Composition operators acting on N,-spaces

Niklas Palmberg*

Abstract

We introduce a new class of functions, called the Np-spaces and study the boundedness
and compactness of composition operators on N,-spaces as well as between N-spaces and
Bergman-type spaces. The paper is intended to give a self-contained introduction the the
Np-spaces.

1 Introduction

Let H (D) denote the space of analytic functions on the unit disk D. In this paper, in order
to simplify some calculations, we will identify functions differing by a constant. Thus, the
word function will from here on mean an equivalence class of functions modulo constants. The
Qp-spaces (with p € (0,00)) were introduced by Aulaskari, Xiao and Zhao [1] and consist of
functions in H (D) such that

I7lle, =sup ( [ 1F/(@)F1 = lou(2)dAR) " < oo

Here 0,(z) := (a — 2z)/(1 — @z) is the automorphism of D that changes 0 and a, while dA
denotes the Lebesgue area measure on the plane, normalized so that A(D) = 1. The Q),-spaces
coincide with the classical Bloch space B for p € (1, 00), while Q)7 is equal to BMOA, the space
of analytic functions on I with bounded mean oscillation. For p € (0,1), the Q,-spaces are all
different and of independent interest. A good source of information about the (),-spaces are
the Springer Lecture Notes by Xiao [12].

The Bergman-type spaces A (with ¢ € (0,00)) consist of functions in H (D) such that

I7les = s0p 0~ ) < oo
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These Banach spaces have been intensively studied in many papers (see for example [4] and
the related references therein).

Throughout the paper ¢ € H (D) will denote a non-constant function satisfying (D) C D,
while ¢» € H(D) will be any function not identically equal to zero. The composition operator
C,, and the multiplication operator M, are the linear maps on H (D) defined by C,f := fo
and My f = 9 f, respectively. The weighted composition operator W, , is obtained by a
combination of these operators by defining W, := M,;C,. Classical books on composition
operators are [9] and [3].

In this paper we formally introduce the N,-spaces, (with p € (0,00)), of which N7 was
introduced in [5] (see also [7, Remark 4.4]). The N-spaces consist of functions in H (D) such
that

£y = sup ([ 150~ lon()EyaA))” < oo

As we will see, the Nj-spaces coincide with A™* for p € (1,00) and are all different and of
independent interest for p € (0,1]. Since the ),-spaces have been studied intensively for over
a decade now and due to both the similarities and the differences between B and A, it is only
natural to also study the M,-spaces. In fact, N; was already of significant help in [5], where
the authors studied the spectra of composition operators on BMOA. The N,-spaces were also
informally used in [7] to obtain a characterization of a special branch of weighted composition
operators with closed range on A™.

In Section 2, we give some background information needed for the rest of the paper, while
we in Section 3 state some basic facts about the N,-spaces and give some inclusion results. In
Section 4 we study composition operators C,, acting on N-spaces and relate operator-theoretic
properties, like boundedness and compactness, to function-theoretic properties of the inducing
function ¢. Finally, in Section 5 we discuss some interesting open problems.

2 Preliminaries

We will always assume that {p,q} C (0,00) unless stated otherwise. The notation A < B
implies that there is a positive constant ¢ such that A < ¢ B, while A ~ B indicates that there
are positive constants ¢; and co, such that c;A < B < ¢ A. In both cases, the constants don’t
depend on crucial properties of A and B (which will be clear from the context). The boundary
of the unit disk will be denoted by dD. We will frequently use the following easily verified
equality (without any further reference):

(1= fa)(1 = ]2*)
11— az?

1—|ou(2)]* =

An analytic function f(z) = Y72 agz™ (with n; € N for all k£ € N) is said to belong to the
Hadamard gap class (also known as Lacunary series) if there exists a constant ¢ > 1 such that
Ngs1/ny > ¢ for all k € N,

The generalized Nevanlinna counting function, introduced by Shapiro [8], is defined by

> (logﬁy if z € p(D)

Npy(2) = wep—1{z}
0 if zeD\ {p(0)}
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where ¢ ~1{z} denotes the sequence of preimages of z, counting multiplicity and where v > 0.
By choosing v = 1 we get the classical Nevanlinna counting function. In [8], the author used
the classical and the generalized Nevanlinna counting function to study composition operators
on H? and on weighted Bergman spaces, respectively.

For later use, we will now gather some known results related to the generalized Nevanlinna
counting function and to the so called “Change of variable formula” (see [8] and [10] for more
details).

Proposition 2.1.

