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Abstract. Molodtsov initiated soft set theory which has provided

a general mathematical framework for handling uncertainties that

occur in various real life problems. The aim of this paper is to provide
fuzzy soft algebraic tools in considering many problems that contain

uncertainties. In this article, the notion of (∈α,∈α ∨qβ)-fuzzy soft

BCI-subalgebra of BCI-algebra is introduced. Some operational
properties on (∈α,∈α ∨qβ)-fuzzy soft BCI-subalgebras are discussed

as well as lattice structures of this kind of fuzzy soft set on BCI-

subalgebras are derived.

1. Introduction

Uncertainties may occur in many real life applications like economics,
engineering, sociology, medical science, and environmental science. Classi-
cal methods cannot always successfully overcome uncertainties, because the
uncertainties appearing in these domains may be of various types. In order
to overcome this problem, Molodtsov [40] first introduced the concept of a
soft set theory as a new mathematical tool for dealing with uncertainties
and also pointed out several directions of study for the applications of soft
sets. Decision making [7, 8, 33], theory of soft sets [3, 32] and fuzzy soft sets
[4, 25] are some of these fields. Recently, soft set theory has been applied to
different algebraic structures (see [29, 34, 35, 36, 37]). After the introduc-
tion of fuzzy sets by Zadeh [45], there have been a number of generaliza-
tions of this fundamental concept. A new type of fuzzy subgroups, called
(∈,∈ ∨q)-fuzzy subgroups, was introduced in a paper of Bhakat et al. [6]
using the combined notions of “belongingness” and “quasi-coincidence” of
fuzzy points and fuzzy sets, introduced by Pu and Liu [42]. Bej and Pal
[5], Muhiuddin and others [38, 39], and Jana et al. [12–22] have done much
work on BCK/BCI-algebras and its related algebras.

In fact, the (∈,∈ ∨q)-fuzzy subgroup is an important generalization of
Rosenfeld’s fuzzy subgroup [43]. Subsequently, Narayanan and Manikantan
[41] extended these results to near-rings. With this objective in mind, Jun
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and Meng [23, 28] introduced the concept of (α, β)-fuzzy subalgebras and
ideals of BCK/BCI-algebras and investigated related results. Further, Ma
et al. [30] discussed the properties of some kinds of (∈,∈ ∨q)-interval-valued
fuzzy ideals of BCI-algebras. Also, Ma et al. [31] introduced the notion of
some kinds of (∈γ ,∈γ ∨qδ)-fuzzy ideals in BCI-algebras. In addition, much
research work has been done by combining fuzzy set and soft set theory
applied in soft algebraic structures [1, 9] on soft groups, soft semiring. Jun
et al. [24, 26, 27] applied the notion of soft sets to the theory of BCK/BCI-
algebras, soft subalgebras, and described their basic properties. Recently,
Yin and Zhan [44] introduced the concepts of (∈γ ,∈γ ∨qδ)-fuzzy soft h-
ideals (respectively, h-bi-ideals, h-quasi-ideals) in hemiring, which are a
further generalization of all kinds of fuzzy soft h-ideals. To the best of our
knowledge, there is no work done on (∈α,∈α ∨qβ)-fuzzy soft BCI-algebras.
For this reason, we are motivated to develop the theory on (∈α,∈α ∨qβ)-
fuzzy soft BCI-algebras.

In this paper, the notion of (∈α,∈α ∨qβ)-fuzzy soft BCI-algebras are
introduced and their properties are investigated. We provide conditions for
a soft set to become (∈α,∈α ∨qβ)-fuzzy soft BCI-algebras. We prove that
the extended intersection of two (∈α,∈α ∨qβ)-fuzzy soft BCI-subalgebras
is also a (∈α,∈α ∨qβ)-fuzzy soft BCI-subalgebra. We show that the family
of (∈α,∈α ∨qβ)-fuzzy soft BCI-subalgebras is a completely distributive
lattice.

2. Preliminaries

In this section, some elementary aspects that are necessary for this paper
are included.

