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ABSTRACT. The aim of this paper is to introduce and study strong
forms of p-Lindel6fness in generalized topological spaces with a hered-
itary class, called SpH-Lindel6fness and S—SuH-Lindelofness. Inter-
esting characterizations of these spaces are presented. Several effects
of various types of functions on them are studied.

1. INTRODUCTION AND PRELIMINARIES

The idea of generalized topology and hereditary classes was introduced
and studied by Csédszér in [1, 3], respectively. In this paper, we introduce
and study strong forms of u-Lindel6fness with respect to a hereditary class
which was introduced by Qahis et al. in [8]. The strategy of using gen-
eralized topologies and hereditary classes to extend classical topological
concepts have been used by many authors such as [3, 6, 10, 14].

Let X be a nonempty set and p(X) the power set of X. A subfamily
w of p(X) is called a generalized topology [1] if ¢ € p and the arbitrary
union of members of u is again in p. The pair (X, p) is called a generalized
topological space (briefly GTS). The elements of p are called u-open sets
and the complement of p-open sets are called p-closed sets. For A C X,
we denote by ¢, (A) the intersection of all p-closed sets containing A, i.e.,
the smallest pi-closed set containing A and by ,,(A) the union of all g-open
sets contained in A, i.e., the largest u-open set contained in A [1, 2]. A
nonempty subcollection H of p(X) is called a hereditary class (briefly HC)
[3] if AC B, B € H implies A € H. An HC H is called an ideal if H satis-
fies the additional condition: A, B € H implies AU B € H [7]. Some useful
hereditary classes in X are: p(A), where A C X, Hy, the HC of all finite
subsets of X, and H., the HC of all countable subsets of X. We introduced
the notion of pu#H-Lindeldf spaces as follows [8]: A subset A of X is said to
be pH-Lindeldf if for every cover {Uy : A € A} of A by p-open sets, there
exists a countable subset Ay of A such that A\ U{Ux : A € Ao} € H. If
A =X, then (X, p) is called a uH-Lindelof space. A subset A of X is said
to be p-Lindeldf [12] if every cover of A by p-open sets has a countable
subcover. If A = X, then (X,p) is called a p-Lindel6f space. Given a
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generalized topological space (X, u) with an HC H, for a subset A of X,
the generalized local function of A with respect to H and p [3] is defined
as follows: A*(H,pu) ={x € X :UNA¢ H forall U € u,}, where
ey ={U : 2 € U and U € p}. If there is no confusion, we simply
write A* instead of A*(H,u). And for a subset A of X, cj(A) is defined
by ¢;(A) = AU A*. The family p* = {A C X : X\ A=, (X \A)}isa
GT on X which is finer than p [3]. The elements of u* are called p*-open
and the complement of a p*-open set is called a p*-closed set. It is clear
that a subset A is p*-closed if and only if A* C A. We call (X, u,H) a
hereditary generalized topological space and briefly we denote it by HGTS.
If (X, u,H) is an HGTS, theset B={V\H:Vepu and HecH}isa
base for a GT u*.

Definition 1.1. [11] Let (X, ) be a GTS. Then a subset A of X is called
a p-generalized closed set (in short, pg-closed set) if ¢,,(A) C U whenever
A CU and U is p-open in X. The complement of a ug-closed set is called
a pg-open set.

Theorem 1.2. [3] If (X, u) is a GTS and H is a hereditary class on X,
then for a subset A of X, A* C ¢, (A).

Theorem 1.3. [3] Let (X, u) be a GTS, H a hereditary class on X and A
be a subset of X. If A is pu*-open, then for each x € A there exist U € p,
and H € H such that x € U\ H C A.

Definition 1.4. [1] Let (X, u) and (Y,v) be two GTS’s, then a function f :
(X, 1) — (Y,v) is said to be (u, v)-continuous if U € v implies f~1(U) € p.
Definition 1.5. Let (X, p) and (Y,v) be two GTS’s. A function f :
(X, u) = (Y,v) is said to be:
(1) (u,v)-open (or p-open) [13] if U € p implies f(U) € v;
(2) (u,v)-closed (or p-closed) [11] if f(F) is v-closed in Y for each
p-closed set F' of X.

