Proof of a conjecture on word complexity

Florence Levé Patrice Séébold

Abstract

An integer n is k-reachable if there exists a word of length k which contains
exactly n non-empty different factors. Given k, all the k-reachable integers
are between k and M—;Q but, between these two values, not all the integers
are k-reachable. We give a general construction which associates to each k a
family of words containing for each k-reachable integer n, exactly one word
having n different factors. This also proves the conjecture of Késa about the
smallest number myj such that all the integers between my and k(kTH) are
k-reachable.

Résumé

Un entier n est k-atteignable s’il existe un mot de longueur k£ contenant
exactement n facteurs non vides différents. Etant donné k, tous les entiers
k-atteignables sont compris entre k et M—;Q; mais entre ces deux valeurs,
tous les entiers ne sont pas k-atteignables. Nous donnons une construction
générale pour associer a chaque k une famille de mots qui, pour tout entier
k-atteignable n, contient exactement un mot ayant n facteurs différents. Cette
construction nous permet également de prouver la conjecture de Kasa concernant
le plus petit nombre m; tel que tous les entiers compris entre my et k(kTH)
sont k-atteignables.

1 Introduction

The combinatorial properties of words have been studied intensively since the 60-
70’s, although the first papers in this area are those of Thue at the beginning of the
century [6, 7] (see [4, 5] for a general overview and a large bibliography). However,
most of the works deal with infinite words. Less attention has been given to finite
sequences (for more informations see, e.g., [1]).
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The present paper addresses the counting of the number of different factors of
finite words, depending on their length and the cardinality of the alphabet. It is
organized as follows. Section 2 contains definitions and notations. The main results
are also introduced in this section. In Section 3, we study the complexity function
and obtain a result (Proposition 3.3) which improves one of de Luca. Section 4 is
dedicated to the presentation of the family Fj, and the last section contains the
statements and proofs of the two main results (Theorems 5.1 and 5.3).

2 Preliminaries

The terminology and notations are mainly those of Lothaire [4, 5].

A word is a finite string of elements called letters. The empty word € is the
neutral element for the concatenation of words (the concatenation of two words u
and v is the word uv).

The length of a word u, denoted by |ul, is the number of occurrences of letters
in u. In particular |e| = 0. If n is a nonnegative integer, u™ is the word obtained by
concatenating n occurrences of the word u. Of course, |u"| =n X |u].

A word w is called a factor (resp. a suffix) of u if there exist words x, y such that
u = zwy (resp. u = rw).

Let w be a word and m a positive integer. We denote by C,,(w) the number of
different factors of length m in w. For instance, if w = abcab then C;(w) = 3 and
Cy(w) = 3. By convention, Cy(w) = 0.

We denote by C(w) the complezity of w, that is, the total number of non-empty
different factors of w: C(w) = "', Cpu(w). For example, if w = abcab then
C(w) = 12. Of course, C'(w) = 0 if and only if w = e.

Let k be a nonnegative integer. An integer p is k-reachable if there exists a word
w of length k such that C'(w) = p. Remark here that 0 is k-reachable if and only if
k=0.

For a given value of k, k-reachable integers are all between k and k(kT’Ll) Indeed,
the word of length & containing the minimum number of factors is the word a* which
has k different factors (one of each length) and the word having the maximum is

aj - - - ai (where all the letters a; are different) which contains k(k; D

On the other hand, if £ > 3 then integers between k and k(k—;ll are not all k-
reachable. For example, the integer 4 is between 3 and 6, but it is not 3-reachable;

in the same way, the only 5-reachable integers (thus, between 5 and 15) are 5, 9, 11,
12, 13, 14, 15 (see [3]).

For a given k, we denote by Ny the set of k-reachable integers. From above,
N3 ={3,5,6} and N5 = {5,9,11,12,13, 14, 15}.

A natural question is to characterize, for all k£ € N— {0}, the set N;. We answer
this question, associating to each integer k a family F} of words which, for each
k-reachable integer p, contains one and only one word of complexity p (see Theorem
5.3).

Now, for all & € N, we denote by m; the smallest number such that all the

integers between m;, and k(kT’Ll) are k-reachable:

different factors.
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k(k+1)
2

mr=min{n e N|Vpe Nn<p< = p € Ni}.

In the previous example, m3 = 5 and ms = 11.

