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Abstract

In this paper we will prove the coexistence of unbounded solutions and
periodic solutions for a class of planar systems with asymmetric nonlineari-
ties

u=v—oaut+ pu-
v = —put +qyum —g(u) + p(t),

where ¢(u) is continuous and bounded, p(t) is a continuous 27-periodic
function and &, B € R, 1, y are positive constants.

1 Introduction

Recently, many researchers are concerned with the unboundedness of solutions
of the following planar system:

u =v—F(u);
{ o = —ut + qyu — gu) + plt). -
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where 11,y are positive constants , u™ = max{u,0}, u~ = max{—u,0}, g(u) isa
continuous functlon and p(t) is a continuous 27t-periodic function.
When F(u) = [ f(s)ds, Eq. (1.1) becomes Liénard equations
w4 fu)u’ + ™ —qu” +g(x) = p(b), (1.2)

which have been studied by Zaihong, Wang and others in [1-3, 18-23]. When
g(x) =0, in [22] Wang has shown that the solutions of Eq. (1.2) with sufficiently
large initial conditions are unbounded either in the past or in the future if

}+%eR\QP<+oo)#P< %),

where F is a primary function of f(u) and F(+o0) = 1_1&1 F(u) are not zero and
u [e°]

finite. (Here only taking some constant d, replace the conditions in [22] with
F(400) —d <0< F(—00) —d or F(—o0) —d <0 < F(+00) —d.)
Wang also prove the equation (1.1) has unbounded solutions provided that

11 2

— 4+ —— ==
VI VT
and F(u) and g(u) satisfies some limit conditions in [23].
The existence of unbounded solutions for the perturbed forced planar Hamil-
ton system are proved in [7] by A.Fonda and J. Mawhin. The results in [7] can

be applied to Eq. (1.1), but the obtained existence conditions of unbounded solu-
tions also depend upon the limit conditions

lim 200 _ gt gy = /0 ' /0 " f(0)dods.

u—too 1Y

When F(u) is unbounded , the estimates become difficult and therefore so far
few results have been obtained in the literature.

In the present paper , we will mainly discuss the unboundedness and period
of solutions of the following interesting planar system:

{ W =v—aut +pu; (13)

v = —uut +qum —g(u) + p(t).

where g(u) is a continuous and bounded function and p(t) is a continuous
27 — periodic function and «, B € R, y, 7y are positive constants satisfying

(Ho): A=p-— (g)>03_7 (/3) 07+%:

Let us consider now the autonomous piecewise linear planar system

{ u' =v—aut +Bu; (1.4)

v = —uut +qyu
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Figure 1: Phase curves of the autonomous piecewise linear planar system

associated to Eq. (1.3) with the initial condition u(0) = 0,v(0) = v > 0. Itis
easy to know that every solution of Eq. (1.4) is a periodic function with period
T = \/_HZ -+ % under the condition (Hp) and every solution of Eq. (1.4) moves

clockwise in the phase plane (see Fig. 1). However, given a small disturbance as
Egq. (1.3), the solutions of Eg. (1.3), which become complex, may be not periodic
solutions even being unbounded solutions.

Based on some estimates for the successor map , we obtain some sufficient
conditions for the existence of unbounded solutions and periodic solution for
Egq. (1.3).

2 the Successor Map

The successor map was used successfully in studying bounded perturbations of
oscillators in [4, 11, 13]. At first, we will need to prove the definition of the succes-
sor map S well, then give some estimates for the successor map based on phase
plane analysis.
Let (u(t; 1, v0), v(t;T0,v0)) be the unique solution of Eq. (1.3) satisfying the
initial conditions
u(TO; T0, Uo) =0, U(t,’ To, ?)0) = v > 0.

Denote by T is the next zero of u(t; 1, vo) to T, thatis,
1 > To, u(Tl;To,Uo) =0, u(t; To,?)o) 75 0, for t € (To,Tl).

We also use the notation v, = v(1y; 70, p). If v1 is finite, then the successor map
can be defined by
S: (To,vo) — (Tl,l)l).

