Periodic boundary value problems for functional
differential equations

Tadeusz Jankowski

Abstract

In this paper, the method of quasilinearization has been extended to pe-
riodic boundary value problems of nonlinear functional differential equations.
It is shown that monotone iterations converge to the unique solution and this
convergence is semi—superlinear.

1 Introduction

Put Cy = C(Jy,R), C; = C(J x Cy,R) with Jy = [-7,0], J = [0,7T] for some
7,7 > 0. Let g € Cy and ¢(0) = 0. We shall study the following periodic boundary
value problems for functional differential equations

) 2(t) = f(t,zy), t €,
z(s) =g(s) +x(0), s€ Jy, z(0)==x(T),

where f € (4, and for any t € J, z; € Cy is defined by z,(s) = x(t + s) for s € J.
Note that g is given on Jy. If we take g(s) = 0 on Jy, then the boundary condition
in (1) has the form z(s) = z(0) = (T, s € Jo.

The differential equation from problem (1) is a very general type. It includes,
for example, as special cases, ordinary differential equations if 7 = 0, differential-
difference equations, and integro—differential equations too.
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It is known that the method of quasilinearization offers an approach for obtain-
ing approximate solutions of nonlinear differential equations ( for details, see, for
example [5], [7]). Recently, this method has been extended so as to be applicable to
a much larger class of nonlinear problems (see, for example [2], [4]-[10]). The pur-
pose of this paper is to show that it can be applied successfully to periodic boundary
value problems of functional differential equations. Under suitable assumptions it
is shown that linear iterations converge to the unique solution of our problem and
this convergence is semi-superlinear.

2 Assumptions

Choose M > 0, and rewrite the differential equation of (1) as

(2) r'(t) = —Mux(t) + Mx(t) + f(t,z), t € J.

Then, by variation of parameters formula, equation (2) takes the form
o(t) = e Mt {x(()) + [ "M (Ma(s) + f(s,20)] ds}, e

Since x(0) = z(7T), it follows that

z(0) = eMT%l/oT eMS[Mx(s) + f(s,x4)]ds.

It shows that problem (1) is equivalent to the following one

e_Mt T Ms
x(t) €MT7—1/0 G(t,s)e™*[Mx(s) + f(s,z4)]ds, te€J,

2(s) = 2(0) + g(s). 5 € Jo

(3)

where
MT if 0 < s < t,

1 ift<s<T.

G(t,s) = {6
A function v € C = C(J,R)NCY(J,R), J = [—7,T] is said to be a lower solution

of problem (1) if

{v’(t) < ft,vy), t€J,
v(s) =g(s)+v(0), se€Jy, v(0)<v(T),

and an upper solution of (1) if the above inequalities are reversed.

Now, we list the following assumptions for later use.
Hl f € Cla g e 007 g(O) 207

Hsy o, 20 € C are lower and upper solutions of problem (1) and yo(t) < 2(t) on
J,

Hj the Frechet derivative fg exists, is a continuous linear operator satisfying:
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(a) |fo(t,)v] < L{naﬁ lu(s)], L>0forteJ, ¢,uv ey,
(b) f(t,v2) > f(t,v1) + fo(t,v2)(va —vq) for t € J, v1,v9 € Cy such that
Yo S U1 < v < 2oy,

(c) if v < vy, v,v1,u3 € Cp, then fo(t,v)vy < fo(t,v)vy for yo < v <
ZO,t7 t e J,

(d) if v,0,V € Cy, V >0, then

fo(t,0)V > fo(t,0)V for t € J, yo: <0 <wv < 2y,
(e) S fo(s,u)vyds > 0if u,v, € Cy, v(s) >0, s € J,

Hy there exist constants L; > 0 and « € [0, 1] such that the condition

‘f‘i’(tuvl) - f‘i’(t7v2)| S L1|v1 - ,UQ‘S{

holds for ¢ € J, vy, vy € Cy with |v]g = max, lvu(s)].
se|—T,

3 Existence, uniqueness results

In this section we give existence/uniqueness results both for initial and boundary
value problems of functional differential equations.

Theorem 1. Let Assumption Hs(a) hold. Assume that h € Cy, b € C(J,R).
Then the problem

7' (t) = fo(t,w)a, +b(t), t€J, ueCy xecC,
{ x(s) = h(s), s€Jy

has a unique solution.

Proof. 'To show it we can use the Banach fixed point theorem with the norm
|v], = maxe ®*u(t)] for K > L.
ted

We omit the details.
Lemma 1. Let Assumption Hj(a,e) hold. Then the problem

d(t) = fo(t,u)ay, t€J, ueCy acC,
{ a(s) =a(0) =a(T), s € Jy

has only zero solution.

