce = sup{ll@nll - m € N}.
We say that ¢ is completely bounded if ||¢||,, < oo. Let X be another operator
space. Suppose that ¢ : V x W — X is a bilinear map. For each p,q € IN, the
bilinear map ¢, : Mp(V) X Mg(W) — Mpyx4(X) is determined by
Ppiq(0,w) = [@(vj, wi)]-
The completely bounded norm of ¢ is defined by
@l = sup{llgpgll : p.ga € N}
= sup{[lgppll : p € N}
We say that ¢ is completely bounded if || @] < oo.
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3 Fourier algebra of locally compact amenable groups and the
property (B) completely

In this section we prove that for every locally compact group G, A(G) has a prop-
erty called the property (B) completely. As mentioned before, this property is im-
portant in order to determine weighted homomorphisms and homomorphisms
among the zero products preserving maps.

This is well-known that A(G) is the predual of the group von Neumann algebra
of G as a Banach space. Hence it inherits the operator space structure of VN(G)*.
Consider A(G) as an operator space with this structure.

Theorem 3.1 ([12]). Let G be a locally compact group. Then
A(G)®A(G) = A(G x G) completely isometrically.

Where @ stands for the operator space projective tensor product. The complete isomor-
phism is given by considering a ® b as a function on G x G with

Vg1,82 € G (a®@b)(81,82) = a(g1)b(g2)-

For more information on the operator space projective tensor product see
chapter 7 in [12].
The following definition first appeared in [1].

Definition 3.2. Let A be a Banach algebra. We say that A has the property (B) if
for every Banach space X and each continuous bilinear map ¢ : A x A — X with
the property,

a,beAab=0= ¢(a,b)=0

we can infer that
Va,b,c € A ¢(ab,c) = ¢(a,bc).

We modity this definition by adding an operator space structure to the Banach
algebra and confining ourselves to the completely bounded bilinear maps.

Definition 3.3. Let A be a Banach algebra with an operator space structure. We
say that A has the property (B) completely if for every operator space X and each
completely bounded bilinear map ¢ : A x A — X with the property,

a,be Aab=0= ¢(a,b)=0
it satisfies in the following,
Va,b,c € A ¢(ab,c) = ¢(a,bc).

Obviously if A is a Banach algebra with an operator space structure which
satisfies in the property (BB), then it satisfies in the property (B) completely.
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Theorem 3.4. Let G be a locally compact amenable group. Then A(G) has the property
(B) completely.

Proof. Let X be an operator space and ¢ : A(G) x A(G) — X a completely
bounded bilinear map with the property,

a,be Aab=0= ¢(ab)=0.

¢ gives rise to a completely bounded linear map ¢ : A(G)®A(G) — X which is
given by

P2 b) = p(a,b).
By Theorem 3.1, For each a,b € A(G), a ® b as a completely bounded bilinear

map is defined by
a@b(x,y) = a(x)b(y)-

We view ¢ as a linear map on A(G x G). Let’s define

H={(g,g): §€G}.

This is a closed amenable subgroup of G x G. Hence by Theorem 2.3, H is a set
of spectral synthesis for A(G x G). Let Iy(H) denote the set of all elements of
A(G x G) with compact support which is disjoint from H. By the definition of
spectral synthesis, Iy(H) is contained in every closed ideal of A(G) the hull of
which is H. Where for a subset I, its hull is defined with:

hull(I) = h(I) ={(s,t) € GXx G: u(s,t) =0 Yu € I}.
We also define the following subspace of A(G x G),
J =span{a ®b: a,bhave compact supports and suppa N suppb = D}.

Note that | is an ideal of A(G x G). Moreover, this can be checked, using regu-
larity of A(G) that h(J) = h(]) = H.So Iy(H) C J. Itis clear that ] C Iy(H).
Hence

= Ip(H).