An algebra (X, ∗, 0) of type (2, 0) is called BCI-algebra if it satisfies the
following conditions, if for all x, y, z ∈ X.

(1) (((x ∗ y) ∗ (x ∗ z)) ∗ (z ∗ y)) = 0.
(2) (x ∗ (x ∗ y)) ∗ y = 0.
(3) x ∗ x = 0.
(4) x ∗ y = 0 and y ∗ x = 0 ⇒ x = y.

We can define a partial ordering “ ≤ ” by x ≤ y if and only if x ∗ y = 0.
If a BCI-algebra X satisfies 0 ∗ x = 0 for all x ∈ X, then we say that X is
a BCK-algebra.

Proposition 2.1. [11] Let X be a BCI-algebra. The following conditions
are held on BCI-algebra over X, then for all x, y, z ∈ X.

(1) x ≤ y ⇒ x ∗ z ≤ y ∗ z and z ∗ y ≤ z ∗ y.
(2) (x ∗ y) ∗ z = (x ∗ z) ∗ y.
(3) (x ∗ z) ∗ (y ∗ z) ≤ x ∗ y.
(4) x ∗ 0 = x.
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A nonempty subset S of a BCK/BCI-algebra X is called a BCK/BCI-
subalgebra of X if x ∗ y ∈ S for all x, y ∈ S. A fuzzy set µ in a BCK/BCI-
algebra X is called a fuzzy BCK/BCI-subalgebra if it satisfies µ(x ∗ y) ≥
min{µ(x), µ(y)}, for all x, y ∈ X.

We refer the reader to the book [10] for further information regarding
BCK/BCI-algebras. A fuzzy set µ in a set X is of the form

µ(y) =

{
t ∈ (0, 1], if y = x;
0, if y 6= x.

A fuzzy point with support x and value t is denoted by xt. For a fuzzy
point xt and a fuzzy set µ of a set X, Pu and Liu [42] gave meaning to the
symbol xtΦµ, where Φ ∈ {∈, q,∈ ∨q,∧q}. To say that xt ∈ µ (respectively,
xtqµ) means that µ(x) ≥ t (respectively, µ(x) + t > 1), and in this case, xt
is said to belong to (respectively, be quasi-coincident with) a fuzzy set µ.
To say that xt ∈ ∨qµ (respectively, xt ∈ ∧qµ) means that xt ∈ µ or xtqµ
(respectively xt ∈ µ and xtqµ). To say that xtφµ means that xtΦµ does
not hold, where Φ ∈ {∈, q,∈ ∨q,∈ ∧q}.

Let α, β ∈ [0, 1] be such that α < β. For any fuzzy point xt and µ of X,
we say [44].

(1) xt ∈α µ if µ(x) ≥ t > α.
(2) xtqβµ if µ(x) + t > 2β.
(3) xt ∈α ∨qβµ if xt ∈α µ or xtqβµ.
(4) xt∈α ∨ qβµ if xt∈αµ and xtqβµ.

Molodstov [40] defined the soft set in the following way. Let U be an
initial universe and E be a set of parameters. Let P(U) be power set of U
and A ⊂ E.

Definition 2.2. [40] A pair (F , A) is called a soft set over U , where F is
a mapping given by

F : A→ P(U).

In other words, a soft set over U is a parameterized family of subsets of the
universe U. For θ ∈ A, F(θ) may be considered as the set of θ-approximate
elements of the soft set (F , A). Clearly, a soft set is not a set. For illus-
tration, Molodtsov considered several examples in [40].

Definition 2.3. [33] For two soft sets (F , A) and (G, B) over a com-
mon universe U , we say that (F , A) is a soft subset of (G, B), denoted
by (F , A)⊂̃(G, B), if it satisfies

(1) A ⊂ B.
(2) For every α ∈ A, F [θ] and G[θ] are identical approximations.