(i) [10, Proposition 2.4] For v > —1,
LI o @)@ = A dA) & [ 1FEHF ) Ny, dA)
(11) [10, Lemma 2.3] For v > —1,
LI @I = 122dA) ~ [ 1FEI27 R - ) dAG).
(111) [8, Corollary 6.7] For vy > 1 and r € (0, |¢(0)]),

Npa(0) < 5 [ N (2)dAG2)

3 Basic properties and inclusion

In this section we state some basic Banach space properties of the N-spaces as well as some
inclusions. In particular, we show that for p € (0, 1), the N,-spaces are all different and of
independent interest. We also show the intuitively evident fact that the N,-spaces form a
much bigger class of functions than the @),-spaces. Some of the techniques we use are highly
inspired by the corresponding ones for the (),-spaces in [12]. We have chosen to give the proofs
for the N,-spaces directly instead of trying to use the isomorphism f +— [’ together with
the corresponding results by Xiao in order to give a more self-contained introduction to these
spaces.

Proposition 3.1 (Basic facts about the N,-spaces).
(i) Forp e (0,00) we have that || - [| 41 S| - |lw,- That is, Ny € A
(i) Forp € (1,00) we have that || - | 41 = || - ||, That is, N, = A

(i) The Ny-space, endowed with the norm || - ||x;,, is a Banach space and the norm topology
of N, is finer than the compact-open topology.

Proof. Part (ii) is a direct consequence of [7, Lemma 4.3], while only minor modifications of
the proofs of [5, Fact 1.1, Fact 1.2] give parts (i) and (iii). ]

The following result is simple but important. For our convenience we state it formally as a
lemma.
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Lemma 3.2 (Test functions in N,). For w € D we define

- |wp

ky(z) == m

Then k,, € N, and sup ||ky||n;, < 1.
weD
Proof. Trivially, k,, € H(D). It is also easy to see that
Iullky = sup [ 1020~ low()PPAG) < [ 1ot (2)PdA(: .
P aeD /D

Theorem 3.3. Let f(z) = Y32, bpz™ be in the Hadamard gap class. Then for
; . . = 1
(i) pe(0,1]: feN, if and only if Zm S y)? < oo
k=0 2k<pj<2k+l

(i) pe(l,0): feN, if and only if sup|n—k|<oo
k

Proof. (i) Assume that >>3° sy Yok<n,<2v+1 |bj|* < 00. Then, using Holder’s inequality,

Hf||/2\/p < sup(l—\a| / (Z\%\W%) (1—r) </Oﬂmd9> dr
oo 2 T p
= sup =y [ (Sl ) (- () o

aeD =0 |a|?r?
1/ 2

s | (Z\bk\r"k> (1 —r)dr.
0 \k=0

By [6, Theorem 1] we know that if & > 0, # > 0 and a; > 0 for all £ € N, then

/01 (li)akrk)ﬁ (1) tdr 3 270 ( 3 aj>ﬁ,

k=0 2k<j<k+l

where the constants only depend on « and 3. This very useful tool can now be applied to the
calculation above to obtain

2
> 1
||f!|/2\fp5kzom( > |bj|)-

2k <pj<2k+1

Since f is in the Hadamard gap class, there exists a constant ¢ > 1 such that n;;; > cn; for
all j € N. Hence, the maximum number of n;’s between 2¥ and 25! for any k € N is the
integer part of log. 2+ 1. Using this together with the fact that, for any n € N, we always have
(a1 4 ...+ a,)? <n(a?+...+a?), we get that

=1
I£1%, < ];)m > b <o

2k <pj<2k+l
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Conversely, assume that f € M,. Using Parseval’s formula and Stirling’s formula, we see that

2
br"™* (ew)"’c dO(1 — r)Prdr

9 1 27|
1% 2 [ 1%
k=0

o 1
Sl [ et - ryrar
k=0 0

_ i I'(2n.+2)L(p+1)

= T(2ng+p+3)

Z n};(1+p) |bk|2-
k=0

Q

|y, |?

Vv

Thus,
> 1

[ee] (14
o> fl 2 X m PR Y gam X bl
k=0

k=0 2k <p; <2k+1 2k <nj<2k+l

(ii) Assume that f € A, Using the Cauchy integral formula, we get that for any r € (0, 1),

| </ | < ||.f||.A‘1 .
o |z|"k4r1 ~ k(1 —r)

Without loss of generality we may assume that ng > 2. Choose r =1 — 1/nj. Then

k] [P [lPS
LT e i

Conversely, assume that supy, |bg|/n, < co. Then

o o0
2 < 30 el 2™ S D mal2™
k=0 k=0

S A [Lar

Thus,

k=0 j=0 k=0 \ n;j<k

e ) ) B £ ()

