Ulam stability problem for a mixed type of cubic
and additive functional equation *

Kil-Woung Jun Hark-Mahn Kim!

Abstract

It is the aim of this paper to obtain the generalized Hyers-Ulam stability
result for a mixed type of cubic and additive functional equation
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for all (z1,--- , 27, 7741) € X1, where [ > 2.

1 Introduction

In 1940, S. M. Ulam [21] posed the following problem concerning the stability of
homomorphisms:

Let Gy be a group and let Gy be a metric group with the metric d(-,-). Given
€ >0, does there exist a § > 0 such that if a function h : G — Gy satisfies the in-
equality d(h(zy), h(x)h(y)) < § for all z,y € Gy, then there exists a homomorphism
H: Gy — Gy with d(h(x), H(x)) < € for all x € G?
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In other words, we are looking for situations when the homomorphisms are sta-
ble, i.e., if a mapping is approximately a homomorphism, then there exists a true
homomorphism near it with possible small error.

In 1941 D. H. Hyers [6] considered approximately additive mapping f: X — Y,
where X and Y are real Banach spaces and f satisfies

1f(x+y) = flz) = Fy)ll <e

for all z, y € X. It was proved that {f } is a Cauchy sequence for every z € X and

that T': X — Y defined by T'(x) = lim,, . ! (;Z:v) is the unique additive mapping
satisfying

If(z) =T ()] <e.

B. E. Johnson [10] proved that given a Banach space X and a number § > 0 if
a continuous mapping f : X — R satisfies

’f(zz:tzﬂfz) - Zz:;tzf(ﬂfz)

<Y |Itiw]]
=1

for all positive integers n, all {; € R and all x; € X, then there exists a linear
bounded functional g : X — R such that |f(x) — g(x)| < 30||z|| for all z € X.

During the last decades, the stability problems of several functional equations
have been extensively investigated by a number of authors [2, 5, 8, 14, 17, 18].
The terminology generalized Hyers-Ulam stability originates from these historical
backgrounds. These terminologies are also applied to the case of other functional
equations. For more detailed definitions of such terminologies, we can refer to [7, 9,
19].

The quadratic functional equation

flxty)+ flr—y)—2f(r) —2f(y) =0 (1.1)

clearly has f(x) = cx? as a solution with ¢ an arbitrary constant when f is a real

mapping over R. In particular, every solution of the quadratic equation (1.1) is said
to be a quadratic mapping, even in more general contexts. A stability problem for
the quadratic functional equation (1.1) was solved by a lot of authors [3, 15, 19, 20].
Moreover, Jun and Lee [11] proved the Hyers-Ulam stability of the pexiderized
quadratic equation (1.1).

In this paper we consider the following functional equations,

fQRx+y)+ f2r —y)=2f(z +y)+2f(x —y) +12f(x), (1.2)
flat+y+z)+ flx+y—2)+2f(x) +2f(y)

=2f(x+y)+ flat+2)+ fle—2)+ fly+2)+ fly—2)
f((;ﬂfz) +$Ul+1) + f((;xz) — SL’l+1) +2;f(xl) (1.4)

I
=2f <Z >+Z (x; + x111) + [y — 2131)],
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where [ is a positive integer with [ > 2. Since the function f(z) = cx® on real field

is a solution of the functional equation (1.2), the equation (1.2) is naturally called a
cubic functional equation and every solution of the cubic functional equation (1.2)
is said to be a cubic mapping. Let both F; and F5 be real vector spaces. Authors
[12] proved that a mapping f : By — E, satisfies the functional equation (1.2) if and
only if there exists a mapping B : Ey X F; X Ey — Ey such that f(x) = B(zx,z, z)
for all z € F,, where B is symmetric for each fixed one variable and additive for
each fixed two variables.

In the present paper, we will show that a mapping f : Fy — FE, satisfies the
functional equation (1.4) if and only if there exist two mappings B : Ey x Ey; X B} —
FE5, A: Ey — FE5 and a constant ¢ in Fy such that

f(z) = B(x,z,z) + A(x) + ¢

for all x € E;, where A is additive, and B is symmetric for each fixed one variable
and additive for each fixed two variables. Additionally we solve the generalized
Hyers-Ulam stability problem for the equation (1.4) under the approximately cubic
(or additive) condition by the iterative methods and ideas that are analogous to the
ones used in [5, 18].

