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Abstract

A fixed point and homotopic invariance result is presented for set valued
contractive type maps in complete gauge spaces.

1 Introduction

This paper presents new fixed point results for contractive type maps on complete (or
sequentially complete) gauge spaces (i.e. complete uniform spaces). We begin with
a local fixed point result for single valued maps and then this result is extended
to multivalued closed maps. In addition we present a homotopy type result for
contractive type maps in complete gauge spaces. Our results in particular extend
those in [1, 3, 4]. It was noted in [5] that many generalized contractive type maps F'
considered in the literature are in fact contractive maps with respect to a suitable
uniform structure associated with F'.

In Section 2, E = (E, {da}aca) (here A is a directed set) will denote a gauge
space endowed with a complete gauge structure {d, : o € A}. We denote by D,
the generalized Hausdorff pseudometric induced by d,; that is, for Z, Y C F,

D (Z)Y)=inf{le>0: VaxeZ VyeY, Ix*eZ Iy €Y
such that d,(x,y*) <e€, do(z*,y) < €},

with the convention that inf(()) = oo.
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2 Fixed point theory in gauge spaces

In this section E = (E, {da}aca) (here A is a directed set) will denote a gauge
space endowed with a complete gauge structure {d, : a € A} (see Dugundji [2
pp. 198, 308]). For 7 = {ry}aca € (0,00)* and x € X, we define the pseudo-ball
centered at x of radius r by

B(z,r)={y e E: dy(x,y) <1, foral aecA}.

We begin with a local theorem for single valued maps.

Theorem 2.1. Let E be a complete gauge space, 7= {rq}aca € (0,00)", 29 € F
and F : B(xg,r) — E. Suppose for each § € A that there exists a conlinuous
nondecreasing function ¢ : [0,00) — [0,00) satisfying ¢s(z) < z for z > 0. Also
assume there exists functions 3 : A — A and v: A — A such that for each o € A
and x,y € B(xo,7) we have

(2.1) do(Fz,Fy) < (bﬁ(a)(dfy(a) (x,y)).

Finally suppose for each o € A that

(2.2) 01 Bp(@) Do) BBty (e (T0, F o))
+da($0,F$0) S Ta

holds; here 7°(a) = a and v"(a) = v (v" " (a)) for n € {1,2,...}. Then F has a
fized point (i.e. there exists x € B(xg,r) with x = Fx).

Remark 2.1. 1f for each @ € A we have

(2.3) do (0, F 20) < 7o — dp(a)(Ta)

and

(2.4) { St Gata Satate) -+ 950ntian (Frre) = S (@) (i)
< $p(a)(ra)

then (2.2) holds. This is immediate since for fixed o € A we have
>~ Bt@) Do) - Bptn (@) (dyn(o) (w0, F o) ) + da(wo, F 70)
n=1

< D D) Pa(r(@)) -+ D1 (@) (W(a) - %(vn(a»(w(a)))
n=1

+[ra — ¢p(a) (Ta)]

< 98(e)(Ta) + [ra — Pp(a) (Ta)] = Ta

Proof : Let x, = Fa,; for n € {1,2,...}. Fix a € A and we claim

{z,}5° is a Cauchy sequence with respect to d,
(25) and Tyl € Ba(xo,T'a) = {y S da<x07y> < 7“&}
for ne {0,1,....}.
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Before we prove (2.5) we first notice for n € {0,1,...} and § € A that
d6($n+17xn> = dé(F Ty Fxnfl) < ¢B(5) (dw(é) (xmxnfl))
and as a result

56 ds(Tni1,%n) < Gp5) P36+ Poyn=1(5)) (dyn(3) (1, Z0))
20 = Pa(yn1(0)) (dyne) (X0, F20))
P5(5) PA((E))-+---- 8(m=18)) (dyn(6)(To, £ 20) ).