2. SuyH-LINDELOFNESS AND S — SuH-LINDELOFNESS

In this section we define strong forms of pH-Lindelofness, called SuH-
Lindel6f and S-SpH-Lindelof as follows.

Definition 2.1. A subset A of GTS (X, u) is said to be:
(1) SpH-Lindeldf if for every family {V, : « € A} of p-open sets such

that

A\ | Vo € H, there exists a countable subset Ay of A such that
aEA

A\ U VaeH. If A= X, then (X,pu) is called an SuH-Lindelsf
aclNg

space’,CT
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(2) S-SuH-Lindeldf if for every family {V, : a € A} of u-open sets
such that A\ |J Va € H, there exists a countable subset Ay of A

a€cA
such that
AC |J Vo If A= X, then (X,p) is called an S-SpH-Lindeldf
space(,)lEA0

Now we can recall the classical definition of the Lindelof property as
follows. A topological space (X, 7) is called Lindel6f if every open cover of
X has a countable subcover [7].

Remark 2.2. The following properties are obvious from Definition 2.1:
(1) (X, u) is p-Lindeldf if and only if (X, p, {¢}) is Su{@}-Lindeldf.
(2) (X, ) is p-Lindelof if and only if (X, u, {¢}) is S—Su{¢}-Lindeldf.
(3) The following diagram holds:
S — SuH — Lindelofness = SuH — Lindelofness

I I
1 — Lindelofness = puH — Lindelofness

(4) Let uw = 7 be a topology. Then Lindelifness on (X,T) coincides
with ST{0}-Lindelofness and S—S7{0}-Lindelofness on (X, 7,{0}),
where {0} is a hereditary class.

Next we will show that the implications above cannot be reversed.

Example 2.3. Let X = [0,400), p = {X, (a,+0) : a > 0} U{¢}, and
H = Hy, then:

(1) (X, u, H) is p-Lindeldf. To prove this, let {V, : a € A} be any an
u-cover of X, there exists ag € A with Vo, = X, and so X \ V, =
¢ € Hf.

(2) (X, pu,H) is not SuH-Lindeldf, because X \ U{(a, +o0) : a > 0} =
{0} € My, but if we let the increasing sequence {a; : a1 > 0,i €
7+t —{0}} then X \ U{(a;, +o0):i € ZT —{0}} = X\ (a1,+00) ¢
Hy.

Example 2.4. Let X = R2, u is the Sorgenfrey topology u = {U C R? :
for all (x,y) € U, there existsb > x and ¢ >y such that [z,b) %
[y,c) CU}, and H = P(A). Now it is clear that (X, ) is not p-Lindeldf
but it is evidently SpuH-Lindeldf.

Remark 2.5. SuH-Lindeléfness and p-Lindelofness are independent of
each other as Examples 2.3 and 2.4 show.

Theorem 2.6. An HGTS (X, u, H) is SuH-Lindeldf if and only if for any
family {F,, : a € A} of u-closed subsets of X such that N{F, : a« € A} € H,
there exists a countable subset Ay of A such that N{F, : « € Ao} € H.
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Proof. Suppose that (X, u, H) is SuH-Lindelof. Let {F, : « € A} be a
family of p-closed subsets of X such that N{F, : « € A} € H. Then
{X\ F,:a €A} is a family of y-open subsets of X. Let H = N{F, : a €
A} € H. Indeed,

X\H=X\n{F,:a€A}=U{X\F,:acA}

Since (X, pu,H) is SpH-Lindeldf, there exists a countable subset Ay of A
such that X \U{X \ F,, : @ € Ag} € H. This implies that N{F, : o € Ay} €
H.