Such an integer m;, always exists for all k& € N (because the integer k(k—;ll is
always k-reachable), and if k =0 or k =1 then my, = k = k(kT’Ll)

Notice that if £ > 2 there exists one and only one nonnegative integer [ and one

and only one integer ¢ such that

I(1+1)
2

k = +2+dand 0 <1 </[. (1)

(Ifk=2,1=0;if k=3 or k=4,1=1, etc.)
Remark that, in every case, [ < k — 2.
Then, with any integer £ > 2 can be associated a unique integer

(1?2 -1
1= 1)

5 +3l+24+i(l+1).

Z. Késa conjectured [2, 3] that, for all & > 2, my, = b. The construction of the
family F}, also allows us to prove this conjecture (see Theorem 5.1).

3 Some properties of the complexity function
We first translate with our notations a result of de Luca [1, Proposition 4.2].

Proposition 3.1. For each non empty word w there exist two positive integers x
and y such that the function m — Cp,(w) is

e strictly increasing in the interval |1, x]
e non decreasing in the interval [z, y]
e decreasing by one (Cpy1(w) = Cp(w) — 1) in the interval [y, |w]].

In what follows, we shall give a new property of this complexity function. A
direct consequence will be a strengthening of de Luca’s result: in the interval [x,y]
this function is first strictly increasing and then has a constant value (in particular
it cannot be constant in different intervals).

The following property clarifies the evolution of C,,(w) as a function of m.

Property 3.2. For any word w and any integer m, if Cy,(w) = Cyyr(w) then, for
all integers i € N, Cppyi(w) < Cpp(w).

Proof. Suppose there exists a shortest word w such that the property is false for an
integer m. Let k = |w|. One has k > 1 and m < k. Thus there exist a word w’ and
a letter x such that w = w'z, and w has a suffix u of length m. Let t = C,(w) =
Crni1(w). Two cases are possible.
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e 1 is a factor of w'.

Since the property is false for the integer m, there exists a least integer ¢ > 2
such that C,4;(w) >t + 1. From Proposition 3.1, Cy,4i-1(w) = t.

Since u is a factor of w’, each factor of w of length m has, in w, an occurrence
that is not a suffix of w. In this case, each of these factors extends in exactly
one way to the right to give a factor of length m+1. Now, since Cy,yi—1(w) =t
and C,i(w) > t+1, there exists at least one factor of length m+i—1 extending
to the right in at least two different ways. But then it would also be the case
for its suffix of length m. This leads to a contradiction.

e 1 is not a factor of w'.

For any integer 4, the suffix of w of length m + 7 is not a factor of w’ (because
if such a suffix exists then it ends with w). Thus C,4;(w') = Cpypi(w) — 1. In
particular, Cp,(w') = Cppr(w') =t — 1.

But, since |w’'| < |w|, the property is true for w’. Consequently, for any integer
iy Crpgi(w') < t — 1. This implies Cy, i (w) < t. ]

A direct consequence of Property 3.2 is that the two integers of Proposition
3.1, x and y, can be chosen such that the function ¢ — C,(w) is constant for x <
q < y. This property also implies that x is the least integer such that C,(w) = maz
{Cy(w)|1 < ¢ < k}. Moreover, since this function is decreasing by one in the interval
[y, |wl|], one has y = |w| — Cp(w) + 1.

Consequently, we obtain the following result which strengthens Proposition 3.1.

Proposition 3.3. Let w be a word of length k, and m the least integer such that
Cint1(w) < Cp(w). Then the function g — Cy(w) is

e strictly increasing for q between 1 and m (this means Cy(w) — Cy—1(w) > 0,
2<qg<m);

e constant (equal to Cy(w)) for q between m and k — Cp,(w) + 1 (this means
Cn(w) = ... = Crcpw)+1(w) );

e decreasing by one for q between k — Cp,(w) + 1 and k (this means Cy(w) =
Comi(w)—1=k—q+1, k—Cpw)+2<q¢< k).

With this, the complexity of the word w is given by

m—1 Cm(w)—1
Clw) = A Ci(w) + (k= Cp(w) + 1 —m+1)Cp(w) + Z i
_ TTL_O Ci(w) + (k —m)s — LS; 3) (2)

where s = max{Cy(w)|1 < ¢ < k}, m = min{q € N|C,(w) = s} (and Cypq(w) —
Cy(w) >0,1<qg<m-—1).

From this we deduce the following property (given without proof in [3]).