Proof. Note that a(t) = 0, t € J is a solution of (4). Suppose that problem (4)
has another solution w. Let B = {t; € J : w(ty) = 0}. Assume that t, € B. If tg =0
or to = T, then w(0) = 0. Hence w(t) = 0, t € J since the initial problem has only
one solution, by Theorem 1. It is a contradiction. If 0 < tg < T, then w(ty) = 0
showing that w(t) = 0 on [tg, T]. Since w(T') = 0 and w(T) = w(0), so w(t) =0 on
J. It is a contradiction again. If we assume that w(t) > 0, t € J, then

(4)

w(t) = w(0) + /Ot Jo(s,u)wsds, t e J
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Note that w(T) > w(0) because [; fo(s,u)wsds > 0, by Assumption Hs(e). It is a
contradiction. Same argument holds if we assume that w(t) < 0 on J. It proves that
problem (4) has only one solution. It ends the Proof.

The next theorem gives sufficient conditions for the uniqueness of the solution
of (1) but it does not guarantee the existence of the solution.

Theorem 2. Assume that Assumptions Hy, Hs(a,e) hold. Then problem (1)
has at most one solution.

Proof.  Assume that problem (1) has two solutions x and y. Put p = = — y.
Then p(s) = p(0) = p(T'), s € Jy. Moreover, by a mean value theorem, we get

P = fltm) — f(ty) = [ faltsr+ (= shy)dspe, t€ T

This and Lemma 1 prove that p(t) = 0 on J showing that problem (1) has at most
one solution. It ends the Proof.

Lemma 2. Let Assumptions Hq, H5 and Hs hold. Then, for ¢t € J,u € €, the
periodic boundary value problem

(5) {p/(t) flt,u)+ fo(t,u)[p, —u], t€J, peC,
p(0) =p(T) and p(s) =g(s)+ p(0), s€ Jy

has a unique solution. The set {2 is defined by

Q={pecCo:yos <P <20y teJ}.

Proof. Using (2) and (3), for M > 0, we see that problem (5) is equivalent to
the following

—Mt

p(t) = 61\37“7_1 /OT G(t,s)eM [Mp(s) + fo(s,u)(ps —u) + f(s,u)]ds = Ap(t), t € J,
p(s) = p(0) + g(s), s € Jo.

Assumptions Hy and H3(b, d) imply that

y(,)(t) S f(t7y0,t) - f(t7u) +f(t7u) S f(tau) +f<I>(tvu)[y0,t - u]v te Ja

nd
’ 20(t) 2 [t z200) = f(t,u) + f(tu) 2 f(t,u) + folt, 20.) 200 — u]
> f(t,u) + fo(t,u)|zor —ul, teJ

Knowing that yo(0) < yo(7), 20(0) > 20(T"), and using the above inequalities
and the method of integration by substitution, we see that

efMt

Ayo(t) = oMT

=[Gt 5 (Mo (s) + Fols, ) — ] + (s, )} ds

- 0

e—Mt T o ,

7 || Gt lyh(s) + Myo(s)]ds
Mt

>
€

= o {eT [Myo() — 5o(0)] + €T yo(T) — Miyo()} = wo(t), €
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and
Azo(t) G(t,5)e™* {Mz(s) + fo(s,u)[z0s — u] + f(s,u)} ds
= 4(s) + Mo(s)]ds
- — 1 {eMT [eM 20(t) — 20(0)] + M= (T) — Mizo(t)} < 2(t), tE .

Let v1,v9 € C(J,R) and yo(t) < v1(t) < va(t) < 20(t), t € J, 50 Yo < v14 <
vor < 204, t € J. Then, by Assumption Hs(c), we have

Aur(t) = o [ G )M M (5) + als, wlons ] + (5,00} ds
< ez\i; 1 /OT G(t,s)eM* {Muvy(s) + fa(s,u)[vas — u] + f(s,u)} ds = Avy(t)

showing that the operator A maps the segment [yo, zo] into itself. Since A is a com-
pletely continuous operator on [y, 2o, so the sequences vy, 11(t) = Ay, (t), zn+1(t) =
Az,(t) converge to the fixed points y, z € [yo, 20] of A and y(t) < z(t) on J.

Now we are going to show that problem (5) has one solution. Assume that it
has two solutions, z and y. Set ¢ =z — y, so ¢q(s) = q(0) = q(T), s € Jy. Then

{q’(t) = fo(t,u)q, t€J,
q(s) = q(0) = ¢(T), s € Jo.
By Lemma 1, this problem has only zero solution. This proves that z(t) = y(t) on

J, so problem (5) has a unique solution.
It ends the Proof.

Lemma 3. The assertion of Lemma 2 also holds if problem (5) is replaced by
the following

{p’(t) = f(t,v) + fo(t,u)[pr—v], u,veQ, u<v, pel,
(8) = g(s) +p(0) and p(0) = p(T).