Definition 2.4. [33] Let U be an initial universe set and E be a set of
parameters and A ⊆ E. Then (F , A) is called a fuzzy soft set over U ,
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where F is a mapping given by F : A→ F(U) with F(U) being the family
of all fuzzy sets of U .

Lemma 2.5. [44] Let µ, ν ∈ F (X). Then µ ⊆ ∨q(α,β)ν if and only if
max{ν(x), α} ≥ min{µ(x), β} for all x ∈ X.

Lemma 2.6. [44] Let µ, ν, ω ∈ F (X). If µ ⊆ ∨q(α,β)ν and ν ⊆ ∨q(α,β)ω,
then µ ⊆ ∨q(α,β)ω.

Lemmas 2.5 and 2.6 give that “=(α,β)” is an equivalence relation on
F (X). It is also worth noting that µ =(α,β) ν if and only if

max{min{µ(x), β}, α} = max{min{ν(x), β}, α}

for all x ∈ X by Lemmas 2.5.
Now, we introduce some operations of two fuzzy soft sets over X as

follows.

Definition 2.7. [32] Let (F , A) and (G, B) be two fuzzy soft sets over
the universe U , we say that (F , A) is a fuzzy soft subset of (G, B) and
(F , A)b̃(G, B) if

(1) A ⊆ B.
(2) For any θ ∈ A, F [θ] ⊆ G[θ]. (F , A) and (G, B) are said to be

fuzzy soft equal and write (F , A) = (G, B) if (F , A) b (G, B) and
(G, B) b (F , A).

Definition 2.8. [26] The extended intersection of two fuzzy soft sets (F , A)
and (G, B) over X is a fuzzy soft set denoted by (H, C), where C = A∪B)
and

H(θ) =

 F(θ), if θ ∈ A\B;
G(θ), if θ ∈ B\A;
F(θ) ∩ G(θ), if θ ∈ A ∩B,

for all θ ∈ C. It is denoted by (H, C) = (F , A)∩̃(G, B).

Definition 2.9. The extended union of two fuzzy soft sets (F , A) and
(G, B) over X is a fuzzy soft set denoted by (H, C), where C = A ∪ B
and

H(θ) =

 F(θ), If θ ∈ A\B;
G(θ), if θ ∈ B\A;
F(θ) ∪ G(θ), if θ ∈ A ∩B,

for all θ ∈ C. It is denoted by (H, C) = (F , A)∪̃(G, B).

Definition 2.10. [26] Let (F , A) and (G, B) be two fuzzy soft sets over X
such that A ∩ B 6= ∅. The restricted intersection of (F , A) and (G, B) is
a fuzzy soft set (H, C), where C = A ∩ B and H(θ) = F(θ) ∩ G(θ) for all
θ ∈ C. It is denoted by (H, C) = (F , A) ∩ (G, B).
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Table 1

∗ 0 a b c
0 0 a b c
a a 0 c b
b b c 0 a
c c b a 0

Definition 2.11. [3] Let (F , A) and (G, B) be two fuzzy soft sets over X
such that A ∩ B 6= ∅. The restricted union of (F , A) and (G, B) is a fuzzy
soft set (H, C), where C = A∩B and H(θ) = F(θ)∪G(θ) for all θ ∈ C. It
is denoted by (H, C) = (F , A) ∪ (G, B).

Definition 2.12. [26] Let (F , A) and (G, B) be two fuzzy soft sets over X.
Then the AND operation of two fuzzy soft sets (F , A) and (G, B) is a fuzzy
soft set over X, denoted by (F , A)∧(G, B), and defined by (F , A)∧(G, B) =
(H, A×B), where H(θ1, θ2) = F [θ1]∩̃G[θ2] for all (θ1, θ2) ∈ A×B.

Definition 2.13. [3] The product of two fuzzy soft sets (F , A) and (G, B)
over common universe U is a fuzzy soft sets is denoted by (F ∗G, C), where
C = A ∪B and

(F ∗ G)(θ) =

 F(θ), if θ ∈ A\B;
G(θ), if θ ∈ B\A;
F(θ) ∗ G(θ), if θ ∈ A ∩B,

for all θ ∈ C. It is denoted by (F ∗ G, C) = (F , A) � (G, B).