Again, since f is in the Hadamard gap class, there exists a constant ¢ > 1 such that n;.; > cn;

for all j € N. A straightforward calculation shows that

Zn]— _1

n3<k

Hence,
|f(2) b o 1
e z|~zk'z' -

which clearly implies that f € A
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Corollary 3.4. For 0 < p; < py <1 we have that BC N,, TN, € A

Proof. For f € B we have the well-known estimation

2
12|

£ (2)] < log Il 2z €D,

which easily gives that || - [, S |- [|5 for all p € (0,00). The other inclusions are obvious from
the definition of the M,-spaces and Proposition 3.1 (i). Therefore it remains to show that the
inclusions are strict. Define

fie) = 22 pa) = 2 =Y (5)
k=0

k=0 k=0 2

Then by using Theorem 3.3 and [12, Theorem 1.2.1 (ii)], it is easy to see that

flE'A_l\sza f2€Np2\Np1a f3 6~/\/’I>1\B' u

4 Composition operators

In this section we study composition operators acting on N,-spaces. The techniques we use are
inspired by the ones in [10] and [12].

1 — |2[?)
Theorem 4.1. C, : N, — A9 is bounded if and only if sup & < 0.
zep 1 — |i(2)[?
Proof. Assume that sup,p ﬁ?ff;; < 00. Then
(1— =)

I 0 s < sup 3 sup F(RI ~ [2(2)) S Il

<1l a1

Conversely, assume that C, : N, — A% is bounded. Fix z; € D and let k,, be the test function
in Lemma 3.2 with w = ¢(2y). Then

) (1= |z’
T oGl

Even though Theorem 4.1 gives a complete characterization of the bounded composition
operators on N, for p > 1, it doesn’t give us any information about p € (0, 1].

1— |w]?
L2 [[Ewllyg, Z 1w o @llaa = |2(1 — |z0l")

1 —wp(2)

Theorem 4.2.

N
(i) (Sufficiency) If sup % < 00, then C, is bounded on N,.
z€D -

N
(ii) (Necessity) If C, is bounded on N,, then sup _(1¢,2J|r§|(2z))2 < oo
z€D -
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Proof. (i) Using Hélder’s inequality and a well-known integral formula (see for example
[4, Theorem 1.7]), we get that

2

2 (1—|a)P(1 — 2?7
IFogli, = sup [ 1(f o)) (1= |27 T 2 dA(2)

: (/D|(f090)(2)|2+”(1—Izlz)pdA(z)>%iup — lal) </ 11— az|4+2p (Z)>2%”
& </D (Fo@)(2)P (1 - |Z|2)pdA(Z)>m

Hence, by using Proposition 2.1 (i) and (ii) we obtain

1Foely, < ([OPIFORN,uiAe) ™
= (/ FEPL ()P = |22 P dA(2)
15 ([ 1/RA ~ 2)7aace)

)
;

IA

S I (/ FR YA >)_

<If1%,

(ii) Fix w € D and let k, be the test function in Lemma 3.2. Then by using Proposi-
tion 2.1 (i) we get that

1> lklli, 2 Supllqokwlﬁvp

~

> /|k 0 @) (2)P(1 — |2[2PdA(2)
(2)* Nyzsp(2)dA(2)

1 — |w|?)?
= /.;ZHU}Pﬁ N@72+p(2)d14(z>-

2
@\
=
=

A change of variable z — 0,(z), followed by an elementary estimation, then produce

1 —wz|?
Lz ), |w|2WNW+p(%(Z))dA(Z)

jw]?

Z -
(1= Jw]?)?

7 Jyp Noweoan()AG)

Without loss of generality, we may assume that |w| is close to 1 and hence that |(c,,0¢)(0)] > &.

2
Thus, by using Proposition 2.1 (iii) we apprehend

1> N0w0w72+p(0> _ Nso72+p(w)
~=|wP)?r (1= wA)?

Clearly this gives the desired condition. [
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Usually if a “big-oh” condition, like the one in Theorem 4.1, describes the bounded opera-
tors, the corresponding “little-oh” condition describes the compact operators. This is also the
case here. Recall that for composition operators the standard definition of compactness can be
reformulated on many spaces, including the N,-spaces and the Bergman-type spaces A (see
for example [3, Proposition 3.11]). Thus, in this case, C, is compact if and only if for every
norm bounded sequence {f,} with f, — 0 uniformly on compact subsets of D, we have that
fn 0w — 0 with respect to the norm topology.

1— |2[2)
Theorem 4.3. C, : N, — A9 is compact if and only if lim sup 7( 2)

=0.
r—1 lp(2)|>r 11— |Q0( )|2

Proof. Assume that C, : N, — A is compact and suppose that there exists ¢g > 0 and a
sequence {z,} C I such that

(1 — Jzl*) 1

——— 2= >¢9 whenever |p(z,)|>1-——.