2 General Solution

Before taking up the main subject we seek for the general solution of (1.4) in the
class of functions between real vector spaces.

Theorem 2.1. A mapping f : Ey — Es satisfies the functional equation (1.3) if
and only if there exist mappings B : Fy X By X By — Ey, A : Ey — E5 and a
constant ¢ in Ey such that f(x) = B(x,z,x) + A(z) + ¢ for all x € Ey, where B is
symmetric for each fixed one variable and additive for each fixed two variables, and
A is additive.

Proof. Let f: Ey — F, satisfy the functional equation (1.3). Putting z =0=1y
in (1.3), we get f(2) + f(—2) — 2f(0) = 0. Thus, setting F(x) := f(z) — f(0), we
obtain that F is odd and F' also satisfies the equation (1.3). Therefore, we may
assume without loss of generality that f : E; — F, satisfies the functional equation
(1.3), f(0) =0 and f is odd. Putting z = x in (1.3), we get

fQRe+y)=3f(x+y)+ f(20) + fly —x) - 2f(z) = 3f(y) (2.1)
for all z, y € E;. Setting z = y in (1.3), one obtains that
fl@+2y) =3f(x+y)+ f(2) + flz —y) = 3f(x) —2f(v) (2.2)

for all x, y € Fy. Adding the equation (2.2) to (2.1), we lead to

flx+2y) + fQRr+y)=6f(x+y)+ f(2z) + f(2y) = 5f(x) = 5f(y)  (2.3)

for all z, y € E;. Replacing x by —x in (2.1), we get

f(—2x +y)==3f(x —y) — f(22) + f(z +y) +2f(x) — 3f(y) (2.4)
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for all z, y € E;. Putting —y instead of y in (2.2), one obtains that

flx—2y) =3f(r—y)— fQ2y) + flz+y) - 3f(x) +2f(y) (2.5)

for all z, y € E;. Adding the equation (2.4) to (2.5), we lead to the relation

flx—=2y)+ f(=2v +y) =2f(x +y) — f(2x) — f(2y) — f(x) — fly)  (2.6)

for all z, y € Ej.
NOW, define B : E1 X E1 X El — E2 by

B(x,y, z) (2.7)

= o if @yt 2+ fe—y—2) = [ty —2) = [z —y+2)

for all x,y,z € E;. Then B is symmetric for each fixed one variable since f is odd
mapping and B is additive for each fixed two variables, which is verified in the proof
of [12, Theorem 2.1].

On the other hand, define a mapping A : Ey — Fs as

A(z) := f(x) — Bz, z,x) for all x € E. (2.8)
Utilizing (2.3) and (2.6), we get

24A(z + y) — 24A(x) — 24 A(y) (2.9)
=24f(x+vy) —24f(x) — 24B(x +y,x + y, T + y)
+24B(x,x,x) + 24B(y,y,y) — 24f(y)
=24f(x+y)—24f(x) —24f(y) — 72B(x,z,y) — 72B(z,y,y)
= 24f(x +y) — 24f(x) = 3[f(2x +y) + f(—2x +y) — 2f(v)]
=3[f(z +2y) + f(z — 2y) — 2f(2)] — 24f(y)
=0

for all z, y € E,. That is, A is additive and f(z) = B(x,z,z) + A(x) for all z € E;.
Since we regard f(z) as f(z) — f(0), we get f(z) = B(z,x,z) + A(z) + f(0) for all
r € B, and we obtain the desired results.

Conversely, if there exist mapping B : By X By X EFy — FEy, A: E; — FE5 and a
constant ¢ such that f(z) = B(z,z,x)+ A(x) + ¢ for all z € F;, where A is additive
and B is symmetric for each fixed one variable and B is additive for each fixed two
variables, then it is obvious that f satisfies the equation (1.3). This completes the
proof of the theorem. [ ]

Theorem 2.2. The functional equation (1.4) in the class of functions between real
vector spaces is identically equivalent to the functional equation (1.3), and thus the
general solution of (1.4) is of the form f(x) = B(x,x,z)+ A(z)+ ¢, where B is such
as previous section and A is additive.