3. (∈α,∈α ∨qβ)-fuzzy soft BCI-subalgebras

In this section, the characterizations of (∈α,∈α ∨qβ)-fuzzy soft BCI-
subalgebras of BCI-algebras are described. In what follows, let X denote
a BCI-algebra unless otherwise specified.

Definition 3.1. A fuzzy soft set (F , A) over a BCI-algebra X is called
an (∈α,∈α ∨qβ)-fuzzy soft BCI-subalgebra of X if for all θ ∈ A and t, s ∈
(α, 1] such that

(T1) xt ∈α µF [θ] and ys ∈α µF [θ] implies (x ∗ y)min{t,s} ∈α ∨qβµF [θ].

Example 3.2. Let X = {0, a, b, c} be a proper BCI-algebra with the fol-
lowing Caley Table 1 as follows. Define a fuzzy soft set µF [θ] of X such
that µF [θ](0) = 0.7, µF [θ](a) = 0.8 and µF [θ](b) = µF [θ](c) = 0.3, and take
U = X and A = [0, 1] and θ ∈ A. Then it is routine to show that (F , A)
is a (∈0.7,∈0.7 ∨q0.8)-fuzzy soft BCI-subalgebra of X, but it is not a fuzzy
soft subalgebra of X.

The above definition is equivalent to the following lemma.

MISSOURI J. OF MATH. SCI., FALL 2017 201



C. JANA AND M. PAL

Lemma 3.3. Let (F , A) be a fuzzy soft set over X. Then (T1) holds if
and only if the following conditions hold, for all θ ∈ A and x, y ∈ X

(T2) max{µF [θ](x ∗ y), α} ≥ min{µF [θ](x), µF [θ](y), β}.
(T3) (F , A) ∗ (F , A) ⊆ ∨q(α,β)(F , A).

Proof. (T1) ⇒ (T2). Let there be any x, y ∈ X and θ ∈ A such that
max{µF [θ](x ∗ y), α} < t < min{µF [θ](x), µF [θ](y), β}. Then µF [θ](x) ≥ t,
µF [θ](y) ≥ t and µF [θ](x ∗ y) < t ≤ β. Thus, xt ∈ µF [θ], yt ∈ µF [θ] but
(x ∗ y)∈α ∨ qβµF [θ]. This contradicts (T1). Hence, (T2) holds.

(T2) ⇒ (T3). If (F , A) ∗ (F , A)⊆ ∨q(α,β)(F , A), then there exist θ ∈ A
and xt ∈α µ(F∗F )[θ] such that xt∈α ∨ qβµF [θ], where t ∈ (α, 1]. Hence,
µ(F∗F)[θ](x) ≥ t > α, µF [θ](x) < t and µF [θ](x) + t ≤ 2β, which imply that
µF [θ](x) < β. If x = m ∗ n for some m,n ∈ X, then by (T2), we have

max{µF [θ](x), α} ≥ min{µF [θ](y), µF [θ](z), β}.

Again, µF [θ](x) < β and α < β, which follows that

max{µF [θ](x), α} ≥ min{µF [θ](y), µF [θ](z), β}.

Hence,

t ≤ µ(F∗F)[θ](x) = µF [θ]∗F [θ](x) = sup
x=m∗n

min{µF [θ](m), µF [θ](n)}

≤ sup
x=m∗n

max{µF [θ](x), α} = max{µF [θ](x), α},

a contradiction. Therefore, condition (T3) holds.
(T3) ⇒ (T1). Let t, s ∈ (α, 1], θ ∈ A and x, y ∈ X such that xt ∈α µF [θ]

and ys ∈α µF [θ], then we get µF [θ](x) ≥ t > α, µF [θ](y) ≥ s > α and for all
z = x ∗ y, we have

µ(F∗F)[θ](z) = µ(F [θ]∗F [θ])(z) = sup
z=x∗y

min{µF [θ](x), µF [θ](y)}

≥ min{µF [θ](x), µF [θ](y)} ≥ min{t, s} > α.