All along this paper, the iteration of the successor map is defined by S" (1, vg) =
(Tw, vn) and denote by

Pn = SZn : (To,vo) — (Tzn,vzn).
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Therefore,
1—[1(5"(’%, v0)) = Tn, Hz(sn('fo,vo)) = Uy.

We also assume that the limits

(Hi):  lm g(u) = g(+o0), lim g(u) = g(—o0)

u—r+o00 U—r—00
exist and are finite.

Lemma 2.1. Every solution (u(t; 19,vo), v(t; T0,v0)) of Eq. (1.3) moves around the ori-
gin on the phase plane and meets v — axis again in a finite time for vy >> 1. Moreover,
S is well defined and one to one for vy >> 1.

Proof. Using polar coordinates
u=rcosf,v=rsinf, (u,v) # (0,0)

on right-half phase plane, we have the polar form associated to Eg. (1.3)

(2.5)

0’ = —pcos? 0 + asinf cos —sin? 6 — 1(g(rcos0) — p(t)) cos 6;
' = —arcos?0 +rsinfcos (1 — u) — (g(rcosf) — p(t))sin 6

Let (6(f;10,60), 7(t; 10,60)) be the solution of Eq. (2.5) with the initial conditions

T
0o = 6(w; 70, 60) = 7, 10 = 1(10; 70, 00)-
Using the Gronwall inequality to

dr . . .
| i |< Mr, where M is a certain positive constant,

we can prove that for any T > 0, there is vy > 0, such that
roe ML < r(t) < rgeMT, for |t — to| < T and ry > vp. (2.6)
From(Hj) and inequalities (2.5)-(2.6), we have obtained

% — ycosZG + asinasin® — sin? 6

1
—i—;(g(rcos@) —p(t))cosh < 0,0 € (—g, ), 10 >> 1,

N[ X

because that S
A = (xsinf)? — 4usin®6 < 0,6 € (—E,E).

Therefore, there is a finite time 17 such that

T
9 7 0, = T -
(71;70,00) = —5
Similar discussion can be got on the left-half phase plane, thus the conclusion
of the first part of the lemma is proved. The uniqueness of the solution for the

initial value problem guarantees that S is continuous and one to one. m
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Moreover, we have

Lemma 2.2. Assume 1 = [[1(S(7,v0)) and (Hyp) holds, then

1
=T+ T +0(v_)’ forvg >>1,
0

VA
where o( = =) = 0 for vg — o0 as usual.

Proof. From the first formula of the equality (2.5), we have

/G(Tl) 4o
T — T =
' ’ 0(t0) —ycosZG—I—ocsin@cos@—sinzﬂ-i—o(v—lo)
0(t1) 4o 1
- / 2 . ) +O(—)
0(tg) —pcos*f 4 asinfcosB — sin“ 0 Vo
T 1
= —&—=to(—). .

VA 0

By using some phase plane analysis, we have more delicate estimates via the
following lemma.

Lemma 2.3. Assume (Hy) holds,then we have

T 1 1
T=T+—+—0¢(1)e " +0o(—), 2.7
1 0 \/Z UO(P( 0) (,002) ( )
01| = e_ﬁ”(vo —e "9 (19)) + o(vl), (2.8)
0
where
T0+\f 1 o
) = — ——sinVA(s — 1 u(s)) — p(s))e2+mgs,
plm) =~ [ sin VA(s ) (g(u() ~ p(s)
Proof. By using variation of the constant formula , we have , for t € [19, 1], that
00 &(19—t) o
u(t) = —=e2\"YsinvVA(t— T

mfsmf (s — £)(g(u(s)) — p(s))etCds,
o(t) = %e%(m t(\/ZCOS\/Z(t—To)—l—%Sin\/Z(t—To)

+ [ (cosvA(s =)+ sin VA — D)(g(u(s)) — (o)t s

It
2vVA
Note that u(1y) = 0. It follows that

00 4(19—1y) o _
——e2\0TVginVA(T —19) =
\/Z (1 0)
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From lemma 2.2, we obtain

1 1 1 fo+E+o() 1 —
D si \;TZ o) = T A ﬁszn\/A(s—To)
0
(8(u(s)) — p(s))eE~™ds.
Therefore, it follows that

