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Abstract

Based on Fischer-Burmeister function, we propose a new smoothing func-
tion. Using this function,the existence and continuity of the smooth path
for solving the nonlinear complementarity problem with a Py function are
discussed. Then we present a one-step smoothing inexact Newton method
for nonlinear complementarity problem with a Py function. The proposed
method solves the corresponding linear system approximately in each iter-
ation. Furthermore, we investigate the boundedness of the sequence gener-
ated by our algorithm and prove the global convergence and local superlin-
ear convergence under mild conditions.

1 Introduction

Consider the nonlinear complementarity problem (denoted the NCP(F)): Find a
vector x € R", such that

x>0, F(x) >0, x'F(x) =0, (1)
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where F : R" — R" denotes a continuously differentiable function. In this pa-
per, we suppose that F is a Py function, i.e. for all x,y € R",x # y, there is
an index 7 such that x; # y; and (x; — ;) [Fi(x) — Fi(y)] > 0. Duo to the appli-
cations in many fields including operations research and engineering design, a
number of well known direct and iterative methods for the solution of NCP(F)
exist, for example [1]-[8]. Among them the one-step smoothing Newton method
were proposed by [1] for NCP(F) and box constrained variational inequalities.
Because of its simplicity and stronger numerical results, this method has recently
drawn much interest [1]-[4]. At each iteration, this method solves only one linear
system of equations and performs only one line search. It is proved that one-
step smoothing Newton method has superlinear (quadratic) convergence under
weaker conditions. In these methods, the smoothing functions play an important
role. Up to now, many smoothing functions have been proposed [9]-[13].

In this paper, on the one hand, based on the Fischer-Burmeister function, we
present a new smoothing function that possesses a property not satisfied by many
other function. Using the new smoothing function, the nonlinear complemen-
tarity problem can be reformulated as a smooth system of equations. On the
other hand, we propose a one-step smoothing inexact Newton method for non-
linear complementarity problem with a Py function. Compared to the previous
literatures (for example [1]-[4]), in each iteration, our algorithm solves the corre-
sponding linear system approximately. Our method has bounded level set. The
existence and continuity of a smooth path for solving NCP(F) with Py function
are discussed. Furthermore, the global convergence and superlinear convergence
are established under mild assumptions.

The following notions will be used throughout this paper. R" (respectively,
R) denotes the space of n-dimensional real column vectors (respectively, real
numbers), R’} denotes the nonnegative orthant of R", R (respectively, R, ;)
denotes the the nonnegative (respectively, positive) orthant in R. We define
N = {1,2,---,n}. For any vector u € R", we denote by diag{u; : i € N}
the diagonal matrix whose ith diagonal elements is u; and by vec{u; : i € N} the
vector u.

2 The smoothing function and its properties

For any (u,a,b) € R, we give the following smoothing function

P(u,a,b) = a+b—/[a—p2(a—b)2 + [b+ p2(a — b)J2 + pi2 @)

Obviously, ¢(0,4,b) is just the Fischer-Burmeister function [13]. The following
lemma give two simple properties of the function ¢(-, -, -) defined by (2).

Lemma 1. Let (y,a,b) € R3 and ¢(u,a,b) defined by (2). Then
(i) ¢(0,a4,b) =0<a>0,b > 0,ab = 0.
(i) If u > 0, ¢(u,a,b) is continuously differentiable on the whole space R> .
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For any (p,x) € Ry x R", Letz = (u, x) and
( ]/l ) (I)(]xl,Xl,Fl(X))
H(z) = and ®(z) = : . 3)
e (1 20, Fa()

Definition 1. The mapping F : R" — IR" is said to be a P-function if there is an index
i such that

x; # yiand (x; —y;) [F(x) — F(y)] >0, forallx,y € R",x #y.

Lemma 2. Suppose that F is a continuous Py function. Then ®(0, x) is a continuous Py
function, and ®(u, x) is a continuous P function in x for each 0 < p < 1.

Proof. It is obvious that ®(0, x) is a continuous Py function. Next, we show that
d(p, x) is a continuous P function. Since F is a Py function, for any x # y € R",
there exists an index iy € {i : x; # y;} such that

(ig = ¥ig) (Fiy (x) — Fiy(y)) = 0.