Proof. Letting f be a solution of (1.4), then f(z)— f(0) satisfies also the equation
(1.4). Thus we may assume that f satisfies the equation (1.4) and f(0) = 0. Putting
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x;=0foralli=1,--- ] and x;11 = z in the equation (1.4) yields f(z) = —f(—=2).
Substituting z; = 0 for all i = 3,--- ;[ and x;.; = z in (1.4) we obtain

flazr+@a+2) + flor + 22 — 2) +2f (21) + 2f (22) (2.10)
=2f(x1 +xa) + flx1 4+ 2) + f(xr — 2) + f(xa + 2) + f(x2 — 2),

which is in fact the equation (1.3).

Conversely, if f satisfies the equation (1.3), then by Theorem 2.1 f has the form
f(z) = B(z,z,z) + A(x) + ¢, and so it is easily verified that f satisfies the equation
(1.4) by expanding (1.4) into B and A terms. u

3 Stability of Equation (1.4)

From now on, let X be a real vector space and let Y be a real Banach space unless
we give any specific reference. Let RT denote the set of all nonnegative real numbers
and N the set of all positive integers. Given f : X — Y, we define the difference
Df: X" Y by

l l

Df(wy, -z, 241) = f((;&) +$l+1) +f<<;$z> —$1+1) +2§f(9€,~)
I

—Qf(zl:%) =D (@i + zg) + flai — ziga)]

i=1 i=1

for all (z1,---, 2, 241) € X', We consider the following functional inequality

||Df(l’1, 71‘171‘1—1—1)” S Qb(xla"' ,l’l,[L‘l+1),

where the mapping ¢ : X! — R¥ is called the approximate remainder of the func-
tional equation (1.4), which acts as a perturbation of the equation. For convenience
in this paper we denote

~

QS(ZL‘,?/,Z) = min{gbi,j(l‘ay?Z”iaj - ]-7 e 7l and 1 7& j}a

where ¢i,j(x7y7z) = gb(oa o 7071‘707 U 70ay707' te aoaz)a (Z 7& j) with z,y n Za]
entries, respectively, z in the last entry and 0 otherwise.

Theorem 3.1. Suppose that a mapping f : X — Y satisfies
||Df(:L‘1, SRR B xl+1)|| < ¢($17 T 7"L‘laxl+1) (31)

for all xy,--- 2,341 € X. If the approzimate remainder ¢ : X1 — Rt is a
mapping such that the series

i ¢(2i$17 ) Qixla 2i$l+1)
2i

i=1

converges for all x1,--- ,x;, 1.1 € X, then there exist a cubic mappingT : X — Y
and an additive mapping A : X — Y which satisfy the equation (1.4) and the
imequality
1 & 41 i1
If (@) = f(0) = Alz) = Tl < 752 357 ®2" @) (3.2)
1

1=
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for all x € X, where the mapping ® : X — Y is given by

O(z) = qg(a: x,x) + <;5(2:L’,3:,:U) + 4(;__12)65(0,0,33)

and the mappings T and A are defined by

| 4 —1

D f(2nta) (3.3)

forallz € X.

Proof. Define g : X — Y by g(z) := f(z) — f(0) for all z € X. Then g satisfies
also the functional inequality

<x17 c L, T, xl+1)7 (34)
i,j(l‘ayvz)

HDg<x17 7xlvxl+1)H < (b
||Dg(07"'7x707"'70ay707”'7z)|| < gb
for all x1, -+, 2,141 € X and x,y in 4, j entries, respectively, z in the last en-
try. Noting that Dg(0,---,0,2,0,---,0,9,0,---,2) is invariant for all z,y in 4,j
entries, where 7,7 = 1,2,--- [, we may assume without loss of generality that