Notice for a € A that z,.1 € B,(20,74) since (2.6) and (2.2) imply
do(Tps1,20) < do(mo, 1) + do(T1,22) + ..o + do (T, Tpgt)
< ];1 D5(0) Bo(r(a)) -+ Bor-1(a)) (dica (@0, F o))
+ d;(:vo,Fxo) < r,.

Also {z,}$° is a Cauchy sequence with respect to d, since if n, p € {0,1,....} we
have

Ao (Tnip, Tn) < do(Tpip, Tngp_1) + oeeee + do (T, Tpia)
o0
< Y Do) Botata)) - Dat 1y (dyte (@0, F 20))
k=n

so (2.2) guarantees that {z,}7° is a Cauchy sequence with respect to d,. Thus
(2.5) is true for each o € A. As aresult z,, € B(zg,r) for each n € {1,2,....} and
{z,}5° is a Cauchy sequence. Thus there exists = € B(xg,r) with z, — z. We
now claim

(2.7) do(xz,Fx) =0 for each o € A.
If (2.7) is true then = F'x and we are finished. To see (2.7) fix a € A and notice

do(z, Fx) < do(z,z,)+ do(zp, F 2)
< da(@,20) + Pp(a) (dy(a) (Tn-1, 2))-

Let n — oo (note ds(x,,x) — 0 for all § € A) to obtain (note ¢g()(0) = 0)
do(z, F ) =0.

Remark 2.1. Tt is easy to combine the ideas in Theorem 2.1 together with those in
[1] to obtain an analogue of Theorem 2.1 when the space E is also a gauge space
endowed with a gauge structure {d,,: o € A'}.

If our map F : B(xo,r) — E in Theorem 2.1 is replaced by F': E — E then
the iterates x, defined in Theorem 2.1 do not need to belong to B(zg,r) and so
we have the following result.

Theorem 2.2. Let E be a complete gauge space, o € E and F : F — E.
Suppose for each 6 € A that there exists a continuous nondecreasing function ¢s :
[0,00) — [0,00) satisfying ¢s(z) < z for z > 0. Also assume there exists functions
B:A— A and v: A — A such that for each « € A and x, y € E we have

da(an Fy) S ¢ﬁ(a)(d7(a) (ZL’,y)).
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Finally suppose for each o € A that

> D) Batrta)) -+ Ban 1@y (e (T0, F 20)) + dalwo, F 29) < oco.
n=1

Then there exists x € E with © = F x.

Next we present an analogue of Theorem 2.1 for multivalued maps with closed
values.

Theorem 2.3. Let E be a complete gauge space, 7 = {rq}aca € (0,00)", 29 € E
and F : B(xg,r) — C(E) (here C(E) denotes the family of nonempty closed
subsets of E). Suppose for each 6 € A that there exists a continuous strictly
increasing function ¢s : [0,00) — [0,00) satisfying ¢s(z) < z for z > 0. Also
assume there exists functions B: A — A and v: A — A such that for each o € A
and x, y € B(xo,r) we have

(2:8) Da(Fa, F'y) < dpa)(dye) (2, Y)).

Now suppose the following two conditions hold:

(2.9) for each o € A we have dist, (x, F'x9) < 7o — ¢p(a)(Ta)
and

for every x € B(xg,r) and every € = {ea}aca € (0,00)"

(2.10) there exists y € Fx with d, (x,y) < dist, (x, Fx) + €,
for every a € A.

Finally assume for each o € A that

52021 Bate) Bar(@)) -+ D80m (@) (Pynie) = Baen(an (Pan(a)))
(2.11)
< Pp(a) (Ta)-

Then there exists x € B(xg,r) with x € Fx.
Proof : From (2.9) and (2.10) we may choose z; € F zy with

(2.12) do(Z0, 1) < Ta — Gp(a)(1a) for every o € A.
Next fix o € A and choose ¢, > 0 so that

(2.13) D5(0) (dy(a) (T0; 71)) + €a < Dp(0) (Ty(@) = Po(v() (Ty()))

(this is possible from (2.12) and the fact that ¢ is strictly increasing for each
d € A). From (2.10) we may choose z3 € F x; so that for every a € A we have