For simplicity, we assume x;, > y;,. Then, F; (x) > F; (y). Let

A =Yy = 12 Wiy — By (), C = Fy(y) + 12 (viy — Fy (1)),

B:xio_.u2(xio_Fio(x))l (X)+]l2(XiO—Fl‘O(X)).
Then,

A2 = B2 = (A+B) (2 = 1)(x = i) — 12 (Ey (%) = By (1))
and
C? = D? = (C+ D) (= 13 (xiy = yig) + (12 = D(Fy (%) = Fy (1)) )

Since 0 < u < 1, we have

’ (4> —=1)(A+B) —u*(C+ D) ’<1and
VA2+C*+p? + /B> + D? + p?
> —1)(C+ D) — u*>(A+B)

’\/A2+C2+y 2+ /B2 + D2+ 2

Therefore,

¢ (1, xiy, By () — d(1, Yig, Fiy (v))
A2 —B24+(C2-D?

:xio_yi0+Fi0(x)_Flo( \/A2+C2+]/l +\/BZ D2+‘u2
(4> —1)(A+B) —p*(C+D)
=(1+ )+
( \/A2+C2+V2+\/32+D2+‘uz)(10 ylo)
(1 (4 —1)(C+ D) — p*(A+B)
VA2 4+ C2 4 2 + /B> + D2 4 12

) (Fy(x) = Fy ()
> 0.

That is, @(p, x) is a continuous P function in x for each 0 < u < 1. m
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Lemma 3. [14] Let ¢(a,b) = a +b — Va2 + b2 + ¢, where (a,b)" € R* and e > 0 is
a constant. Assume that {ay} and {by} are two sequences in R such that either ay, by —
00, or ay, by — —oo (k — c0). Then |@(ay, by)| — oo (k — o0).

Lemma 4. Suppose that F is a continuous Py function and that H is defined by (3). Then
H(z) is coercive in x for each 0 < u < 1, i.e.,

lim |H(z)| = co.

| =0

Proof. Suppose, to the contrary, that the lemma is not true. Then for some fixed
¢ > 0, there exists a sequence {x"} such that

IH(p, ) < e, [lxF] = oo 4

Since F is a Py function, by using lemma 1 in [15] there exists a subsequence,
which we write without loss of generality as {x*}, and an index i such that either
xk — oo and {F, (x¥)} is bounded from below or xﬁ) — —oo and {F, (x")} is

k

10
bounded from above. Thus, from X; — cowe have

xf = 2 (xf) = Fy(¥) = (1= p?)xf) + 12 Fy () — o0
Fio(xk) + yz(xﬁ) — Fio(xk)) = ;ﬂxﬁ) + (1 — u?)F, (xF) = o0.

k

From Xj, — —oowe have

k 20k
xio - y (xio - HO

() = (1 = p2)xf, + 4?Fy (x*) = —o0

Fiy (x) + 2 (xf) = By (%)) = p2xf + (1 = p?) B (x") = —oo.

Considering lemma 3, we obtain |¢(y, xfi),FiO(xk))| — 00 (k — 00). Since 0 < p <
1, [|H(u, x5)|| = oo (k — o), which contradicts (4). u

Corollary 1. Suppose that F is a continuous Py function. Then ®(u, x) is coercive in x
forO<pu<1,ie. | lﬁm | P(p, x)|| = oo.
X||—00

Lemma 5. [16] Suppose that ¥ : R' — R™ is a locally Lipschitz continuous function.
Then
(i) ¥(-) has a generalized Jacobian 0¥ (x), and ¥'(x;h), the directional derivative
of ¥ at x in the direction h, exists for any h € R' if ¥ is semismooth at x. Also,
¥ : R — R™ is semismooth at x € R if and only if all its component functions are.
(i) ¥ (-) is semismooth at x if and only if for any V. € ¥ (x + h),h — 0,

¥ (x+h) =¥(x) =¥ (x; 1) || = o([[R]])-
(iii) ¥ (-) is strongly semismooth at x if and only if for any V € o¥ (x +h),h — 0,

¥ (x + 1) =¥ (x) =¥ (x;h)[| = O(||1]]*).
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Lemma 6. Let H : R"*! — R"*! and ® : R"*! — R" be defined by (3). Then

() If F is a Dy function, then its Jacobian H' (u, x) is nonsingular on R4 4 x R™ with
O<pu<l

(ii) H is locally Lipschitz continuous and semismooth on R" 1. Furthermore, H is
strongly semismooth on R" 1 if F'(x) is Lipschitz continuous on R".