QE(ZL',y,Z) = ¢172($’,y,2) = ¢($>?/70, e 70a2)' If we replace (xla U ,l‘l,ZL‘H_l) by
(2z,x,0,---,0,x) in (3.4), we have

lg(42) +29(22) + g(2) = 39(3z) — (I = 2)[g(=) + g(=2)]| (3.5)
< o2z,z,2) = $12(22, 2, x)

for all z € X. Replacing (x1,- -, 2, 2141) by (z,2,0,---,0,2) in (3.4), we get

~

lg(3x) + 59(x) — 4g(2x) — (I = 2)[g(x) + g(—2)]|| < ¢(x, ) (3.6)

for all x € X. Setting (z1, -+, 2, 2141) by (0,0,---,0,z) in (3.4), one obtains the
approximately odd condition of g

lo(e) + g(~)]| < = (0,0,) (37)

for all z € X. Combining (3.5) and (3.6) to eliminate the term g¢(3x), and then
applying (3.7) to the resulting inequality, we obtain

lg(4e) + 169(x) — 10g(22)] (3.8)
< 302, 2) + D22 2) + N2 g(0,0,)
-~ (),
which is rewritten by
) 1 1
J9(@) = 29(20) + p0040)| < 70() (39)
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for all € X. From the inequality (3.9) we use iterative methods and induction on
n to prove our next relation:

4ntl — 1 4n —1
- —qg(2" AR 3.10
9(0) - o 9(@0) + 02 ) (3.10)
1 X 4 — 1 i
Stz
for all z € X. We set a sequence {g,(z)} given by
4l —1 4" —1
() = ———g(2"z) — 2t e X
and prove the convergence of the sequence. Now we figure out by (3.8)
1gn41(x) = gn(@)]]
gqnt2 _ 1 gnt+l _ 1 gnt+l _ 1 4 — 1
n+1 n+2 n n+1
WQ(Z ) — WQ(Z ) — WQ(Q z) + 5 3 9(2 $)H
1 n n n n
= g 2(4"12 — 1)g(2"x) + 8(4™ — 1)g(2"2)
—16(4™ — 1)g(2"0) — (47 — 1)g(2"+2x)
1 n n n n
= 4"H110g(2" 2) — 169(2") — g(2"22)]
~[10g(2"1) — 169(2"0) — g(2" )|
R B
< W‘MQ x)

for all x € X. Hence it follows by the last inequality that for any positive integers
m,n with m >n > 0,

m—1 4k+1 -1

190(0) = ()| < 3 L) = o] < 3 g #(2')

k=n

for all z € X. Since 332, oo, ;zm“zix’“) < oo by assumption, the right hand

side of the above inequality tends to 0 as n tends to infinity and thus the sequence
{gn(z)} is Cauchy in Y. Therefore, we may define a mapping F': X — Y as

| am —1
F(z) = lim go(e) = lim | ——mg(2"2) — ——9(2""a)
At an —1
= lim |——f(2"2) — A

for all z € X and hence we right now arrive at the formula

I£(e) = £ = F@I £ 53 350

by letting n — oo in (3.10).
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To show that F satisfies the equation (1.4), we calculate the following inequality
by (3.1)

4n+1 -1
WHDf(in‘l, s ,2nl‘l, 2”1‘1_,_1)
qrtl g
< ng(?‘xl, e, 20wy, 2 ),
4 —1
Df(2n+1$1, - 2n+1xl7 2n+1xl+1)
6-8"
4" —1 n+1 n+1 n+1
< ¢(2 Ty, 72 $l72 "L‘H—l)
68"
for all z1,---,x;, ;.1 € X. Thus it follows from above two relations that
Dgn('rh c 2, xl+1>

4n+1_1
3-8

(Df(?nl’l, ety 2”1’[, 2n$l+1))
4m —1

(Df(2n+1x1’ e 2n+1xl’ 2n+1xl+1))

68"
g+t g a1
S |:7¢(2n$17 T anla 2nl‘l+1) + ¢(2n+1x1’ R 2n+1xl7 2n+1xl+1) ;
3-8" 6 - 8"
which yields by letting n — oo that DF(xq,- -+ ,x;,2151) = Oforall xy, -+ 2,241 €

X, that is, F' is a solution of (1.4). By Theorem 2.2 there exist a cubic mapping T
and an additive mapping A such that F'(x) = T'(z) + A(zx) for all z € X. The proof
is complete. [ ]

Corollary 3.2. Suppose that a mapping f : X — Y satisfies
HDf<x17 T, 2, xl+1)” <e

for all xy,--- x;,01,1 € X and some € > 0. Then there exist a cubic mapping
T :X — Y and an additive mapping A : X — Y which satisfy the equation (1.4)
and the inequality

4e(20 — 3)
1 () = £(0) = A(z) = T(z)]| < T0-1)

forallz € X.