Proof of a conjecture on word complexity 281

Property 3.4. Let w be a word of length k containing p different letters (p < k).
Then C(w) > p(k —p) + p(pTH).

Proof. From Proposition 3.3, C;(w) > pforall 1 <i < k—p+1, and Cy_;(w) = j+1
for0<j<p-—2

1 k—p+1 k
Thus C(w) > p(k —p + 1) + $521 4, ie., C(w) > p(k — p) + 2EL, u

Remark that for each value of s, C'(w) will be maximal if m = 1. In this case

C(w) = ks — 5(32_ D (3)

Before continuing, we need to establish a few formulas linking k, [ and b;. We
have k = "W 19 4 and b, = 1 43142 4 i(1+ 1),

But
1(1? =1 I(I+1)(1—1
( 5 )+3l—|—2+i(l—|—1) = %+(3+i)l+2+i
P(l+1 (141
= (;>+(2+i)l—%+l+2+z’
(141 (-1
= l[m+2+i]—u+2+i
2 2
So
b = kl-@ﬂﬂ (@)
= k(l+1) -0 (5)
= (k=0 +k (6)

We are now able to prove a proposition that will be useful in Section 5.

Proposition 3.5. Let w be a word of length k and s = max{Cy(w)|1 < g < k}.
1) If s <1 then C(w) < by — 2.
2) If s > 1+ 1 then C(w) > by.

Proof. Let w be a word of length k and s = max{Cy(w)|1 < ¢ < k}. To guarantee
the existence of [, we suppose k > 2.

) Ifr <lthenl=s+p, peN.

Since [ < k—2 (see Relation (1)), we have 2k—2s—p+1 > p+5 > 0. Consequently,

ks — —8(82_1) <kl — —1(151) (because ki — _1(151) — (ks — 8(82_1)) = p(%_Q;_pH)).
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But, from (4), by—2 = kl—l(l—gll—i—i, 0 < i <lthus kl—l(l—;ll < b, — 2. Moreover,
C(w) < ks — 220 (see (3)).
Consequently, C(w) < by, — 2.

This case is illustrated by the following picture where the dashed line corresponds
to s = [ and m = 1 (the value of C'(w) is then maximal, equal to by — 2 — i =
Kl — ML),

2

Ci(w)
- N
S
I : , 7
1 m k—1 k

2) Suppose now that s > [+ 1.

To make the proof easier to understand, we first consider the case of a word
containing at least [ 4+ 1 letters.

Lemma 3.6. Let w be a word of length k. If w contains at least | + 1 different
letters then C(w) > by.

Proof of Lemma 3.6. Let w be a word of length k containing at least [ + 1 different

letters. According to Property 3.4 and since, when k > 2, p(k — p) + p(pT_l) is an

increasing function of p for 1 < p < k, we have C'(w) > (I+1)(k—1—1)+ W,
that is C(w) > I(k — 1) + k + 52

But from (6), we have I(k — [) + k = by. Since for all 1 > 0, -1 > 0, we have
then C'(w) > by. n

Assume now that w contains [ — p different letters, 0 < p <[ — 1.

We can suppose that p <[ — 2. Indeed, if p =1 — 1 then the word w is written
over only one letter and it contains only one factor of each length, thus not [ 41 for
any length.

Let ¢ be the smallest length for which w contains at least [ + 1 factors (¢ > 2).
Then w contains at most [ factors of length ¢ — 1 and so, according to Property 3.3,
it contains at most [ — 1 factors of length t — 2, [ — 2 of length ¢t — 3, ..., l —i+4+1
of length ¢t — i, the number decreasing at least by 1 at each step. In particular, it
contains at most [ — p + 1 factors of length ¢ — p. But w contains [ — p factors of
length 1 and thus it must contain at least [ — p 4+ 1 factors of length 2.

This means that t — p < 2 (because if ¢ — p > 2, w would contain a number of
factors of length 2 strictly smaller than I — p +1). Sot < p + 2.