It follows that (x ∗ y)min{t,s} ∈α µ(F∗F)[θ]. By (T3), (x ∗ y)min{t,s} ∈α
∨qβµF [θ]. Therefore, condition (T1) is valid. �

Remark 3.4. For any (∈α,∈α ∨qβ)-fuzzy soft BCI-subalgebra (F , A) of
X, we can conclude that

(1) µF [θ] is a fuzzy soft BCI-subalgebra of X, for all θ ∈ A when α = 0
and β = 1.

(2) (F , A) is an (∈,∈ ∨q)-fuzzy soft BCI-subalgebra of X when α = 0
and β = 0.5.

For any fuzzy soft set (F , A) over X, θ ∈ A and t ∈ [0, 1], we define

F (α,β)
t [θ] = {x ∈ X| xt ∈α µF [θ]}, 〈F〉

(α,β)
t [θ] = {x ∈ X| xtqβµF [θ]},
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and [F ]
(α,β)
t [θ] = {x ∈ X| xt ∈α ∨qβµF [θ]}. It is clear that [F ]

(α,β)
t =

F (α,β)
t ∪ 〈F〉(α,β)t .

Theorem 3.5. Let (F , A) be a fuzzy soft set over X. Then

(1) (F , A) is an (∈α,∈α ∨qβ)-fuzzy soft BCI-algebra of X if and only

if the non-empty set F (α,β)
t [θ] is a BCI-subalgebra of X for all

θ ∈ A and t ∈ (α, β].
(2) If 2β = 1 + α, then (F , A) is an (∈α,∈α ∨qβ)-fuzzy soft BCI-

algebra of X if and only if non-empty set 〈F〉(α,β)t [θ] is a BCI-
subalgebra of X for all θ ∈ A and t ∈ (β, 1].

(3) If 2β = 1 + α, then (F , A) is an (∈α,∈α ∨qβ)-fuzzy soft BCI-

algebra of X if and only if non-empty set [F ]
(α,β)
t [θ] is a BCI-

subalgebra of X for all θ ∈ A and t ∈ (α, 1].

Proof. (1) Let (F , A) be an (∈α,∈α ∨qβ)-fuzzy soft BCI-algebra of X

and assume that F (α,β)
t [θ] 6= ∅ for some θ ∈ A and t ∈ (α, β]. Let

x, y ∈ F (α,β)
t [θ]. Then xt ∈α µF [θ] and yt ∈α µF [θ]. Since (F , A) is an

(∈α,∈α ∨qβ)-fuzzy soft BCI-algebra of X, then max{µF [θ](x ∗ y), α} ≥
min{µF [θ](x), µF [θ](y), β}. Hence, by t > α

max{µF [θ](x ∗ y), α} ≥ min{µF [θ](x), µF [θ](y), β} ≥ min{t, β} = t.

That is, µF [θ](x∗y) ≥ t, which indicates that x ∈ F (α,β)
t [θ]. Thus, F (α,β)

t [θ]
is a BCI-subalgebra of X.

Conversely, assume that the given condition holds. Suppose that there
exist θ ∈ A and x, y ∈ X such that

max{µF [θ](x ∗ y), α} < t < min{µF [θ](x), µF [θ](y), β}.

Then µF [θ](x) ≥ t > α, µF [θ](y) ≥ t > α, and µF [θ](x ∗ y) < t < β. Thus,
xt ∈α µF [θ] and yt ∈α µF [θ], but (x ∗ y)t∈αµF [θ]. This is a contradiction.
Therefore, (F , A) is an (∈α,∈α ∨qβ)-fuzzy soft BCI-subalgebra of X.