We now investigate the generalized Hyers-Ulam stability problem for the equa-
tion (1.4) under the approximately cubic condition. Thus we investigate situations
that there exists a true cubic mapping near an approximately cubic mapping.

Theorem 3.3. Suppose that a mapping f : X — Y satisfies

IDf(x1,-- - an )| < (@, -, 2, 2041), (3.11)
1f(2z) + 8f(—z) = 9f(0)] < ¥(z) (3.12)
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for all x,zy, - 2,11, € X. If the approzimate remainders ¢ : X! — RT,
Y X — RT are mappings such that the series

i

iaﬁ(?)im,---é??jxl,gixlﬂ) o iw x
=1

=1

converge for all x,x1,--- ,x;, 1101 € X, then there exists a unique cubic mapping
T : X — Y which satisfies the equation (1.4) and the inequality
[/ (z) = f(0) = T(z)| (3.13)

—Z[ (272 (_;7);1)@1(3“:6)

/1 (—1)i .
(L "o, (3
+2(27,+ 37 ) 1(=37")

for all x € X, where

~

Bi(a) = Of,,0) + T2 0(0,0,0) + 40(0).

The mapping T s given by

T(x)= lim [(3") (3.14)

for all x € X. If, moreover, for each fixred x € X the mapping t — f(tx) from R to
Y is continuous, then T(rx) = r3T(x) for all v € R.

Proof. We use the same notation as in Theorem 2.2. If we put g(z) := f(z)— f(0)
n (3.11), then g : X — Y satisfies the functional inequality (3.4) and

lg(22) + 8g(—2)| < ¥(x) (3.15)

for all x € X. Combining (3.6) and (3.7) to eliminate the term g(z) + g(—=x), and
then applying (3.15) to the resulting inequality, we obtain

l9(3) + 59(x) + 329(—)|| (3.16)

< ¢z, z,z) + g:—iqg((), 0, ) + 4h(z) == By (z).

By substituting —z for z in (3.16), we have
[/(=32) + 5f (=) + 32f (2)]| < ®1(—x). (3.17)

We use induction on n to prove our next relation:

R T DICR RS (o b DI

S TERCTE PR FRN L) W

=1

(3.18)

M
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for all z € X. By (3.16) and (3.17), we get

(3.19)

%@»—ﬁ%M3>+§%a 34)

< ool — 9(30) = 59(0) — 329~

+%Hg( 32) + 5g(—a) + 329(x)|

which proves the validity of the inequality (3.18) for n = 1. By using (3.16), (3.17),
and the following relation:

L= 1 § L= 1 §
9(x) + 5(37n+1 B 27n+1)g (3" 2) + 5(37n+1 * 27n+1)g (=3"1)(3.20)

o 3o

% < ;;L)T — 277{“) {9(3’”%) +59(3"z) + 329(—3’%)}

1 -1\ 1
5 (S + g [9(-3" 1) + 50(=3"0) + 320(37) |

we can easily verify the relation (3.18) for n + 1.
It follows from (3.18) and (3.7) that

(3.21)

oo - 255
<3 [ <% ( 5351)%“1@ 3+ )

_ n 1\ .
1—1 (27n 37n )¢<0’O’3 7)

for all z € X.

In order to prove convergence of the sequence {9(23;9”)}, we show that it is a
Cauchy sequence in Y. By (3.21), we obtain that for positive integers n,m with
n > m, the following inequality

H 27m a 3::”) (3.22)
= o) - 255
n 1)i—1
B e e e
_1yn-1y
g (g + g )00,

holds for all z € X. Since }3°, (G 2372':5173%“) < oo by assumption, the right hand

side of the inequality (3.22) tends to 0 as m tends to infinity, and thus the sequence
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{%} is Cauchy in Y. Therefore, we may define

T(z) := lim 9(3"z) = lim f(3")

n—oo  33n n—oo  33n

for all z € X. By letting n — oo in (3.21), we arrive at the formula (3.13).
Replace (z1,- -+, 2, 21401) by (3"xq,- -+ ,3"x;,3"x;11) in (3.11) and divide by 27",
then it follows that

27inHDf(3n$U1, Tt 3n$l, 3nl’l+1)” < 277n(b<3"q;1’ e ’3”xl, 3nl’l+1).