Conversely, let {V,, : a € A} be any family of p-open subsets of X such
that X \ UpeaVa € H. Then {X \ V, : o € A} is a family of p-closed
subsets of X. By assumption we have N{X \ V, : @ € A} € H and there
exists a countable subset Ag of A such that N{X \ V,, : @ € Ao} € H.
This implies that X \ U{V,, : @ € Ao} € H. This shows that (X, u, H) is
SpH-Lindelof. |

Theorem 2.7. An HGTS (X, u,H) is S-SuH-Lindeldf if and only if for
any family {Fy : o € A} of p-closed subsets of X such that N{F, : a € A} €
H, there exists a countable subset Ag of A such that N{F, : a € Ao} = ¢.

Proof. The proof is similar to that of Theorem 2.6 and is thus omitted. O

It is clear from the diagram that if X is S — SuH-Lindelof, then it is
SpH-Lindelof, but the converse is not true as Example 2.4 shows.

A o-ideal on a GTS (X, ) is an ideal H which satisfies the following.
If {4; :i=1,23,...} CH,then U{A;:i=1,2,3,...} € H (countable
additivity).

Proposition 2.8. If (X, u,H) is an HGTS and H is a o-ideal, then the
following are equivalent:

(1) (X, u, H) is SuH-Lindeldf;
(2) (X, p*,H) is SuH-Lindeldf.

Proof. (1) = (2): Let {V, : @ € A} be a family of p*-open subsets of
X such that X \U{V, : a € A} € H. For any x € UyepVy, there exists
a(z) € A with o € V,(y). Then by Theorem 1.3, there exists Uy (z) € fia
and Hy(y) € H such that o € Uy \ Ha@) € Va)- And hence, x €
Ua(z) C UUq(z). Therefore, UV, C UUq(y) and X \UUy ;) C X \UV, € H.
Now {Uq(s) : a(x) € A} is a family of p-open subsets of X and hence there

exists a countable subset Ag of A such that X\ |J Uy(y) € H. It follows
a(z)EAg
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that
X\ U Vaw2X\ U AWaw \ Hap,) U Hagw}
a(z)EAo a(z)EAo
= X\ [ U (Ua(m) \Ha(m)) U ( U Ha(x))]
a(z)EAo a(z)EA
) X\ [ Va(z) U ( U Ha(m))]
a(z)ENg a(z)ENg
Now set H = X\[ U V., U( U Haw)l Since H is a o-ideal,
a(z)EAo a(z)EAo
U Haw) € Hand also HU( |J Hag)) € H. Observe that X \
a(z)€Ao a(z)eA
U{Va, t a(z) € Ao} CHU( |J Ha(y))- In consequence
a(z)eA

X \ U {Va(x) : Oé(l’) € Ao} eH.

Thus, (X, p*,H) is SpH-Lindelof.
(2) = (1): Since p C p* we have that (2) = (1). O

It is clear that if (X, p, H) is an HGTS and (X, p*, M) is S-SuH-Lindelof,
then (X, u, H) is S-SpH-Lindeldf.

Next we study the behavior of some types of subsets of SyH-Lindelof
and S — SuH-Lindelof spaces.

Definition 2.9. [9] A subset A of a« HGTS (X, p,H) is said to be uHg-
closed if for every U € p with A\U € H, ¢, (A) CU.

Theorem 2.10. For a HGTS (X, pu, H), the following hold.
(1) If (X, pu, H) is SpH-Lindelof and A C X is pHg-closed, then A is
SuH-Lindeldf.
(2) If (X,p,H) is S — SpH-Lindeldf and A C X is uH,-closed, then
A is S — SpH-Lindeldf.

Proof. (1) Let {V,, : @ € A} be a family of p-open subsets of X such that A\

U Va € H. Since Aisis pHg-closed, ¢, (A) € |J Va. Then (X \ ¢, (A)) U

aEN aEA

J Vi is a p-covering of X and so X \ |:X\CM(A) u(uy VQ)} =¢ecH.
ach

aEN
Given that X is SpuH-Lindelof, there exists a countable subset Ay of A such

that

XX\ U(Y Va)| € He But X\ X\ eu(d) U( Y Va)| =

cu(A)N(X\ LJ\ Va) D A\ L{ Va. Therefore, A\ L}\ Vo € H. Thus, A
aENg a€io acio
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is SpuH-Lindelof.