Consequently, w contains at least [+ 1 factors of length p+ 2, which means that
the minimum number of factors corresponds to the following behaviour:
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[—p factors of length 1 )

l—p+1 ) ptl

=p)p+2)+> i
i=1

l—p+p p+1

l—p+p+1=10+1 p+2

. . .. (+1)(k—1—p—2)

[+1 E—1

! k—1+1

1 k > i

=1

(Remark that this makes sense because k —1 —p —2 > 0.
Indeedk—l—p—Qzl(Z—;Q—H—p.
But, since 0 < p<l—2and 0 <i <1, 1(151) Ti—p> l(lgl)

Andl(l_gll_([_Q):(l—_éﬂz(]iflzo.)

pt1

—(1-2).

l

Hence C(w) > (I—p)p+2)+> i+ (+1)(k—1l—-p—2)+> i

=1
23
p 23p 2 1(l+1) T
(p+1(p+2)

I(1—-1)
TP TA RS
5 + Ok + 5

v

v

=1

v

bi (because, since 0 < p <1 — 2, l(l;

1) > (p+1)2(p+2) )

This case is illustrated by the following picture where the dashed line corresponds

tos=I0l+1landp=10—2(som=1<k—1[ because k — 2l
(see (1)) and the value of C'(w) is then b, = k(I + 1) — [?).

_1:w+i20

2
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4 The family Fj

Remark. We wanted to be able to associate with each integer k a set of words
which, for each k-reachable integer p, contains one and only one word of complexity
p. Although it is not very hard to associate one word with each p, the difficulty is
to obtain the unicity. We realize this with the rather complicated construction of a
family of words named Fj.

Before describing the family Fj, let us recall tlllyat if u is a non-empty word of
length ¢ and p an integer (p > ¢) then the word we is the fractional power of u of
length p, which means that ui is the prefix of length p of uP.

For example, if u = baaaa (¢ = 5) and p = 8 then wi = ub = baaaabaa.
Let ke N, k>3 (sol>11in (1)).
We consider the following words (all of length k)

t—1—]ul

W fu|,r = ba" 7t (ba'"* ") Ty with 1 <t < k — 2 and
o ift <lthen0<|ul<t—-1

and lul <r <t—2 ifjul|<t-—2
r=t—1 if lul=t—1

° iftzl—l—l,thent—qg|u|§t—1whereq22issuchthat1+Z?;§j<
k—t<1+%00)

2 —k+YI5j<r<t—2 ifluf=t—gq
and lul <r<t—2 ift—g+1<|u/<t—-2
r=t—1 if lul=t—1

e cach letter of u is different from the others, and differs from a and b

1 [ul
e finally, by convention, if » = |u| = ¢ — 1 then (bat_Z_”)tt—ll—r = ¢ (that is

Wi 141 = ba" 'y with |u| =t —1).

Remark. Notice that the distinction ¢ < [ or ¢ > [ 4+ 1 has a meaning since from
Relation (1), I < k — 2 in all cases.

To each value of k (k > 3), we associate the family Fj, defined as follows: the
first word of F}, is the word a”; the last word of F}, is ajas . .. a; where all the letters
a; are different. Between these words is the ordered sequence of all the words wy |y,
where the order is given by the following rules:

we increase ¢ starting from 1;
for each value of ¢, we increase |ul;
and for each value of |u|, we increase r.

Example. Let us construct the family Fg.
Here k = 6 thus, from Relation (1), [ =2 and i = 1.

We have to compute the words wy |y, for each of the four values of ¢ between 1 and
k—2=4.
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et =1

In this case ¢ < [ thus |u| ranges between 0 and t — 1 = 0. Consequently,
luj=t—1=0andr=|u/=t—1=0.

Here, the only word is wy; 141 = w00 = ba*~! = ba’.
o (=2
In this case t <[ thus |u| ranges between 0 and ¢t — 1 = 1.
— |u| = 0: here |u| <t — 2 thus r ranges between 0 and ¢ — 2 = 0.
The only word is ws 9 = ba*~2b = ba'b.
— |u| =1: here |u| =t —1thusr =|u|=t—-1=1.
Since all the letters of u differ from @ and b, the only word is ws ;11 =
ba*~2u = ba’c.
o {t=3
In this case t > [ + 1. Let us compute ¢ > 2 such that 1 + Z;’;gj <k-—-t<
1—1—2?;1]'. Since k —t =3, ¢ = 3.
Thus |u| ranges between t — g =0and t — 1 = 2.
— |u| = 0: here |u| =t — g thus r ranges between 2t — k + Z?;gj =1 and
t—2=1.
The only word is ws o1 = ba*~3b? = ba’b?.
— |u| = 1: heret — ¢+ 1 < |u| <t — 2 thus r ranges between |u| = 1 and
t—2=1.
The only word is ws 11 = ba*~3bu = ba’be.
— |u| =2: herer =|u| =t —-1=2.
The only word is w3 25 = ba*3u = ba’cd.

o t=4
In this case (t > [+ 1), k —t = 2 thus ¢ = 2. Consequently |u| ranges between
t—qg=2andt—1=3.
— |u| = 2: here |u| =t — g thus r ranges between 2t — k + Z?;gj =2 and
t—2=2.
The only word is wy 22 = ba* *bu = babed.
— |u| =3: herer = |u| =t —1=3.
The only word is wy 33 = ba*"'u = ba’cde.