Taking the limit as n — oo, we find that 7" satisfies (1.4). Obviously, it follows from
(3.12) and (3.7) that T'(x) + T'(—z) = 0, and T'(2z) + 8T (—x) = 0. Therefore T is
a cubic mapping defined by T'(x) = B(z,z,x) by Theorem 2.2.

To prove the uniqueness of the cubic mapping 7" subject to the equation (1.4) and
the inequality (3.13), let us assume that there exists a cubic mapping S : X — Y
which satisfies (1.4) and the inequality (3.13). Obviously, we have S(3"x) = 27"S(x)
and T'(3"z) = 27"T'(z) for all x € X and n € N. Hence it follows from (3.13) that

15(z) = T(x)]| = 277"[S(3"x) — T(3"x)]|

< 277([[15@3"x) = f(8"x) + F(O)| + [ f(3"x) — £(0) = T(3"2)|)

2 X l/1  (—1)! -
< | — — : P n+i1—1
< o7 2 [2 (27@ 37i ) (37)

1ol (=t nei—1
v (g + ) -
for all z € X. By letting n — oo in the preceding inequality, we immediately find
the uniqueness of T

The proof of the last assertion in the theorem goes through in the same way as
that of [19]. This completes the proof of the theorem. n

From the main Theorem 3.3, we obtain the following Hyers-Ulam-Rassias stabil-
ity of the equation (1.4) under the approximately cubic condition.

Corollary 3.4. Let X and Y be a real normed space and a Banach space, re-
spectively, and let §,e > 0, 0 < p < 3 be real numbers. Suppose that a mapping
f: X =Y satisfies
IDf @y, wz) || < e(lzalP 4 -+ llollP + [leal?),  (3.23)
1f(2z) +8f(—x) = 9f(0)]| <0

for all x € X and (z1, -+, 2, 2101) € X*. Then there exists a unique cubic
mapping T : X — Y which satisfies the equation (1.4) and the inequality
1f(x) = f(0) = T(z)| (3.24)

Bellzl” | (L—=2)elfzf]” 26
—27-3  (I-1)(27-37) 13
for all x € X. The mapping T is given by

T(z) = lim J(3"x)

n—co Q7n

for all x € X. Furthermore, if for each fized x € X the mapping t — f(tx) from R
to Y is continuous, then T'(rx) = r3T(x) for all r € R.
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Proof. The conclusion follows from Theorem 3.3. [ |

By Theorem 3.3, we obtain the following Hyers-Ulam stability of the equation
(1.4) under the approximately cubic condition.

Corollary 3.5. Let X and Y be a real normed space and a Banach space, respec-

tively, and let §,& > 0 be real numbers. Suppose that a mapping f : X — Y satisfies
||Df({L‘1, 7xl7$l+1)|| Ssa (325)
If(22) +8f(—x) = 9f(0)] <0

forallz € X and (z1,- - , 2, 2101) € XL Then there exists a unique cubic mapping

T:X — Y defined by T'(x) = lim,,_. f(237nf) which satisfies the equation (1.4) and
the inequality

5 (l—2)e 2

If(z) — f(0) = T(2)]| < — +

26 (1—1)26 ' 13 (3:26)

for all x € X. If moreover, for each fized x € X the mapping t — f(tx) from R to
Y is continuous, then T (rx) = r*T(z) for allr € R.

In the next part, we investigate the generalized Hyers-Ulam stability problem
for the equation (1.4) under the approximately additive condition.

Theorem 3.6. Suppose that a mapping f : X — Y satisfies

||Df(:L‘1, T axlaxl-i-l)H < Qb(xlv IR E xl+1)7 (327)
[f(22) +2f(—=) = 3f(0)] < ¥(x) (3.28)
for all x, 21, 2,211 € X and for some 0 > 0. If the approximate remainder

¢: XH S R ¢ X — R are mappings such that the series

i ¢(3i;p1’ - é?il‘l, 3il‘l+1) and i ’(/J(;E:l‘)
=1

i=1

converge for all x,x1, -+ ,x;, 2141 € X, then there exists a unique additive mapping
A: X — Y which satisfies the equation (1.4) and the inequality
1f(x) — f(0) — A(z)]| (3:29)
>© r1/1 -1 i—1 )
< [— (—. _ =D )@1(3“:5)
= L2\3 13
171 (=1)t -
—| = — D (—3'
+2(3Z+ 13 ) (=3 x)]

for all x € X. The mapping A is given by

Alz) = Tim L8°0) (3.30)

n—00 3n

for all x € X. Moreover, if for each fized x € X the mapping t — f(tz) from R to
Y is continuous, then A(rx) = rA(z) for all v € R.