(2) Let A be any pu#Hg-closed of (X, pu,H) and {V, : a € A} be a family
of p-open subsets of X such that A\ |J V, € H. Since A is puH -closed,

acA
cu(A) C UA V. Then (X\c,(A4)) U( UA V) is a p-covering of X and hence,
aE ac

X\ [(X\eu(A) U(U Va)| = ¢ € H. Given that X is S —SpH-Lindeldf,
a€eA

there exists a countable subset Ay of A such that X = (X \ ¢,(4)) U
(U Va). Then A=ANn[(X\cu(4) U U Val=ANn( U Vo) C
acho achp acho
U V. Thus, A is S-SpH-Lindelof. ]
a€lNg

Theorem 2.11. For an HGTS (X, u, H), the following hold.

(1) If A and B are SpH-Lindelof subsets of (X, u,H) and H is an
ideal, then AU B is SuH-Lindeldf.

(2) If A and B are S — SuH-Lindeldf subsets of (X, u,H), then AU B
is S — SuH-Lindeldf.

Proof. Let {V,, : @ € A} be a family of p-open subsets of X such that
(AUB)\ U Vo €H. Since A\ U Vo CAUB\ U Voand B\ |J V, C

aEN aEN aEN aEA
AUB\ |J Vi, then A\ U Vo € H and B\ |J Vi, € H. Since A and
aEA a€A a€A

B are SpH-Lindelof, there exist countable subsets Ag and A; of A with
A\ U VoeHand B\ |J Vi, € H. Thisimplies that A\ |J V,eH
aENg aENy a€NgUA
and B\ |J V, € H and since H is an ideal we have that (AU B) \
a€ANgUA;
U Va=A\ U VoyuB\ U V,) € H. Hence, AUB is
aEANgUA, aEAgUA, aEAgUA,
SpH-Lindelof.

(2) Let {V, : @ € A} be a family of p-open subsets of X such that (AU
B)\ U Vo€ H. Since A\ U Vo C(AUB)\ I Voand B\ U V, C
a€EA a€A a€A a€A
(AUB)\ U Va, then A\ |J Vo, € H and B\ |J Vo € H and hence

a€EA acN aelA
there exist countable subsets Ag and A of A such that A C |J V, and
aENg
BC |J V,. This impliesthat AC |J Voand BC |J V, and
acM; a€NgUA; aENgUA,
hence, AUBC |J V,. Hence, AU B is S — SpH-Lindelof. O

aEANgUA,

The following example shows that the first part of the previous theorem
does not hold when H is just a hereditary class, not an ideal.
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Example 2.12. Let R be the set of real numbers, y the usual topology,

H={ACR:AC(0,1) or AC(1,2)}andif A=(0,1) and B = (1,2),

then:

(1) It is clear that A = (0,1) and B = (1,2) are SuH-Lindelof subsets.

(2) AU B is not SyH-Lindeldf if {(a,+00) : a > 1} is a family of p-

open subsets of X, (AUB)\ U (a,+00) = (AUB)\ (1,400) € H, but
a>1

if k is a positive integer and 1 < a1 < ag-+- < ax < -+-, then (AU B)\
U (a;, +o00) = (AU B)\ (a1,+0) = (0,1)U (1,a1) ¢ H.
i=1

Theorem 2.13. Let (X,u,H) be an HGTS and A be a subset such that
AN\U € H for every U € p. Then the following hold.

(1) If there exists B C X such that B is SuH-Lindelof, A C B and
B\ U € H, then A is SuH-Lindeldf.

(2) If there exists B C X such that B is S-SuH-Lindeldf, A C B and
B\U € H, then A is S-SuH-Lindeldf.