L —[op(zn)? n
Clearly, we can assume that w, := ¢(z,) tends to wy € D as n — oo. Let k,, be the test
function in Lemma 3.2. Then k,, — k,, with respect to the compact-open topology. Define
fn = kw, — kuw,- Then || f,|[x, <1 (see Lemma 3.2) and f, — 0 uniformly on compact subsets
of D. Thus, f, op — 0in A% by assumption. But, for n big enough,

ICe fullaa = [kw, (9(2n)) = Kug (9 (2a)) (1 = |2]*)"

_ A=z ] (= fw)(A — Jwal?)
1 —[ip(2n)? |1 — wow,|? 7
>0 =1

which is a contradiction. Conversely, assume that for all £ > 0 there exists § € (0,1) such that
(1= [=*)
1—lp(2)[?

Let {f.} be a norm bounded sequence in N, which converges to zero on compact subsets of D.
Clearly, we may assume that |¢(z)| > 0. Then

1Co il = sup%w DI = o)),

< e whenever |p(2)| > 4.

Thus, by Proposition 3.1 (i), we have that

1Cofullaa < ellfullar S ellfulln, <e n

5 Open problems

In this section we will mention some open problems related to the results in the preceding
sections. We will begin by proving a simple theorem of which the corresponding result for
the @,-spaces is still unsolved. Indeed, in [11, Conjecture 1.5] (see also [12, p. 86]), Xiao
conjectured that My is bounded on @), if and only if

Y€ H® and sup log*(1 — |a|) / 10" (2)2(1 = |oa(2)P)PdA(2) < o0

a€D
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Theorem 5.1. M, is bounded on N, if and only if v € H™.

Proof. Assume that ¢ € H*>®. Clearly

1My £1l5, < 10 1 £ 115,

Conversely, let &, be the test function in Lemma 3.2. Then for all w € D,

- Jwf?

TWI@D(W)IO = Jwl?) = [ (w)]. u

12> ([kullag, 2 1 Mypkwllng 2 1 Mypkyll a1 > 1

~

In [12, p. 22], Xiao also stated as an open problem to characterize the bounded composition
operators on (),, which is to the best of our knowledge also still unsolved. Therefore we state
here as an open problem to give a full characterization of when C,, is bounded on N,. By doing
so, one should be able to combine this with Theorem 5.1 and thereby to give a full description of
when W, ,;, is bounded on N,,. Having done that, the open problem about bounded composition
operators on (), should be solvable. A similar interplay between weighted composition operators
(on Bergman-type spaces) and composition operators (on Bloch-type spaces) has been done for
example in [2] (see also [7]).

References

1]

2]

R. Aulaskari, J. Xiao and R. Zhao, On subspaces and subsets of BMOA and UBC, Analysis
15, 1995, 101-121.

M.D. Contreras and A.G. Hernandez-Diaz, Weighted composition operators in weighted
Banach spaces of analytic functions, J. Austral. Math. Soc. (Ser. A) 69, 2000, 41-60.

C.C. Cowen and B.D. MacCluer, Composition Operators on Spaces of Analytic Functions,
CRC Press, 1995.

H. Hedenmalm, B. Korenblum and K. Zhu, Theory of Bergman Spaces, Springer, New
York, 2000.

M. Lindstrom and N. Palmberg, Spectra of composition operators on BMOA , Integr. Equ.
Oper. Theory 53, 2005, 75-86.

M. Mateljevi¢ and M. Pavlovi¢, LP-behavior of power series with positive coefficients and
Hardy spaces, Proc. Amer. Math Soc. 87, 1983, 309-316.

N. Palmberg, Weighted composition operators with closed range, to appear in Bull. Aus-
tral. Math. Soc.

J.H. Shapiro, The essential norm of a composition operator, Annals of Math. 127, 1987,
375-404.

J.H. Shapiro, Composition Operators and Classical Function Theory. Springer, 1993.

W. Smith, Composition operators between Bergman and Hardy spaces, Trans. Amer.
Math. Soc. 348, 1996, 2331-2348.



5H4 N. Palmberg

[11] J. Xiao, The Q, corona theorem, Pacific J. Math. 194, 2000, 491-509.

[12] J. Xiao, Holomorphic @) Classes, Springer, Berlin Heidelberg, 2001.

Department of Mathematics, Abo Akademi University,
Fanriksgatan 3 B, FIN-20500, Abo, Finland
E-mail: niklas.palmberg@abo.fi