Proof. By Theorem 19 in Fischer [17], it is not difficult to see that (ii) holds.
Now, we prove (i). For any 0 < u < 1, from the definition of H, we have

where
v(z) = vec{q)y(y,xl, i(x)), i € N},
U(z) = D1(z) + Da(2)F'(x)

- diag{a¢(“’g;i E) e ny 4 diag{a(P(y'g;iH(x)), i€ NYF/(x).

For any i € N, by straightforward calculation, we have

2p(1 —2p®) (x; — Fi(x)) —

Pt BO)) = e e RGP+ B + 120, BT 7
2005 B (1 - 247 + 2)x + 2021 JP)R(x)
ox; VI =12 — FE(x)2 + [E(x) + p2(x; — E(x) 2 + 2
op(p, xi, Fi(x)) _ | (122 + 24" )Fz(x)+2?4 (1—p)x .
oF; \/[xi—ﬂ (x; — Fi(x))]? + [Fi(x) + u2(x; — Fi(x))]? + p?
Thus, a‘l’(”’g;’l i(%) 1) <1and )a‘l’ ”’g; F()) 4] < 1foralli € N. Then,

the matrices D1(z) and D;(z) are positive. Since F is a Py function, F'(x) isa P,
matrix. Hence, Dy(z)F’(x) is a Py matrix. By Theorem 3.3 in [9], the matrix U(z)
is nonsingular, which implies that the matrix H'(z) is. [

Define the smooth path associated with smoothing function (2) as
={x € R": Hux) =0,0 < pu < 1}. The following lemma is due to
Gowda and Tawhid [15].

Lemma?7. Let f(x) : R" — R" be a continuous Py function and f(x,€) be a continuous
perturbation of f; that is, f(x,¢) : R" x Ry — R" is continuous and f(x,0) = f(x).
Suppose that f(x,€) is a continuous P function in x for each e > 0 and f(x, €) is coercive
in x for each ¢ > 0. Then f(x,&) = 0 will have a unique solution x(e) for every ¢ > 0
and the mapping € — x(e) is continuous on (0, 00).

In the following, we investigate the existence and continuity of smooth path
& using lemma 2, 7 and corollary 1.

Theorem 1. Suppose that F is a continuous Py function. Then the path & exists, and
every point x(u) € & is continuous in p on (0,1).
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By a simple continuity discussion, it is easy to obtain the following result.

Theorem 2. Suppose that F is a continuous Py function. Let {uy} be a sequence of
positive values converging to 0 and for any k > 0, let x(px) converge to a point x*, then
x* solves NCP(F).

3 Algorithm

Now, we give our algorithm formally. Define a function p : R"*! — R, and
r: R"™! — R" by

p(z) = %2||H(Z)||2max{min{1, [H(2) I} o}, r(2) = ﬁﬂzez
ve(0,1),e=(1,1,---, 1.

Algorithm 3.1

Step 0 Choose 6,0, € (0,1) and ¢ > 0. Let x° € R” be an arbitrary point
and z° = (up, x%). Choose y € (0,1) such that v||[H(z°)|| < uo. Setk = 0.

Step 11If || H(z")|| < ¢, stop. Otherwise, let oy = p(z") and 7 = r(2F).

Step 2 Compute AzK = (Apy, AxF) by

H(z) + H' () Ak = ( f,’; ) . )

Step 3 Find the smallestm = 0,1,2, - - - (denote my to be the smallest number)
such that

IH (2" + 6" AZ5)|| < [1 = (1 — )8 | H(Z")]]. (6)

Let ap = 0™*.

Step 4 Set 2! = 2 4+ a; AZF, k = k + 1 and return to Step 1.

Remark: The main feature of algorithm 3.1 is that we use (o, (¥*)T)T in the
perturbed Newton equation (5). Compared to the one-step smoothing Newton
method [1]-[4], we introduce #* to measure the inaccuracy with the equation
H(zF) + H'(zF) AzF = (px,0)T. It should be noted that the equation (5) can guar-
antee the sequence {j} to be positive and monotone decreasing.