Consequently, the (ordered) family Fg is equal to
Fs = {a% ba®, ba'b, ba*c, ba®v?, ba’be, ba’cd, ba*bed, ba®cde, abedef '}

Remark that Ng = {6,11, 14, 15,16, 17, 18,19, 20,21} (sce [3]).
Moreover, C(a®) = 6, C(ba®) = 11, C(ba'd) = 14, C(ba'c) = 15, C(ba’?) = 16,
C(babc) = 17, C'(baded) = 18, C(ba*bed) = 19, C(ba’cde) = 20, C(abedef) = 21.
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Thus, for each 6-reachable integer n, Fy contains one and only one word having
complexity n.

The important result of this section is Proposition 4.3 which gives the value of
C(w") — C(w) when w and w’ are two consecutive words of Fy, for all possible values
of t, |u| and r.

To establish this result, we must be able to compute the complexity of each word
in Fj, and so we give a first property of these words.

Remark. In the rest of this section, £ > 3 is a given integer, [ > 1 is defined by
Relation (1), and the family F}, as well as the words wy |, are those specified above.

Property 4.1. For each word wyy, in Fy, we havet —2 —r <k —t.

Proof. Let wy )y, be a word in Fy.. Two cases have to be considered, depending on
t<lort>1+1.

o Ift<lthenk—I<k—tand, sincer>0,t—2—1r<I[—2.
Butkzl(l—;rll—l—Z, sol(l—gll—l—ng—l.
Moreover | — 2 < @—i—z

Consequently in this case t —2 —r < k — t.

e Ift > [+ 1, then, since the value of t — 2 — r is maximal when the one of r is
minimal, we must prove the result in only two cases:
a)ert—k—i—Z?;gj
Inthiscase t —2 —r =t—2—-2+k—YI3j=k—t—-2-Y12j so
t—2—1r <k—1tbecause q > 2.
b)r=|u>t—q+1
Inthiscaset =2 —r <t—2—(t—q+1),s0t—2—r <q-—3.
But for any integer ¢, ¢ — 3 < 1—1—(61—_1%2 = 1—1—2;’;3]’ < k —t. So again
t—2—r<k-—t. [

We are now able to compute the complexity of each of the words wyy, =
bak—t(bat—2—r> tt__ll__‘:‘ U.

e Suppose first that |u| <t —2 (sor <t —2).

a) k factors start with the first b and (k— 1) start with the first a (which exists
because t < k — 2);

b) for each of the k — ¢ — 1 other a in a*~*, there are ¢ — 1 factors (because the

powers of a have already been counted, and |(bat_2_r)t;—11_—‘:‘ u| =t —1). This
gives in all (kK —t—1)(t — 1) factors;

t—1—]ul
c) since r and |u| are different from ¢ — 1, the word (ba’~2~") 7= is not empty.

We just have to count t — 1 — (t — 1 — r) = r new factors starting with the
first b of this word: indeed, the factors of ba’~2~" have already been counted
because t —2 —r < k —t (see Property 4.1);

d) for each letter between this b and the word u, we must count |u| new factors,
so that makes |u|(t — 2 — |u|);
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o Jul(ul+1)
t= 2

e) finally, u provides Zl‘ﬂo factors.

In this case, the word wyy|, contains k + (k — 1)+ (k—t—1)(t — 1) +r +
Jul (t — 2 — Ju]) + PEED factors,

e Let us now consider the word w; ;11 = ba*~tu.

In the previous calculation, only the points ¢) and d) have to be deleted (be-
—1—J|u
cause here the word (bat_Q_r)tt—l—‘r‘ is empty), the points a), b) and e) being

the same.

So C(wip—14-1)=k+(k—1)+k—-t—-1)t—-1)+ L(';Hl).