Proof. (1) Let {V, : a € A} be a family of p-open subsets of X such
that A\ |J Vo € H. There exists B C X such that B is SuH-Lindeldf,

acA
AC Band B\ |J V, € H. There exists a countable subset Ag of A such
acA
that B\ |J Vo € H. Since A\ U Vo € B\ U Va, we have that
aclo ac€ho aclg
A\ U Vy eH.
a€lg

(2) Let {V4 : @ € A} be a family of p-open subsets of X such that

A\ U Va € H. There exists B C X such that B is S-SuH-Lindelof,
acA
AC Band B\ |J V, € H. There exists a countable subset Ay of A with
acA
BC U Voandso AC | Va.
a€lg aclg -

Theorem 2.14. Let (X, u,H) be an HGTS and A C B C ¢,(A). Then
the following hold.
(1) Let A be pHg-closed, then A is SuH-Lindeldf if and only if B is
SuH-Lindelof.
(2) If A is pg-closed and S—SuH-Lindeldf, then B is S—SuH-Lindeldf.
(3) If A is uHg-closed and B is S — SuH-Lindelof, then A is S —SuH-
Lindelof.

Proof. (1) Suppose that A is SpyH-Lindelof and {V,, : a € A} is a family of

p-open subsets of X such that B\ |J V, € H. By the heredity property,
a€cA
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A\ U Va € H and A is SpH-Lindel6f and hence there exists a countable
aEA
subset Ag of A such that A\ |J V, € H. Since A is p#H4-closed, ¢, (A) C
aENg
U Vaandsoc,(A)\ U Va € H. This implies that B\ |J V, € H.
aclo aclo acho
Conversely, suppose that B is SpH-Lindelof and {V,, : a € A} is a family
of p-open subsets of X such A\ |J Vo, € H. Given that A is u#H,-closed,
acA
cu(A)\ U Vo = ¢ € H and this implies B\ |J V, € H. Since B is SuH-
acA acA
Lindeldf, there exists a countable subset Ay of A such that B\ |J V,, € H.

aENg
Hence, A\ U V., €H.
a€Ng
(2) Let {V, : @ € A} be a family of p-open subsets of X such that B\
U Va € H. Since A\ |J V, € H and A is S — SuH-Lindelof, there exists
a€cA a€cA
a countable subset Ag of A such that A C |J V,. Since A is pg-closed,
aENg
cu(A) C U V, and this implies BC |J V,.
a€lo a€lo
(3) Let {V, : @ € A} be a family of p-open subsets of X such that A\
U Va € H. Given that A is pHg-closed, ¢, (A)\ U Vo = ¢ € H and

acA a€EA
this implies B\ |J Vo € H. Since B is S — SpyH-Lindeldf, there exists a
acA
countable subset Ag C A with BC |J V,. Hence, AC |J V. O
a€Ng aENg

3. PRESERVATION BY FUNCTIONS

In this section, we study the behavior of SuH-Lindel6fness and S-SuH-
Lindelfness under certain types of functions. First note that if f: (X, u) —
(Y,v) and H is an HC on X, then G = {B C Y : f~}(B) € H} is an HC
onY [9].

Theorem 3.1. For a (u,v)-continuous function f : (X,u) — (Y,v), the
following properties hold.

(1) If (X, u,H) is SuH-Lindeldf, then (Y,v,G) is SvG-Lindeldf.
(2) If (X,p,H) is S — SpH-Lindelsf and f is a surjective function,
then (Y,v,G) is S — SvG-Lindeldf.

Proof. (1) Let {Vy : @ € A} be a family of v-open subsets of ¥ such that
Y\ UVa€Gg. Since X\ U f1(Vy) = f71 (Y\ U Va> € H and
acA

acA acA
(X, u,H) is SuH-Lindeldf, there exists a countable subset Ay of A with
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F (Y\ U v ) X\ U f'(Va)eH Thus, Y\ U Va €.

a€lNg a€lNg a€Np

(2) Let {V, : a € A} be a family of v-open subsets of Y such that
Y\ U Vo € G. Since X \ Uf (V, ):f1<Y\ UVQ) € H and

acA acA
(X,p,H) is S — SuH- Llndelof there exists a countable subset Ay of A

such that X = |J f~1(V,). Given that f is surjective we have ¥ =
aElNg
U V. 0
a€Np
Lemma 3.2. [4] Let f: (X, pn) = (Y,v) be a function. If H is a hereditary
class on X, then f(H) = {f(H): H € H} is a hereditary class on'Y .