If I(H) is the set of all elements in A(G x G) which vanish on H, h(I(H)) = H.
Hence (again using the spectral synthesis), I[(H) = Iy(H) = ]J. Now we have

a,b € A(G) suppan suppb=0=ab=0= ¢(a®@b) = ¢(a,b) =0.
Hence ¢ vanishes on J. Continuity of ¢ implies that
Va € I(H) ¢(a) =0. (3.1)
Leta,b,c € A(G). For each ¢ € G we can write
(ab®c—a®bc)(g,g) = (abc —abc)(g) = 0.
Soab®c—a®bc € I(H). Now by (3.1) we have
Va,b,c € A(G) ¢(ab®c) = ¢(a ® be)

Or equivalently
Va,b,c € A(G) ¢(ab,c) = ¢(a,bc).

It completes the proof. n
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4 Completely bounded surjective zero products preserving maps
from Fourier algebras

In this section, we show how the property (B) completely can be applied to de-
termine weighted homomorphisms and homomorphisms among the completely
bounded linear maps which are surjective and preserve zero products. Let A be
a Banach algebra. A is said to be faithful if

{aceA: aA=Aa={0}}={0}.

Obviously any Banach algebra with an approximate identity is faithful. We say
that A factors weakly if A = A%. By Cohen’s factorization theorem every Banach
algebra with a bounded approximate identity factors weakly. A centralizer on A
is a linear operator W : A — A satisfying

W(ab) = W(a)b = aW(D).

If A is faithful, then it is easy to check that

Where Z(M(A)) stands for the center of the multiplier algebra of A and I'(A) is
the space of all centralizers on A.

Let A and B be two Banach algebras. A map T : A — B is called a weighted
homomorphism if there is a homomorphism ® : A — B and an invertible cen-
tralizer W € T'(B) such that T = W®.

Definition 4.1. Let A be an associative algebra over complex numbers. We call
A a completely contractive Banach algebra if A is a complete operator space and
the multiplication

m:AxXA—A

is a completely contractive bilinear mapping. Equivalently for m,n € IN and for
alla = [a;j] € Miy(A), b = [byy] € M, (A) we should have,

[[[aiiba] || < [|all||b]]-
C*-algebras and Fourier algebra of any locally compact group are examples of
completely contractive Banach algebras. For more information see chapter 16 in

[12].

Lemma 4.2. Let A be a Banach algebra with an operator space structure having the
property (B) completely and suppose that B is a completely contractive Banach algebra.
If T : A — B is a completely bounded linear map preserving zero products, then

T(ab)T(c) = T(a)T(bc) Va,b,c € A.
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Proof. Define a bilinear map ¢ : A x A — Bby
¢(a,b) =T(a)T(b) (a,be A).

Ifa,b € Aand ab = 0, then ¢(a,b) = 0. For each n € N and each a,b € M,(A)
we have,

[@nn(a,b)| = [l[e(aij, bu)]ll

[T (ai) T (by)] |l

< T @) T (bra)] |l
< [ITZ lall o[-

It implies that
Il < ITI1Z-

Hence ¢ is completely bounded. Since A has the property (BB) completely, We
obtain the required result. n

Corollary 4.3. Let A be a Banach algebra with an operator space structure which has
the property (B) completely . Suppose that B is a completely contractive Banach algebra.
If T : A — B isa completely bounded linear map preserving zero products, then the
following assertions are equivalent:

(i) T is a homomorphism.

(ii) A has an approximate identity (o;);c] such that (T(p;))icy is an approximate iden-
tity for B.

Proof. Obviously (i) implies (ii). To prove the converse, let (p;);c; be an approxi-
mate identity for A such that (T(p;));c; is an approximate identity for B. Accord-
ing to Lemma 4.2, for each i € [ we have

T(ab)T(p;) = T(a)T(bp;) Va,be A.
Passing through limit, we get
T(ab) = T(a)T(b) Va,b € A. n

Lemma 4.2 enables us to prove the next two Theorems the idea of which come
from [2, Theorem 3.6] and [2, Theorem 3.8] respectively. While those theorems
are in the category of Banach algebras with the property (IB), our theorems are
concerned with Banach algebras which have an operator spaces structure with
the property (B) completely.