1 1 o+E 1 ‘(o 1
o(—)=—— ——sinVA(s — 1 u(s)) — p(s))ez-ds 4+ o(—),
o) = o [ sin VA — w)(s(u(s) - () ()
which, together with lemma 2.2, yields (2.7). Similarly, note that v(7;) = v;. It
follows that

v = \Z/J%eg(TO_Tl)(\/Zcos VAT — 1) + % sin VA(1; — 1)

+ /T:(—cos VA(s —1y) +

(g(u(s)) — p(s))e%(S_Tl)ds.

Since e3(™=™), cos\/A(1y — 11), $sinv/A(t) — 1) can be expressed in the form by
2.7),

o

2VA

sin VA(s — 1))

A0 — ¢ "2AT(1 - 2170w90(ro)e‘”°) +o(vi02),
cos VA(rg— 1) = —COS(\/Ze_mOGD(To)Ul) = —1+0(%),
0 0
ESin \/Z(To -T7) = —sin(@)e_”ogo(fo)l) = o(l),
2 (40 (%] (40
we have
© T
01| = -1 = €_mn(vo—|—/ 1(—COS\/Z(S—T1)
T
o

+ sinvVA(s — 1)) (g(u(s)) — p(s))e2 " ds. ]

2VA

Denote by 1 is the next zero of u(t; T, vg) to 1o, that is,
T > 1, u(Tz; To, Uo) =0, u(t; To, Uo) 75 0, fort e (Tl,Tz).
Similarly, we can obtain some delicate estimates for 7, v by the following lemma.

Lemma 2.4. Assume (Hy) holds, then we have

7T 1 1

_ A —BT -
=7+ 75 - Ultl)(ﬁ)e +0(012), (2.9)

_ B e
ol = 35" (Jox| + e P () + (), (2.10)
where
at+g . B
¥(n) =— /Tl " % sin v/B(s — 1) (g(u(s)) — P(S))eg(sﬂl)d&
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Note that
T =1115%(19,v0) ,v2 = I1S%(10,v0), (T2,v2) = P(70,v0).

Lemma 2.5. Assume that (Hy), (H1) holds, the mapping P : (19, vg) — (T, v2) can be
expressed in the form:

o= Nt at s
+a[(1+e23")(Lg(—c0) - 1
vz=:vw+u+eﬁf3$gumu—$g—w»+u< )+d%)

for vg >> 1, where

ni(w) = Oﬁ%sinﬂtegtp(t—l—ro)dt
+ /fer% % sin \/E(\/—ﬂZ — t)egtp(t + 10)dt,
Ha() = oﬁ( 2\/_sm\/_t+c05\/_t)ez p(t+ 1o)dt
+/§+%(—2ﬁsin@(t—%)

B By B
+c05\/§(t—%))e Gvatave)t th(t—l—’[o)dt.

Proof. From lemma 2.2 and lemma 2.4, we know that

1 1
ol T R (g - el (1)) +o(F)
— —620\(}% 1

1
v 1—enLo/(m)+o(L)

1 e 1
— —_p2V/A I
er +O(voz)'

n T+ 5+
e Fig(n) = ¢ Pt [roi;f ﬁ(%sm\/ﬁ(s—m—%)
1

(~g(u(s)) + p()e” ™ ) + ()

_br et E 1 T
= e 2\/3/\/Z \/E—sin\/g(t——)
5 VB VA
1

«gwu+mn+pu+m»wwHwo>

Since (Hj ) holds, by the lebesgue dominated convergence theorem, it is not hard
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to prove that (2.9) becomes

T T 1 (77 1
T o= T+ —— o ——+ — —— sin VAt
2 0 \/Z \/E 00 Jo \/— ( ( )
& E=+= 1 7T
T+ op(ttr)edtdt+ [V P —_sinVB(t — ——)(—g(—o0
ple+ el [0 i V(= Z2)(—g(—)
ap 1
+ p(t+»(0))ez\/z+2 dt +o (UOZ)/
for vy >> 1.
Since

w p
4+ P
VA /B
we calculate

1 a 1 X
—sinV Ate2fdt = = (1 4+ e2va"),
| —=sinv o )