Theorem 3.3. For a bijective (p,v)-continuous function f : (X,u) —
(Y,v), the following properties hold:
(1) If (X, pu, H) is SpH-Lindeldf, then (Y, v, f(H)) is Svf(H)-Lindelof;
(2) If (X, p, H) is S — SuH-Lindelof, then (Y,v, f(H)) is S —Svf(H)-
Lindelof.

Proof. (1) Let {V : @ € A} be a family of v-open subsets of ¥ such that

Y\ U Vo € f(H). Thereexists H € Hwith Y\ |J V. = f(H). Then H =
acA

f! ( ( ) =X\ U 1 (V,) € H. Given that (X, u, H) is SuH-Lindeldf,

there exists a countable subset Ay of A such that f=1 Y\ J Vo | =
a€lg

X\ U fH(Va) et Thus, Y\ U Va=f(fT1 Y\ U Va)) € f(H).
a€lg ac€lo ac€lo
(2) Let {V, : a € A} be a family of v-open subsets of Y such that

Y\ U Va € f(H). There exists H € H such that Y \ U Vo = f(H).
acA

Then H = f~Y(f(H)) = X \ U 71 (V,) € H. leen that (X, 1, H)

is S — SpH-Lindelof, there ex1sts a countable subset Ay of A such that
X = U fYV,). Since f is surjective, Y = |J V. O
aElg ac€lg
It is clear that if f : (X, ) — (Y,v) and G isan HC on Y, then f~(G) =
{f~Y(G):G € G} is an HC on X.

Corollary 3.4. Let f: (X, ) = (Y,v) be a bijective p-open function. The
following properties hold.
(1) If (Y,v,G) is SvG-Lindeldf, then (X, p, f~1(
(2) If (Y,v,G) is S—SvG-Lindeldf, then (X, u, f~
Lindelof.

G)) is Suf~Y(G)-Lindeldf.
1(G)) isS=Suf~(9)-
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Proof. (1) Let {V,, : a € A} be a family of p-open subsets of X such that
X\ U Va € f71(G). There exists G € G with X\ U Vo = f71(G).
aEN =

Then Y\ U f (Vo) = f(f"1(Q)) = G € G and given that (Y,v,G) is SvG-
a€A

Lindelof, then there exists a countable subset Ag of A with f(X\ U Va) =
aclNg

Y\ U f(V.) €G. This implies that X\ |J V, € f~1(G).
ac€lo a€lo
(2) Let {V4 : @ € A} be a family of p-open subsets of X such that
X\ U Va € f7HG). There exists G € G with X\ J Vo = f~! (G). Then
a€A a€cA

Y\ U f(Va) = f(f7HQ)) = G € G and since (Y, v, G) is S—SvG- Lindeldf,
acA

then there exists a countable subset Ay of A such that Y = |J f(V4).
a€lg
This implies that X = |J V. O
aENg

Theorem 3.5. Let f: (X,u) = (Y,v,G) be a p-closed surjection.

(1) If for eachy € Y, f~(y) is Suf~1(G)-Lindeldf in X, then f~1(A)
is Suf~1(G)-Lindelof in X whenever A is SvG-Lindelsf in Y .

(2) If for each y € Y, f~Y(y) is S-Suf~1(G)-Lindeléf in X, then
FYA) is 8-Suf~1(G)-Lindelf in X whenever A is S- SvG-Lindeldf
mY.

Proof. (1) Let {Vyo : o € A} be a family of p-open subsets of X such
that f~1(A) \U{Vy:a €A} € f71(G). For each y € A there exists a
countable subset A, of A such that f~1(y) \U{V,:a €A} € f71(G).
Let V, = U{V, : a« € Ay}. Each V, is a p-open set in (X,u) and
I y)\V, € f1(G). Now each set f(X — V) is v-closed in Y and hence,
Uly) =Y — f(X —V,) is a v-open in (Y,v) . Note that f~1(U(y)) C V.
Thus, {U(y) : y € A} is a family of v-open subsets of ¥ such that A\
UyeaU(y) € H. Since A is SvG-Lindeldf in Y, there exists a countable sub-
collection {U(y;) : 4 € N} such that A\U{U(y;) : 4 € N} € G and hence,
FHANU{U®) s i eNY) = fPHA)\NU{SH (Uwi)) : i €N} € f7H(G).
Since f71(A)\U{V,, : ie N} C f7HA)\U{f " (U(y)): i€ N}, then
FTHAN\NU{V,, i eNY = fFHA)\U{V, : a € Ay,,i € N} € 7).
Hence, f~1(A) is Suf~1(G)-Lindeléf in X.