Theorem 4.4. Let A be a Banach algebra with an operator space structure having the
property (B) completely and having a left approximate identity. Suppose that B is a
completely contractive Banach algebra. If T is a completely bounded linear map which
preserves zero products, then there is a right ideal Iy of B containing T(A?) and a linear
operator V : Iy — B such that

V(uv) = V(u)v, V(zw) =zV(w) (u € Iy,v € B,w € algT(A?),z € algT(A))
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and
V(T(ab)) =T(a)T(b) (a,b € A).

Furthermore the following assertions hold:

(i) If B is faithful and T(A) = B, then there is a two sided ideal Iy of B containing
T(A?) and a closed linear operator W : Iy — B such that W coincides with V on
T(Ay) and

W(uv) = W(u)v and W(vu) = oW (u) (u € Iy, v € B).

Moreover, if B is essential, then W (Iw) = B and W is injective.
(ii) If B is faithful and factors weakly, and T(A) = B, then the operator W given in (i)
is invertible and there is a continuous epimorphism ® : A — Iy such that T = W®.

Proof. Suppose that (p;)cy is a left approximate identity for A. Let
Iy ={u € B: (T(p;)u)jc; converges}
and define V : Iy — B by
V(u) = 11151 T(pj)u (u € Iy).

It is clear that Iy is a right ideal of B and that

V(uv) = V(u)v (u € Iy,v € B). 4.1)
By Lemma 4.2 we get
T(@T(b) = Um T(pa)T(b) =l T(p)T(ab) (abeA).  (42)

It shows that T(A?) C Iy and
V(T(ab)) = T(a)T(b) (a,be A). (4.3)

Note that Lemma 4.2 shows that T(A)T(A?) = T(A?)T(A) C Iy and for all
ai,...,ay,b,c € Awehave

V(T(ay)...T(a,)T(bc)) = 111211 T(pi)T(a1)...T(an)T(bc)
= lWmT(pia1)... T(an)T(b)T(c)
T(a1)...T(an)T(b)T(c)
T(ay)...T(an)V(T(bc)).
Hence we infer that

V(zw) = zV(w) (z € algT(A),w € algT(A?)). (4.4)

Now suppose that B is faithful and that T(A) = B. Since A has a left approxi-
mate identity, it follows that A2 is dense in A, and since T(A) is dense in B, so

is algT(A?). Using (4.1), (4.4) and [2, Lemma 3.5], the restriction of the operator
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V to algT(A?) is closable and the closure W : Iy — B of the operator has the
property given in (i). From (4.3) we see that T(A)?> C W(T(A?)) C W(Iy) and
so B2 C W(Iy). This shows that W(Iyy) = B if B is essential. Note that W is
injective. To show this, let u € kerW and v € Iy we have

uW(v) = W(uv) = W(u)v =0,
similarly W(v)u = 0. Since W(Iy) = B and B is faithful, we deduce that u = 0.
Next suppose that B factors weakly and T(A) = B. Then (4.3) clearly entails that
W is surjective. It is easy to check that W~ € T(B), which in particular shows
that W~! is continuous. Now define ® = W~!T. Of course , ® is surjective and
continuous. We proceed to show that @ is a homomorphism. Leta,b € A. We
know that W(T(ab)) = T(a)T(b), we have

®(ab) = W YT(ab)) = (
= W HT(a)W1(T(b))
a)P(b). ]

Theorem 4.5. Let A be a Banach algebra with an operator space structure and having
the property (B) completely and a bounded left approximate identity and suppose that B
is a completely contractive Banach algebra. If T : A — B is a completely bounded linear
map preserving zero products , then there is a closed right ideal Iy of B containing T(A)
and a bounded linear operator V : Iy — B such that

VI < IT1[ sup [|oill,

icl
V(uv) = V(u)v, V(zw) =zV(w) (u € Iy, v € B,w,z € algT(A)),
and
V(T(ab)) = T(a)T(b) (a,be€ A).