S

ap B 1 = N
sin VB(t — —=)eVa 2'dt = ——eWA (1 +4e2/B")

S
+
5
=1~

o

1 _a
= —;(14—32&7—[)

Then it follows the first formula of the lemma 2.5.
From (2.10), using the similar method above, we have

sin VA(s — 1)) (g(u(s))

TO—Fﬁ Q
Uy = U+/ —COS\/ZS—T +
2 0 T ( ( O) 2\/Z
5(s—1) 2z T1+%
—p(s))ez ¥~ ds + e2vb (—cos VB(s — 1q)

T

4t sin V(s = 1)) (g(u(5) — pl)ed s +o( )

= 0 —I—/Oﬁ(—costt—i— 5 {XEA sin V At)(g(4e0)
oy (Lt L) \/—”z‘f‘% T
—p(t+19))e2tdt + e ‘2A 2B / (—cosVB(t — —=)
*= VA
+2\ﬁ/§ sin vB(f — LA))(g(_oo) — p(t+ 1))etds + o(vlo)
. — (B B 1
— o+ %(1 + e!3VA)g(+o0) — ge BT (14 e 27 g (—00) + pra(10) + o5,
0

= v+ (1+ eﬁ”)(%g(ﬂm) ~ %g(—m)) +2(T0) + 0(%)'

for vg >> 1. Thus the lemma 2.5 is proved. m
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3 Resonance

3.1 Resonance: Periodic and Unbounded Solutions

Assume that

:EEQ,p,qEZ+,T: -+

21 g

and the fraction g is in the reduced form, that is,

Nk
=

L+ eQ
VA VB T

J.M.Alonso and R.Qrtega in [2] have studied the dynamics of a class of mappings
defined on the plane, which have an asymptotic expression

_ Py Ly :
{ 61 =6+ 2t + i1 (6) +o( %) (3.12)

n = r+ia(6) + (L), r — oo,

where i1(0), ji2(0) are continuous and 27-periodic functions. They prove the
existence of orbits that go to infinity in the future provide that there exists w € R
such that

fia(w) =0, (w) <0,11(0)(0 —w) >0, for6 # w and |0 — w| is small. (3.13)
or in the past provided that there exists w € R such that
fia(w) < 0,01 (w) =0,12(0)(0 —w) >0, forf # w and |0 — w| is small. (3.14)
The periodicity of p(t) leads that
S(t0+ 27, v9) = S(19,v0) + (271,0).

Let
i (0) = (1+ ez%”x%g(—oo) - %g(+oo>> (),

a(0) = (14+e377) (o) ~ §g<—oo>> + 2(0)

and we just see vy as a radius r and 1y as an angle 6. Then the successor map P
has an asymptotic expression as (3.12).

With the application of the propositions of the planar mapping (3.12) , we can
easily get the conclusion below.

Theorem 3.1. Assume that conditions (Hy), (Hy) hold and ﬁ + ﬁ € Q. If for

some w € R and the successor map such that (3.13) or (3.14), then there exists a
constant T' > 0 such that for vy > T, solution (u(t; 1, vo),v(t; T, v0)) of Eq.(1.3) with
u(0; 70, v0) = 0, v(T0; To, Vo) = Vo is unbounded either in the future or in the past.

We also can have the existence of periodic solution under some conditions.
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Theorem 3.2. Assume that conditions (Hy), (Hy) hold and ﬁ + L € Q. Then

VB

Eq. (1.3) possesses at least one 27t-periodic solution provided that either the function

—00 —+o00

(B glre) e

i H
or the function

—+o00 —00

(8! - ) _ g8l : )Y 4 (1), 7 € R

has a constant sign, where xk = 1+ e2Va’,

The proof of Theorem 3.2 is similar to that for Theorem 2.3 in [21].