(2) Let {Vy : @ € A} be a family of p-open subsets of X such that
FHA)\U{V,:a € A} € f71(G). Then it follows by assumption that for
each y € A there exists a countable subset A, of A such that f~!(y) C
U{Va : € Ay} Let V, = U{V, : @« € Ay}. Each Vj, is a p-open set in
(X,p) and f~(y) C V,. Now each set f(X —V,) is v-closed in ¥ and
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y ¢ f(X —V,) and hence, U(y) = Y — f(X —V,) is a v-open set con-
taining y. Note that f~1(U(y)) € V,. The collection {U(y) : y € A} is a
family of v-open sets of Y which covers A. Since A is S-SvG-Lindelof
in Y, there exists a countable subcollection {U(y;): 4 € N} such that
A C U{U(y;): i€N} and hence, f~1(A) C U{f " (U(w)): i e N} C
U{V,, : i € N}, then

FHA) CculV,, :ieN}=U{V,:ac A, icN}L
Hence, f~1(A) is S-Suf~*(G)-Lindelf in X. O

Corollary 3.6. Let f: (X, u) — (Y,v,G) be a p-closed function.

(1) If f~Yy) is Suf~Y(G)-Lindelsf in X for eachy € Y and (Y,v) is
SvG-Lindeldf, then (X, ) is Spf~(G)-Lindeldf.

(2) If f~1(y) is S-Suf~1(G)-Lindeldf in X for eachy € Y and (Y,v)
is 8-SvG-Lindeldf, then (X, u) is S-Suf~1(G)-Lindeldf.

A subset A of X is said to be pu-compact if for every u-covering {U, :
a € A} of A there exists a finite subcollection {U, : « € Ag} that also
covers A [5].

Theorem 3.7. Let f: (X,p) = (Y,v,G) be a p-closed surjection. If for
eachy € Y, f~1(y) is u-compact in X, then f=1(A) is pf=(G)-Lindelsf
in X whenever A is vG-Lindeldf in Y.

Proof. Let {V, : @ € A} be a cover of f~1(A) by u-open sets of X. For
each y € A there exists a finite subset A, of A such that f~!(y) C U{V, :
a € Ay}t Let V(y) = U{V, : @ € Ay}. Each V(y) is a p-open set in
(X,p) and f~1(y) C V(y). Now each set f(X — V(y)) is v-closed in YV
and y ¢ f(X — V(y)) hence, U(y) =Y — f(X — V(y)) is a v-open set
containing y. Note that f~1(U(y)) € V(y). The collection {U(y) : y €
A} is a cover of A by v-open sets of Y. Hence, there exists a countable
subcollection {U(y;) : ¢ € N} such that A\ U{U(y;): ¢ €N} € G. Then
F AN U{U () s i € NY) = fH(A)\U{F 1 (U(w) s i €N} € £1(0).
Since f~H(A)\U{V(y;): i e N} C f7HA)\U{f'(U(y)) : i € N}, then
FHAN\NU{V (y;) : i € N} € f71(G). Thus, f~1(A) is pf~1(G)-Lindelsf in
X. O

Corollary 3.8. Let f: (X,u) — (Y,v,G) be a u-closed function such that
f~Y(y) is p-compact in X for each y € Y. If (Y,v) is vG-Lindeldf, then
(X, p) is pf~1(G)-Lindeldf.

Remark 3.9. The above theorem and corollary remain valid if we assume
that for each y € Y, f~1(y) is u-Lindeldf in X.
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