Proof. 'The proof of this theorem goes through in the same way as that of
Theorem 3.3. ]



Ulam stability problem 283

4 Applications

Let B be a unital Banach algebra with norm |- |, and let gB; and gBs be left Banach
B-modules with norms || - || and || - ||, respectively. A cubic mapping T": gB; — gBs
is called B-cubic if

T(ax) = a®T(z), VYa € B,Vz € gB.

In the last part of this paper, we prove the generalized Hyers-Ulam stability problem
for the equation (1.4) in Banach modules over a unital Banach algebra.

Theorem 4.1. Let ¢, be defined mappings as in Theorem 3.3. Suppose that a
mapping [ : pBy — By satisfies

Hf((zl: az;) + Of.rl+1) + f((zz:l; ax;) — aa:lﬂ) +2 Zz:l; flax;) — 2a3f(iz: ;)

—Oégz $z+$l+1 +f( —$1+1)]H §¢($1,"' ,$1,$1+1),

1f (2ax) + 8043f(— ) = 9fO)] < ¥ (x)

forall o € B(la| =1), all x,xy,- -z, 2141 € gBy. If f(tx) is continuous in t € R
for each fixed x € gB, then there exists a unique B-cubic mapping T : gBy — gBs,
defined by (3.14), which satisfies the equation (1.4) and the inequality (3.13).

Proof. By Theorem 3.3, it follows from the inequality of the statement for a =1
that there exists a unique cubic mapping T : gpB; — gB,, defined by T'(z) =
limy, oo £ (27n , which satisfies satisfies the equation (1.4) and the inequality (3.13).
Under the assumption that f(tx) is continuous in ¢ € R for each fixed z € gBy, by

the same reasoning as the proof of [19], the cubic mapping T : gB; — B, satisfies

T(tr) = *T(z), Va € gBy,Vt € R.

That is, T is R-cubic. Since T satisfies the equation

l l l
T((Z az;) + axl+1) + T((Z ax;) — axl+1) +2Y T(az;)
i=1 j i=1
!
—2a3T Z —ao? Z (x; + x101) + T(x; — 2141)] =0,
1=1

putting (z,0,---,0,0) instead of (z1,---,x;,2;11) in the last equation we obtain
that for each fixed a € B(|a| = 1), T(az) = o3T(z) for all z € gpB;. The last
relation is also true for a = 0. Since T is R-cubic and T(ax) = o*T'(z) for each
element a € B(|a| = 1), for each element a € B(a # 0) a is written by a = |a] -
and thus

Ia\

a

lal

a

a
v) = o Tl = laf' - g

lal
= a*T'(x), Va € B(a#0),Vr € pB,.

T(ax) =T(|al - -T(x)

So the unique R-cubic mapping 7' : gB; — B, is also B-cubic, as desired. This
completes the proof of the theorem. [ ]
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Since C is a unital Banach algebra, the Banach spaces E; and F, are considered
as Banach modules over C. Thus we have the following corollary.

Corollary 4.2. Let ¢,v be defined mappings as in Theorem 3.6 and let Ey and E
be Banach spaces over the complex field C. Suppose that a mapping f : E1 — FEs
satisfies

Hf((zl: ax;) + oz:clH) + f((zz:l; ax;) — a:clﬂ) + Zg;f(ozxi) — 2a3f(iz:l; ;)

—Oégz $z+$z+1 +f( '—901+1)] ' < ¢($1,"' ,$l,$1+1),

||f 2ax) + 8a3f(— ) = 9f(0)]] < ¥(x)

for all a € C(la| = 1), all x,x1,--- 21,2141 € Ey and for some 6 > 0. If f(tx)
1s continuous in t € R for each fived v € FEy, then there exists a unique C-cubic
mapping T : By — Ey which satisfies the equation (1.4) and the inequality (3.13).

Similarly, we obtain the alternative results of Theorem 4.1 and Corollary 4.2 for
the approximately additive condition.
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