< disty(xy, Fay) + €4 < Do(F xo, F 1) + €4
< Pp(a) (dy(y (0, 1)) + €a

and this together with (2.13) yields

(2.14) da(ZEl, 1’2) < Qbﬁ(a)(rw(a) — qﬁﬁ(v(a))(rv(a))) YVa € A.
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Next fix o € A and choose 0, > 0 so that
(2.15) gy (dya)(T1,72)) + ba < Pp(a) Por(a)) (Tr2(@) = PB(r2(0) (T42())-
;From (2.10) we may choose z3 € F 25 so that for every a € A we have

disty(xe, F xe) + 06 < Do(F 1, F 23) + d4
D5(a) (dy) (71, 72)) + da,

and this together with (2.15) yields

da(IQ, $3)

IA A

(2.16) da(2,23) < Pp(0) Pr(e)) (Tr2(@) = Do) (T2(@))) Vv € A
Continue this process to construct z,,; € Fx, for n € {2,3,....} so that
(217)  da(Tas1,20) < da@)Ppr(a))- D=1 (Trn(@) = Drm(a)) (Tr(@))

for all @ € A. Notice x,1 € B(zg,r) for each n € {0,1,2,....} since for a € A we
have

IN

do(Tna1, To) do (20, 21) + do (21, 22) + ... + do (T, Tpit)

IN

>~ B Do)+ Batr-1(@)) (Tri(@) = Bart(@) (Tyi@))
k=1

do(w0, 1) < do(T0, 71) + Pp) (Ta)
[Ta - ¢ﬁ(o¢) (Ta)] + ¢B(a) (Ta) =Ta-

N+

Also for each « € A and n, p € {0,1,....} notice

do(TnipTn) €D ba(@) Bptrta - Bari-1(@) (Tre(@) = Bor(an) (Te@))
k=n

and so (2.11) guarantees that {z,}7° is a Cauchy sequence with respect to d,. As a
result {x,}° is a Cauchy sequence so exists x € B(xg,r) with x,, — z. It remains
to show = € Fz. Notice for each o € A that

(x, ) + disto(Tn, Fx) < do(x,2,) + Do(F 21, F )

dist(x, F x) x,
(2, 2n) + Dp(a) (dy(a) (Tn-1,T))-

< da
< da
Let n — oo to obtain dist,(x, Fx) =0 for each « € A. Thus z € Fxr = Fz and
we are finished. ]

Next we obtain a homotopy result via Zorn’s Lemma.

Theorem 2.4. Let E be a complete metric space with U an open subset of E.
Suppose H : U x [0,1] — C(E) is a closed map (i.e. has closed graph) and assume
the following conditions are satisfied:

(a). © ¢ H(x,t) for x € U and t € [0,1];

(b). for each 6 € A, there exists a continuous strictly increasing function ¢s :
[0,00) — [0,00) satisfying ¢s(z) < z for z > 0 and also assume there exists
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functions B: AN — A and v : A — A such that for each o € A and for Vit € [0, 1]
and x,y € U we have

D0l<H(x7 t)a H(yv t)) S ¢ﬁ(o¢) (d'y(a) (l’, y))v
(c). for each § € A, ®5 : [0,00) — [0,00) is strictly increasing and ®5'(a) +
O;1(b) < D5t (a+b) for a>0, b>0 (here ®5(x) = x — ¢5(x));
(d). for each o € A and for any s = {sa}aeca € (0,00)* we have

{ 52021 Bte) Bor()) D801 (Syn() = Bpan(an (Sy7(e) )
< 95 (Sa);

(e). for every t € [0,1] and every € = {€s}aca € (0,00)* there exists y € H(x,t)
with dy (z,y) < dist, (x, H(z,t)) + €, for every a € A;

and
(f). there exists M = {Mpy}aer € (0,00) and there exists a continuous increasing

function 1 : [0,1] — R such that D,(H(x,t), H(x,s)) < My |(t) —(s)| for all
t, s €10,1] and x € U, for every a € A.