Theorem 3. Suppose that F is a continuous Py function. Then Algorithm 3.1 is well-
defined and generates an infinite sequence {zF = ()} C Riy x R" with
0 < px < po and wy > ¥*||H(Z")||?uo/2 for all k > 0.

Proof. Assume that 0 < uy < po and uy > || H(z¥)||?10/2, then by lemma 6
(i), the matrix H’(z") is invertible. Hence, step 2 is well-defined at the kth itera-
tion. For any a € (0, 1], define

ta) = H(zZ" + aAZF) — H(ZF) — aH' (ZF) AZF. )

From (5), we have Ay = —pi + px. Then, for any a« € (0,1], pup + alpy >
0. Lemma 1 implies that H(-) is continuously differentiable around zF. Thus,
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|t(a)]| = o(a). By the definition of p(-) and r(-) and ||H(Z)|| < ||H(z%)|, we
have
oe < VIHE) /2, 17 < yIIHE]| /72 (®)
It follows from (7) and (8) that, for all « € (0, 1],
IH(Z* +aAZ)| = [|t(a) + H(Z") + aH' (") AZF|
= [[t(a) + (1 =) H(Z") +a(p, ()T
< @)l + @ =) [HE| + %HH(Z")H + %HH(Z’()H
= o(a) +[1— (1= al|HE)|,
which indicates that there exists a constant @ € (0, 1] such that
IHE +an2)] < [1 - o1~ )l [HE)]

holds for any « € (0, @]. This shows that step 3 is well-defined at the kth iteration.
Therefore ppq = (1 — ap)px + axox > 0. Noting v||H(z°)|| < po, we obtain
Pk < Ho- Since py > 72||H (2)||?10/2 and py < po, we can write

e — VI HE)[2p0/2
1 — ) + axpr — VI HE) 2o /2
’Yz k(2 72 k(2 ’Yz k+1y(12
> (1 =) o [|H ()P po + a5 (| H () [[Fpo — 5 [[H () [Ppio
_72V0 HZ2 — |H(ZFD12) > 0
= 5 (HE)" = [[HET)]7) >0,

and
M1 = (1 — ) i + oy
< (1 — o) po + axpo = po-
Considering 0 < pp < 1, our algorithm is well-defined and generates an infinite

2
sequence {z* = (u, ¥¥)} C Ry x R" with 0 < py < pgand py > %||H(zk)||2y0
forallk > 0. [ ]

4 Convergence analysis

In this section, we consider the global convergence and local superlinear conver-
gence of our algorithm. First, we give a condition to ensure {z*} is bounded.

Assumption 1. The solution set S = {x € R" : x,F(x) € R",xTF(x) =0} of (1) is
nonempty and bounded.

Note: Assumption 1 is the weakest condition used in previous literatures to
ensure the boundedness of iteration sequence. [18] presented a sufficient condi-
tion that assumption 1 holds.
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Theorem 4. Suppose that F is a continuous Py function. Let {zF = (uy, x*)} be the
iteration sequence generated by our algorithm. Then

(i) The sequences {||H(zX) ||} and {u;} tend to zero.

(ii) If assumption 1 is satisfied, {z*} is bounded and hence it has at least one accumu-
lation point z* = (p, x*) with H(z*) = 0 and x* € S.

Proof. (i) From our algorithm, we know {||H(z¥)||} is monotonically decreas-
ing and bounded, and hence has limitation, denoted by 6,. Suppose that 6, >

0. By theorem 3, there exists a subset K C N such that . Il(lin Hr = M+ and
EK,Kk—00

0 < 729@0 /2 < py < po. Thus, there exists a constant &g > 0 satisfying
g0 < px < po, Yk € K. Then, {zF};ck is bounded by lemma 4. Let z* = (p., x*)
be an accumulation point of {z*};cx. Without loss of generality, we assume that

lim zf=2z".S0 lim a; = 0from (6). Thus, the stepsize & = % Joes not

k€K k—co keK k—oo J
satisfy the line search criterion in Step 3 for any sufficiently large k, k € K, i.e., the

following inequality holds:
IH(@* +&AZ)|| > [1— (1 —p)a] |H())|
for any sufficiently large k, k € K, which implies that
(IHE + @A~ [|HE) ) /@ > —o(1 - y)|HE)].