3.2 Twist Map and Periodic Solution

We will use the twist property of the successor map based on the estimates in
section 2. Denote by (T, v) = S™ (79, vo).Since u1(7), y2(7) are continuous and
2nt—periodic functions, let

Pi = min K(pt_lg(—i-oo) - 7_1g(—00)) — (1),
t€(0,27]

P, = max [k(p lag(+o0) — 1 Bg(—00)) — pa(T)|.
T€[0,27]

From lemma 2.5, we know that there is I' > 0 such that
|[o2] = vol| < P,

P
-1 < 2ﬂ7r——1, for |vg| > T.
p Yo

Assume that there exists positive constant &g > 1 such that
(Hg) : 0< P < 2Py

Taking a large enough integer m such that vy € [T + (mp — 1)Py, (agmp + 1) P},
we have

1 1 1
Topm—1 < meﬂn—Pl(——l——-l-----i-i)
p o U1 U2(mp—1)

P 1 1 1
< 2qmirt— o (—— + ——— +ot ——

P, “vop, voP; " +1 voPy " +mp—1

mp—1

= qun—ﬁ 1

Py = woPy )
Since
mp—1 1 mp—1 1

1
—_— > — = In(14+ —), asm — +oo,
];) voPy !+ ];‘J aomp +1+] ( IXO)
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we obtain

P 1
Tomp — To < 2Mq7T — F;oc_o <2(mg—1)m.

On the other hand, from Lemma 2.2, for any fixed m € IN,we have I'" > 0,
such that
Tomp — To > 2(mq — 1)7, for |vo| > T,

Hence, taking I'. € I + (mp — 1)P,, (agmp + 1)P,], we have proved that the
successor map S>"? has a twist property on annulus S! x [T, T*].
Therefore, we obtained the following theorem.

1 q
Theorem 3.3. Assume that (Hy), (Hy) hold and Tt \/_ where 5 15 the reduced

form, p,q € Z. Then Eq. (1.3) has one 27t—periodic solutzon

Proof. We meet all the assumptions of the Dingweiyue’s twist theorem(see Theo-
rem 3.1 in [24]). [ |

4 Nonresonance

4.1 Nonresonance: Unbounded Solutions

Assume that

T T 7T
— cR\Q, T=—+ —,
2 < K\Q VA VB
that is,
vA VB '

Given o > 0, let us define
E; ={(6,p) € R x (0,400):p > 0c}.

Assume that the mapping P : E; — IR? is a one-to-one and continuous mapping,
whose lift (also denoted by P) can be expressed in the form

— ~ 1 .
p. ) i =0+2am+ 5 (0) +pH(O,0); (4.15)
pr=p+H(8) +G(6p)p — +oo.
where
a € RT\Q, fiy, fia : S' +— SlareLipschitzcontinuous (4.16)

with S! = R\ 27tZ,H and G are continuous functions,which are 27t-periodic in 0
and satisfy
olH(6,0)| +[G(6,0)| — 0 (4.17)

uniformly with respect to § € Ras p — +-oco.

Given a point (6o, 00) € E., denote by {(6;,0;)} the orbit of the mapping P
through the point (6o, po). That is to say (6, +1,0; + 1) = P((6;,0;))-

The following abstract propositions taken from [22] will be applied to prove
our theorem.
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Proposition 4.1. Assume that the condition (4.16), (4.17) hold and

27
/0 i5(6)d6 > 0.

Then there exists Ro > o such that if po > Ro, the orbit {(0;,0;)} exists in the future
and satisfies

lim p; = +oo.
j—>+oop]

Proposition 4.2. Assume that the condition (4.16), (4.17) hold and

27
/0 i5(6)d6 < 0.

Then there exists Ry > o such that if po > Ro, the orbit {(0;,0;)} exists in the future
and satisfies

j——o0

Now we are ready to state one of our main results. Denote by

=/ b

The(o)rjefm 4.3. Assume that (Hy), (Hy) hold and ﬁ + ﬁ € R\Q.
)]

B(g(+00) =) < a(g(=0) = 7),

then there exists a constant T > 0 such that, for vg > T, the solution (u(t; 0, v0),
v(t;10,v0)) of Eq. (1.3) with u(7o; 10, v0) = 0, v(70; To, v0) = v satisfies

li £ 2 t 2y X
t_1>1i100(|u( ;T0,00)|” + |o(t; 0, 00)|7) = +o0

(iDIf

B(g(+00) —p) > a(g(—0) —p),

then there exists a constant T > 0 such that, for vg > T, the solution (u(t; 0, v0),
v(t;10,v0)) of Eq. (1.3) with u(to; 10, v0) = 0, v(70; To, Vo) = v satisfies

Mim (Ju(t; 1,00 + [o(;1,00)2) = +oo.