But, since r = |u| =t — 1, here r + |u|(t —2 — |u]) = 0.

So in all cases the word wy |, contains k + (k —1) + (K —t = 1)(t = 1) +r +

lu|(t —2 — |u]) + W factors, which is summarized in

Lemma 4.2. For any integer k > 3, C'(wy ) = k(t + 1) — 2 + tju| — |“|(|;|+3 +r.
We are now able to prove

Proposition 4.3. Let k > 3 be an integer and wy |y| ., Wy || WO consecutive words
Of Fk .

o Ift' =1t then C(wy jw|,) = Clwyjy ) + 1

o Ift'=t+1andt>1 then Clwy ) = C(Wejur) + 1

o Ift'=t+1andt <l then C(wy ) > Cweju,r) + 2
Proof. The result has to be proved in all the possible cases of two consecutive words
Wy |y),r and Wy | in F, that is:
1) for two consecutive values of » when ¢ and |u| are given;

2) for the greatest value of r corresponding to a given value of |u| and the smallest
value of r corresponding to |u| + 1, with ¢ given;

3) for the greatest values of |u| and r corresponding to a given value of ¢, and their
smallest values corresponding to ¢ 4 1.

So let wy jy|» and wy |),,» be two consecutive words of F}. We examine the three
cases described above in the same order.

Dt =t |u|=ul,r” =r+1.

In this case, C(wy ) = k(t + 1) — t* + tju] — W + 7, and C(wy jw|») =
Bt 4 1) — 62 + tfo| — MO 4y g

So C(wy jwr) = C(wy ju,r) + 1.

2) ' =t, || = |u| + 1.

In this case, we necessarily have |u| <t—2, and so r =t —2 and 1’ = || = |u] + 1.
Consequently, C(wy jy,) = k(t +1) — t* + t|u| — [l(ui+3) 4 ¢ 9 and Cl(wy ) =

2
k(t+1) — 62+ t(fu] + 1) — LD )4 g,
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But ¢ — (0t 4 )y g = lellubed) 4y g

So again C'(wy jw|r) = Clwefu)r) + 1.

Thus in the two cases where ¢’ = ¢, we have C(wy ju| ) = C(we fu),r) + 1.

Nt =t+1.

Since |u| and r are the greatest possible values corresponding to ¢, we have r = |u

| =
t — 1. So the word wy |y, is wi4—14-1 and, consequently, C(wyy») = k(t+1) — 2+
t(t—1) — LD g g = (4 1) — 2 1D
For the word wy ||, since |u’| and r" must be the lowest possible values corres-
ponding to ' =t 4 1, two cases have to be considered depending on whether ¢ > [

ort <.

a)t>1
Thent' > 1+ 1, s0 |u'| =t — q and 1" = 2t' — k+z§’;§j, that is, [u'| = (t+1) — ¢
and 7' = 2(t +1) — k + X025 j.
Consequently, C(wy ) = k(t+2) — (t+1)*+ (t+1)(t+1—q)— M@ +
2 +1) —k+ Y0 =k(t+1) — 2+ 0 1,
In this case (' =t + 1 and ¢t > [) we have again C'(wy || ,) = C(wy ) + 1.

b)t <l
In this case, t' <[, so ' = |u/| = 0 and wy ||, = Wit1,0,0-
But C(wit100) =kt +2)— (¢ +1)?=k(t+1) —t*+k—2t — 1.
Andt<l—1,s0k—2t—1>k—20+1.
Since k = l(l—;rll +2+41,0<i <1, we have C(wi100) > k(t +1) — 2 + 12#31 + 3.
But, since t <1 —1, we also have t(t—;ll < 12#31 + 1, and thus C(wyy,) < k(t+1) —
2+ 5341

Consequently, if #' =t 41 and t < [, then C(wy ju|,) > C(wy|u|,») + 2, and the
proposition is proved. [

5 Main results
The first direct consequence of Proposition 4.3 is the proof of the conjecture of Z.
Kasa.

Let us recall that, for any integer k > 2, by = k(I + 1) — [? (see Relation (5))
1(1+1)

where [ is the unique positive integer such that &k = === +2+1, 0 <¢ <.
On the other hand, for all £ € N, my is the smallest number such that all the
integers between my and k(kT’Ll) are k-reachable.

Theorem 5.1. For all integers k > 2, my = by.