Proof. Obviously, we see that

yé(t) S f(tv yO,t) - f(tv U) + f(t7 U) S f(ta 1)) + f@(tv U)[yo,t - U]
< f(ta U) + f‘P(tv u)[yO,t - U]?
and
20(t) = f(t z00) = f(tv) + f(t,0) = f(tv) + fa(t, z04) [z00 — V]
> f(t,v) + fo(t,u)[z0: —v], t€J.

The rest of this proof is similar to the proof of Lemma 2 with the operator A defined
by

Ap(t) G(t,s)eMs [Mp(s) + fo(s,u)(ps —v) + f(s,v)]ds, t€J.

r—1
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We omit the details.

Lemma 4. Let Assumptions H;, Ho, Hs hold. Let u,v € C be lower and upper
solutions of problem (1) such that yo(t) < u(t) < v(t) < z(t), t € J. Then the
problems

{p'(t) = f(t,ue) + fo(t,ue)pe — i), t € J, p(0) =p(T), p(s) = g(s)+p(0), s € Jo
q'(t) = f(t,v) + fo(t,u)lg — v, t € J, q(0) = q(T), q(s) = g(s) +q(0), s € Jy

have their unique solutions (p, ¢). Moreover u(t) < p(t) < q(t) < wv(t), t € J.

Proof. By Lemmas 2 and 3, there exists a unique solution (p, ¢) of (6). We need
to show that p,q € [u,v] and p(t) < ¢(t), t € J. Note that, for M > 0,

p(t) = A(t,u,p), q(t)=B(t,v,q), t€J,

where
Altup) =~ [ Gt )M U (s, p)d
( ,u,p) - eMT _ 1/0 ( ,S)Q (S,u,p) S,
efMt T o
B(t,u,q) = T 1 /0 G(t,s)e™*U(s,v,q)ds,
U(t,?],p) = Mp(t) + f@(tvut)[pt - Ut] + f(tv Ut)'
Let

{anrl(t) = A(t,u,pn), p(](t) = u(t)v te J:
Gn+1(t) = B(t,v,q), qo(t) =v(t), t € J.
Observe that
U(t,u,u) = Mu(t) + f(t,u;) = Mu(t) + u'(t),
U(t,v,v) = Mo(t) + f(t,v) < Mo(t) +v'(¢)

because u,v are lower and upper solutions of (1), respectively. Now, using the
method of integration by substitution, we get

m(t) = A(t u,u) 1eMsU (s, u, u)ds

1
> — 1 eMS[Mu(s) +u'(s)|ds
= {<6MT DO+ T — u(O)]} = ult) = polt),
q.(t) = B(t,v,v) — eMs[Mu(s) +v'(s)]ds
- {<eMT e ) o0} < 0lt) = o)

Suppose that a(t) < 3(t) on J. Then,

Ult,u,a) = Ma(t) + fo(t,u)[ow — By + By — up + vg — o] + f(t,uy)

< Mﬁ@) + f‘i’(ta ut)[ﬁt - Ut] + f¢<t7 ut)[vt - ut] + f(ta ut) - f(ta Ut) + f(t7vt>

<U(t,v,p)
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Hence
eth T Ms
p(t) = m/o G(t,s)e*U(s,u,u)ds

e—Mt T M
eMT /0 G(t,s)e”*U(s,v,v)ds = qi(t), t € J,
SO
po(t) < pi(t) <qu(t) < qo(t), teJ

By mathematical inductions, we are able to show that

po(t) <pi(t) <+ <pat) < qu(t) < < qu(t) < qolt), te

It yields p, — p, ¢, — ¢, p,q € [u,v] and p(t) < ¢(t),t € J. It ends the Proof.

4 Main result

A fundamental result of this paper is the following.

Theorem 3. Assume that Assumptions from H; until H are satisfied. Then
there exist monotone sequences {y,}, {z,} which converge uniformly to the unique
solution x of problem (1) and that convergence is semi—superlinear i.e.

max [2(f) = Yoy (1)] < a1 max Psl§ + ay max |pn,ifo,

max |z (t) — 2,11(8)] < a3 max 1Pntl§ | @ntlo + as max |GnelST + as max |qn.tlo

for some nonnegative constants ¢; and p, = x — Y, ¢ = 2, — T.
Proof.  Let yn11(s) = g(s) + yn11(0), 2n41(s) = g(s) + 2,41(0), s € Jo and

y;-{—l(t) = f(t7 yni) + f¢<t7 yn,t>[yn+1,t - yn,t]u yn+1<0) = yn+1<T>7
Z;H—l(t) = f(tv Zn,t) + fq;.(t, yn,t)[zn—l—l,t - Zn,t]a Zn+1 (0) = Zp+1 (T)

forte J n=0,1,---.
Note that the elements yq, z; are well defined, by Lemmas 2 and 3. Lemma 4
asserts that