Moreover, Eq. (1.3) has at least one 27t-periodic solution.

Proof. We prove the result on the unboundedness of solutions with large initial
energy in the first case; the other case can be handled similarly.

Assume B(g(+o0) — ) < a(g(—o0) — ). We can apply Proposition 4.1 to the
successor mapping P = 52, where

ia(t0) = (it "ag(+00) — 7 pg(—c0)) + 2 (x), K =1+ e/,
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We obtain
27
/0 ih(t9)dty = 2mK(u tag(4+00) — ¢ 1Bg(— -l—p/\/_ sm VAt
N L+L
+ cos \/Zt)eitdt -|—_/ﬂ ﬁ(— sin \/E(t — —) +
e 2VB VA
_( B BN, B
cos VB(t — i))e Guatae) Tz gy

VA
= 2mx(p a(g(+00) —p) — 77 B(g(—0) = P))
= 2mxpa "y~ (B(g(+00) — ) — a(g(—c0) —P)) > 0.

Therefore, there exists I' > 0 such that, if V[ > T, then the orbit (T]‘, v]-) exists in

the future and satisfies lim v; = +o0. With the lemma 2.5 ,we obtain the proof
j— oo

of the first part of the theorem.
Sincew = ﬁ + \/LE is irrational and in view of the expression for the successor

mapping P as (2.11), it follows that (12, v2) and (7, v9) never lie on the ray 7> = 1
for vy large enough. So the successor mapping meets all the assumptions of the
Poincar-Bohl Theorem. Therefore P has at least one fixed point. Consequently,
Egq. (1.3) has at least a 27t-periodic solution. Thus we have finished the proof of

Theorem 4.3. n
Corollary 4.4. Assume that (Hy), (Hy) hold and \/1— \/— € R\Q.
If such that

max{g(+o0),g(—0)} <P,
min{g(+o0), g(—o0)} > 7,

then there exists a constant I' > 0 such that, for vy > T, every solution
(u(t;10,v0),v(t; 10,v0)) of Eq.(1.3) with u(t; 1,v0) = 0,v(T0; T0,v0) = v is un-
bounded either in the future or in the past.

We consider a particular case for Eq. (1.3). With similar discussion we can
have the theorem below.

1
Theorem 4.5. Assume that (Hy) hold and it \/— € R\Q,

p= [ b0t £0

and

lim g(u) = lim g(u) =0,

Uu——+o0 Uu——0o

(i)If &« < B, then there existence a constant I' > 0 such that, for vy > T, the solution
(u(t; 10, v0),v(t; 10,v0)) of Eq. (1.3) with u(to; 10, v0) = 0, v(T0; T0, v0) = o satisfies

lim (|u(t; To,vo)] + |o(t; To,vo)yz) — +o0.

b0
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(ii)If « > B, then there existence a constant I" > 0 such that, for vy > T, the solution
(u(t; 10, v0),v(t; 10, v0)) of Eq.(1.3) with u(to; 1, v0) = 0, v(T0; T0,v0) = Vo satisfies

dim (Ju(t; 10,00 + [o(5; 70, 00)[*) = +-oo.

Moreover, Eq. (1.3) has at least one 27t-periodic solution.

It is obvious that when g(u) = 0, Eq. (1.3) has become

{ W =v—aut+pu;

v = —puut +yu + p(t). (4.18)

Owing to Theorem 4.5, the following result can be obtained.

Corollary 4.6. Assume that (Hy) hold and ﬁ + % € R\Q.

If o # 0,p # 0, then all solutions of Eq. (4.18) with large initial energy are un-
bounded either in the future or in the past.
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