From p. # 0, we know that H(-) is continuously differentiable at z*. Letting
k — o0,k € K, then the above inequality gives

1
—— _HENTH (z)Az" > —a(1 — 9)||H(z")]. 9)
TH] (z%) H(z%) (1 =IHE)]l
Additionally, by taking the limit on (5), we get
HE)TH )02 = —[HE)E+HE (5. (10)

Combining (9) with (10) we have
IHE)(y/2[HE) | + /2l HE)ID) = A —a(t=)IHE)IP 1D

This yields (1 — ¢)(1 — ) < 0, which contradicts the fact that o, y € (0,1). Thus,
H(z*) = 0. Then, there exists a index ko such that ||H (zX)| < uo, for all k > k. In
this case, px = ¥2||H(z")||*0/2. Therefore, applying py > || H(z¥)||?uo/2, for
all k > ko,

Hir1 = (1 — o) e + axppe
< e — oV H (D) 20 /2 + e | HE) Pr0/2 = iy,

which indicates {y } is convergent. From the above analysis, we obtain lim py =

k— o0
Hx = 0.
(i) It follows from (i), assumption 1 and Theorem 3.1 in [18] that {x*} is
bounded and hence {z"} is. Thus, {z*} has at least one accumulation point
z* = (ps, x*). By (i), we have H(z*) = 0 and x* € S. ]
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Similarly to the proofs of Theorem 8 in [1] and Theorem 3.7 in [3], we obtain
the local superlinear convergence of algorithm 3.1 as follows.

Theorem 5. Suppose that F is a continuous Py function, assumption 1 is satisfied and
z* = (ys, x*) is an accumulation point of the sequence {z*} generated by algorithm 3.1.
Ifall V € dH(z*) are invertible, then

(i) ax = 1, for all Z* sufficiently close to z*;

(ii) the whole sequence {zk } converges to z*, i.e., klim Zk = z* ;
—>00
(iii) {z*} converges to z* superlinearly, i.e., |2+ — z*|| = o(||z* — z*||). Moreover,

Hik+1 = O(Hk)-

Proof. By Theorem 4, we have yu. = 0 and H(z*) = 0. From all V € 0H(z*)
are invertible and Proposition 3.1 in [16], for sufficiently large k, there exists some
constant B > 0 such that ||H'(zF)~1|| < B. It follows from Lemma 6 (ii) that H()
is semismooth at z*. Hence, for all z¥ sufficiently close to z*, we have

IH(z) = H(z") = H'(Z")(z" = 2)]| = o(||z* — *])). (12)

On the other hand, Lemma 6 (ii) implies that, for all zk sufficiently close to z*,
IH(Z)|| = O(||z* — z*|)). Then

I+ 82 = 2 = [ [ ) -rE e ()]
< B[IHE)—H(z")—H () (2" |+ | H () 2]
= (|| — 2*])). (13)

Denote zt1 = 2k + AzK. Then
I =) = e - + (%)) < e IHEL

We get from (13) that for any e; € (0,1), ||ZFF! — z*|| < e1||zF — z*||. Thus,

||Zk _ Z*H k+1 ZkH + ||Zk+1 _

||z z
B(L+VHE)| + e |2 —z7|,

|l

<
<

Consequently, ||zF — z*|| < [B(1+7)/(1 —&1)]||H(zF) — H(z*)||, which is equiv-
alent to ||z* — z*|| = O(||H(zF) — H(z*)||). Then, because H(-) is semismooth at
z*, for all Zk sufficiently close to z*, we have

IH(Z" + A2 = O(l2 + &2° —2*|)) = o(||2" = 2*[)) = o(JHE)]).  (19)

From theorem 4, klim |H(Z")|| = 0. Hence, (14) implies that when z¥ sufficiently
— 00

close to z*, oy = 1 satisfies the line search in Step 3, which proves (i). Then, (i),
together with (13), proves (ii) and

12541 = 2* || = oIz — 2*|)). (15)
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2
Obviously, from Step 2, (i) and (ii), for all sufficiently large k, px11 = % | H (%)% 0.
Hence, (14) shows that

per _ IHEE ol HEDID) _ )
M IHEDIZ - [HEDIP '
This completes our proof. n
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