Proof. If k = 2 then by, = 2 and *&H) = 3,

But on the one hand 1 is not 2-reachable, and on the other hand the words aa
and ab are respectively of complexity 2 and 3. So mg = 2 = bs.

Suppose now k > 3.
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In this case, | > 1 and k—2 > (see (1)), and the two words w; o and wg—2 g3 k-3
are in Fy. Indeed, wi_2k—35-3 = ba’u is the penultimate word of Fj, and W00 =
ba*! if | =1

ba*~'ba!=? otherwise
always in F.

Since k — 2 > [, the gap of complexity for all the words in Fj between w
and wg_2 x—3k—3 is, from Proposition 4.3, always equal to 1. Consequently, all the
integers between C(wy o) and C(wy_2 -3 ,—3) are k-reachable.

But C(’wl,o,o) = k(l + 1) - l2 = bk and C(’wk_g,k_g,k_g) = k(k — 1) —(k — 2)2
F(k—2)(k—3) - &2k L p 3= AED g

is the word wy |y, where ¢t = [ and r = |u| = 0, which is

Moreover the last word of Fj is ajas. .. ax (where all the letters a; are different)

whose complexity is k(kH)

Consequently my < bk and since, from Proposition 3.5, by—1 is never k-reachable,
the theorem is proved. [ |

We will now show that for any k-reachable integer p, there exists a (unique) word
w in F such that C'(w) = p.

We start by proving

Lemma 5.2. Let w be a word of length k and t + 1 = max{Cy(w)|1 < g < k}.
Ift+1<k—tthenk(t+1)—t*<C(w) <k(t+1) _t(t_;ll

Proof. If w = a* then t = 0 and the result is obvious.

If w # a* then the number of letters of w is at least 2, that is, C}(w) > 2.

Let m be the least integer such that C,(w) =t + 1.

Relation (2) gives C(w) = X7 Ci(w) + (k —m)(t + 1) — W

To compute the extremal values of 327! C;(w)+ (k—m)(t+1), notice that since
Ci(w) >2and for 1 < g <m—1, Cpp1(w) — Cy(w) > 0 (see Proposition 3.3), one
has Cy,(w) > m+1som < t.

The value of 7", Ci(w) + (k — m)(t + 1) will be minimal if m = ¢ (2 factors
of length 1, 3 of length 2, ..., t factors of length ¢ — 1, £ + 1 of length ¢, which is
possible since t + 1 < k —t), and it will be maximal if m = 1 (¢ 4 1 factors of each
length between 1 and t).

In the first case, C'(w) = SiZi(1+i) + (k=) (t+1) — ilu =k(t+1)—t%

In the second case, from relation (3), C(w) = k(t + 1) — t(t;’”. ]

We are now able to prove the main result, saying that for each k-reachable
integer, F} contains exactly one word having this integer for complexity.

Theorem 5.3. Let k > 3 be an integer. For any k-reachable number p, there exists
one and only one word w in Fy such that C(w) = p.

Proof. Let k > 3 be an integer.

First remark that if a word belongs to F} then, by definition, its complexity is
a k-reachable number. Moreover, from Proposition 4.3, all the words in Fj have
different complexities. So it is enough, for any k-reachable integer, to prove the
existence in Fj of a word whose complexity is this integer.
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So let p be a k-reachable integer.

If p > bi, then we saw in the proof of Theorem 5.1 that there exists a word
w € Fy, such that C(w) = p.

Suppose now p < by, and let w be a word such that C(w) = p and t + 1 =
max{Cy(w)|1 < q < k}.

From Proposition 3.5, t +1 < [.

But k—t =" 494t 0<i<landift<Ithenk—¢t>"1 49 Since
l”—gll + 2 > [ for each [, this impliest + 1 < k — t.

Then, from Lemma 5.2, k(t + 1) — * < C(w) < k(t +1) — w

But because ¢t < [, the word wy o is in Fj. On the other hand, the word wy ;1 ¢—1
also belongs to Fj.

But C(wr0) = k(t+1) =12 and C(wy s 14-1) = k(t+1) =ttt —1) - L2
t—1=Fk(t+1) - 1

Moreover, from Proposition 4.3, every integer between C(wiop) and
C'(wt4-14-1) is the complexity of some word in Fj.

Thus, since C'(w) is between these two values, there is a word v € Fj, such that

C(v) =C(w). ]
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