Furthermore the following assertions hold:

(i) If T(A) = B, then there is W € T'(B) such that

IWI< IITllsup llpil} and W(T(ab)) = T(a)T(b) (a,b € 4).
1€
If B is essential, then W(B) = B. Moreover, if B is essential and faithful, then W is
injective.
(ii) If B is faithful and factors weakly, and T(A) = B, then the operator W given in
assertion (i) is invertible and there is a continuous epimorphism ® : A — B such that
T =Wo.

Proof. We define Iy and V similar to what we defined in the proof of Theorem
4.4. Since the net (T(p;))ie; is bounded, Iy is closed. Existence of bounded left
approximate identity for A implies that A = A2. Hence T(A) = T(A?) C Iy and

V(zw) =zV(w) (w,z € algT(A)).
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On the other hand,

IT(os)ull < sup [[oil[[[ Tl (€ I).
icl
Therefore ||V (a)|| < sup,c;loill||T| ||a]|. It shows that the operator V' is continu-
ous with [[V[| < [|T|[ sup; loil-
Now suppose that T(A) = B. Since T(A) C Iy and Iy is closed, it follows that

V is defined on B. Since V is continuous, the operator W given in Theorem 4.4 is
V. n

Corollary 4.6. Let G be a locally compact amenable group. Suppose that B is a com-
pletely contractive Banach algebra. If T : A(G) — B is a completely bounded surjective
linear map preserving zero products, then

(a) If B is faithful and factors weakly, then T is a weighted homomorphism.

(b) T is an epimorphism if and only if A(G) has an approximate identity (p;)ic; such
that (T (p;))ie1 is an approximate identity for B.

Proof. By Theorem 3.4 A(G) has the property (B) completely. Now Part (a) fol-
lows from Theorem 4.5 and part (b) follows from Corollary 4.3. n

Theorem 4.7. Let G be a locally compact amenable group and suppose that B is a com-
mutative C*-algebra or a matrix space. If T : A(G) — B is a continuous surjective
linear map preserving zero products, then

(a) T is a weighted homomorphism.

(b) T is an epimorphism if and only if A(G) has an approximate identity (p;);c; such
that (T (p;))ie is an approximate identity for B.

Proof. By Theorem 2.1, A(G) has a bounded approximate identity. Theorem 3.4
shows that A(G) has the property (B) completely. On the other hand all matrix
spaces and C*-algebras have bounded approximate identities and hence they are
faithful and factor weakly. Moreover, being C*-algebras, they are completely con-
tractive Banach algebras. [12, Corollary 2.2.2] shows that each linear map from
an operator space into a matrix space is completely bounded. [12, Proposition
2.2.6] shows that every bounded linear map from an operator space into a com-
mutative C*-algebra is completely bounded. Hence parts (a) and () follow from
Corollary 4.6(a) and Corollary 4.6(b) respectively. u

Theorem 4.8. Let Gy and Gy be two amenable locally compact groups. Suppose that
T : A(G1) — A(Gy) is a completely bounded surjective linear map which preserves
zero products. Then there are a homomorphism ® : A(Gy) — A(Gy) and an invertible
element T in the Fourier-Stieltjes algebra of G, such that

T =1.

Proof. By Theorem 3.4, A(G1) has the property (B) completely and by Theorem
2.1, it has a bounded approximate identity. Amenability of G, implies the ex-
istence of a bounded approximate identity for A(Gy). Hence A(G;) is faithful
and factors weakly. A(G,) is a completely contractive Banach algebra. Multiplier
algebra of A(G,) is B(G;) by Theorem 2.2. Hence

I'(A(Gz)) = Z(B(Gz)) = B(Ga).
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Now Corollary 4.6 implies that there is a homomorphism ® : A(G1) — A(Gz)
and invertible T in B(G;) such that T = t®. u
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