Yo(t) < wyi(t) < z1(t) < 20(t), t e

Now we prove that yi, z; are lower and upper solutions of problem (1), respec-
tively. By Assumption H3(b, d), we get

yi(t) = f(t,yo.0) + fa(t, o) Wre — voul — f(t,y1e) + f(ty14)
< f(tye) — fo(t,yre) Wie — You| + fo(t, vor) Wie — You] < f(Ev1)

and
Zi (t) = f(tv Zo,t) + f@(t, yo,t)[zl,t - ZO,t] - f(t, Zu) + f(t, 21,t)
> f(t,z10) + fo(t, 204) (204 — 214 + fo(t, You) 214 — Z04)
Z f(t, Zl,t)-

It proves that yi, 2; are lower and upper solutions of (1).
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Let us assume that
yo(t) < wyi(t) < -+ < ypealt) < yilt) < zplt) < zpa(t) < --- < z(t) < z(t), te

and let yg, zx be lower and upper solutions of problem (1) for some k& > 1. Then,
by Lemmas 2 and 3, the elements vy, 1, zx11 are well defined. Moreover, Lemma 4
yields

Ye(t) < Y1 (t) < zpga(t) < z(t), te .

Hence, by induction, we obtain
Yo(t) Sya(t) <--- Synlt) S 2(t) < -~ < z(t) S 20(t), te

for all n. Employing standard techniques [5], it can be shown that the sequences
{yn},{zn} converge uniformly and monotonically to the solutions y,z of (1), so
Yn — Y, 2n — 2z and y(t) < z(t) on J. By Theorem 2, y = z. It means that the
sequences {y,},{z,} converge to the unique solution z of problem (1).

It remains only to show that the convergence of ¥, z, to the unique solution x
of problem (1) is semi—superlinear. For this purpose, we put

Prsa(t) = 2(0) = guia()) 20, quia(t) = 201 () —2(H) 2 0 t € J.

Note that pn+1(3) = pn-i-l(o) = pn-l—l(T)v Qn-‘rl(s) = Qn-i-l(o) = Qn—l—l(T)v s € Jo.
Observe that

pn+1<t) = :L‘(t) - yn+1<t) + yn@) - yn(t) < pn(t)
Qi1 (t) = znp1(t) — (1) — 20(t) + 20 (1) < gn(?).

Choose M > 0. Using Assumptions Hs and Hy, we obtain
p;wrl(t) = f(t7 xt) - f(t7 yn,t> - f‘i’(tv yn,t)[ynJrl,t - yn,t]

1
= /0 f<1>(ta STy + (1 - S)yn,t)pn,tds - f<1>(t> ?/n,t)[Pn,t - pn-i—l,t]
1
= /0 [fo(t, sz + (1 = 8)ynit) — fo(t, Ynt)Pnids + fo(t, Yn)Pni1,

1
< Ll/(] Sa‘pn,t‘S{Jrlds + f‘i’(tv yn,t)anrl,t
< D+ Lmaxpy(s) + Mpny(t) = Mpaia(t)
< D+ (L+ M)max |pnlo = Mppsi(t) = D — Mpnia(t)

with D = 4 max P67t Hence, the differential inequality yields
P (t) < e ™ 1 p,y1(0) + 2 (eMt - 1) teld
n+1 -~ n+1 M ) .

D D
Since pua(0) = pua(T), we get pua(0) < 17,50 pra(f) < 17, € J. Hence, we
finally obtain

1
o a+1
max [pa1(8)| < - {Ll max [pr,e[g™" + (L + M) max \pn,t|o} :
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By a similar way, we can obtain

q1/1+1<t) = f(t, 2ng) = f(t, ) + fo(t, Ynit) [Zng1,e — Te + T — 2ny]

1
- /0 f‘b(ta SZnt + (1 - S)xt)qn,tds + fq;.(t, yn,t)[Qn-‘rl,t - Qn,t]

= [ Unlt sz + (1)) = Faltsm) + falt ) — falt, 0] dn.ds

+ fo(t, Ynt)nt1t < L1 [|@nele + 1Pntld] ne + fo(t, Ynt)Gnsr s
S P+ (L + M) I?EaJX |qn,t|0 - MQn—I—l(t)v te J7

where

P=1IL max {|qn,t|8+1 + |pn,t|8|Qn,t|0:| .

Consequently

1
< a a+1
max go+1(t)] < 77 | Lo max |poelgldn,elo + Lymaxgnefo™ + (L + M) max |gao| -

The proof is complete.

Remark 3. If @ = 1, then the convergence of sequences {y,} and {z,} to z is

semi—quadratic.
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