Then H(.,0) has a fized point iff H(.,1) has a fized point.
Proof : Suppose H(.,0) has a fixed point. Consider

Q=A{(tz)e[0,1]xU: z € H(x,t)}.

Now () is nonempty since H(.,0) has a fixed point. On @ define the partial
ordering (see (¢) for transitivity)

(tx) < (s,y) iff t<s and da(,y) < Py (2 Mo [(s) — (1))
for every o € A. Let P be a totally ordered subset of () and let
t* =sup{t: (t,z) € P}.

Take a sequence {(t,,x,)} in P such that (¢,,2,) < (thi1,Tne1) and t, — t*. We
have

Ao (T, ) < q)g(la) (2 My, [(tm) —(t,)]) forall m>mn

and a € A. Thus {z,}5° is a Cauchy sequence with respect to d, for each o € A,
so {z,}7° is a Cauchy sequence and it converges to some x* € U. Now since H
is a closed map we have (t*,2*) € @ (note 2* € H(z*,t*) by closedness and (a)
implies 2* € U). It is also immediate from the definition of t* and the fact that P
is totally ordered that

(t,x) < (t*,2*) for every (t,z) € P.

Thus (t*,x*) is an upper bound of P. By Zorn’s Lemma ) admits a maximal
element (tg,xg) € Q.

We claim ty5 = 1. Suppose our claim is false. First note since U is open
that 301, .....,0 € (0,00) with U(z,d1) N .... N U(zo, ) € U; here U(xo,d;) =
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{z : du,(z,20) < &} for i € {1,...,m} and «; € A for ¢ € {1,...,m}. Choose
§ = {0a}aer € (0,00)* and t € (o, 1] with

B(w9,0) CU and 8o = Py (2 Mo [00(1) — (1))
Notice for every a € A that

disty(xg, H(xo,t)) disto (w0, H(wo,t0)) + Da(H (70,10)), H(20,1)))

<
< 0+ M, [1h(t) — b(to)]

Pp(a)(da)
% < q)ﬁ(a)(5a> = 0o — ¢ﬁ(a)<6a)'

Now Theorem 2.3 (applied to H(.,t), note (d)) guarantees that H(.,t) has a fixed
point = € B(xg,0). Thus (z,t) € @ and notice since

do (20, %) < 0o = iy (2 Mo [1(t) — ¥(to)] and to <,
that we have (o, x¢) < (t, ). This of course contradicts the maximality of (to, zo).m

Remark 2.2. Of course the results in this section hold if £ a complete gauge space
is replaced by E a sequentially complete gauge space.



296 D. O’Regan — R. P.Agarwal — D. Jiang

References

[1] R.P. Agarwal, Y.J. Cho and D. O’Regan, Homotopy type results for nonlinear
contractions on spaces with two metrics, Fixed Point Theory and Applications
(edited by Y.J. Cho, J.K. Kim and S.M. Kang), Vol4, Nova Science Publishers,
to appear.

[2] J. Dugundji, Topology, Ally and Bacon, Boston, 1966.

[3] M. Frigon, On continuation methods for contractive and nonexpansive map-
pings, Recent advances in metric fixed point theory, Sevilla 1995 (T. Dominguez
Benavides ed.), Universidad de Sevilla, Sevilla, 1996, 19-30.

[4] N. Gheorghiu, Fixed point theorems in uniform spaces, An. St. Univ. Al. I. Cuza
lasi, 28(1982), 17-18.

[5] R. Precup, A fixed point theorem of Maia type in syntopogenous spaces, Seminar
on Fixed Point Theory Cluj—Napoca , 1988, 49-70.

Donal O’Regan

Department of Mathematics,
National University of Ireland,
Galway, Ireland

Ravi P.Agarwal

Department of Mathematical Science,
Florida Institute of Technology,
Melbourne, Florida 32901, USA
Daqing Jiang

Dept. of Mathematics,

Northeast Normal University,
Changchun

130024, P.R. China.