(2) Assume that 2β = 1 + α. Let (F , A) be an (∈α,∈α ∨qβ)-fuzzy

soft BCI-algebra of X and assume that 〈F〉(α,β)t [θ] 6= ∅ for some θ ∈ A

and t ∈ (β, 1]. Let x, y ∈ 〈F〉(α,β)t [θ]. Then xtqβµF [θ] and ytqβµF [θ], i.e.,
µF [θ](x) + t ≥ 2β and µF [θ] + t ≥ 2β. Since (F , A) is an (∈α,∈α ∨qβ)-fuzzy
soft algebra of X, then max{µF [θ](x ∗ y), α} ≥ min{µF [θ](x), µF [θ](y), β}.
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Hence by, t > β,

max{µF [θ](x ∗ y) + t, α+ t}
= max{µF [θ](x ∗ y), α}+ t

≥ min{µF [θ](x), µF [θ](y), β}+ t

= min{µF [θ](x) + t, µF [θ](y) + t, β + t}
> 2β.

For t ≤ 1 = 2β−α, we have t+α ≤ 2β. It follows that µF [θ](x∗y)+ t ≥ 2β

and so, (x ∗ y) ∈ 〈F〉(α,β)t [θ]. Hence, 〈F〉(α,β)t [θ] is a fuzzy BCI-subalgebra
of X.

Conversely, assume that the given condition holds. Suppose that there
exist θ ∈ A and x, y ∈ X such that

max{µF [θ](x ∗ y), α} < t < min{µF [θ](x), µF [θ](y), β}.

Let t = 2β − max{µF [θ](x ∗ y), α}. Then t ∈ (β, 1], µF [θ](x ∗ y) ≤ 2β,
µF [θ](x) > max{µF [θ](x ∗ y), α} = 2β − t, and µF [θ](y) > max{µF [θ](x ∗
y), α} = 2β − t, i.e., x, y ∈ 〈F〉(α,β)t [θ], but (x ∗ y)∈α〈F〉(α,β)t [θ], a contra-
diction. Therefore, (F , A) is an (∈α,∈α ∨qβ)-fuzzy soft BCI-subalgebra of
X.

(3) Let (F , A) be an (∈α,∈α ∨qβ)-fuzzy soft BCI-algebra of X and

x, y ∈ [F ]
(α,β)
t [θ] 6= ∅ for some θ ∈ A and t ∈ (α, 1]. Then xt ∈α

∨qβµF [θ] and yt ∈α ∨qβµF [θ], i.e., µF [θ](x) ≥ 2β − t > 2β − 1 = α and
µF [θ](y) ≥ 2β − t > 2β − 1 = α. Since (F , A) is an (∈α,∈α ∨qβ)-fuzzy
soft BCI-algebra of X and also, min{µF [θ](x), µF [θ](y), β} > α, we have
µF [θ](x ∗ y) ≥ min{µF [θ](x), µF [θ](y), β}. Now we consider the cases.
Case 1. t ∈ (α, β]. Then we have 2β − α ≥ β ≥ t.

Case 1(i). µF [θ](x) ≥ t or µF [θ](y) ≥ t. Then,

µF [θ](x ∗ y) ≥ min{µF [θ](x), µF [θ](y), β} ≥ t.

Hence, (x ∗ y)t ∈α µF [θ].

Case 1(ii). µF [θ](x) > 2β − t and µF [θ](y) > 2β − t. Then,

µF [θ](x ∗ y) ≥ min{µF [θ](x), µF [θ](y), β} = β ≥ t.

Hence, (x ∗ y) ∈α µF [θ].

Case 2. t ∈ (β, 1]. Then we have 2β − t < β < t.
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Case 2(i). µF [θ](x) ≥ t and µF [θ](y) ≥ t. Then we have

µF [θ](x ∗ y) ≥ min{µF [θ](x), µF [θ](y), β} = β > 2β − t.

Hence, (x ∗ y)tqβµF [θ].

Case 2(ii). µF [θ](x) > 2β − t or µF [θ](y) > 2β − t. Then

µF [θ](x ∗ y) ≥ min{µF [θ](x), µF [θ](y), β} > 2β − t.

Hence, (x ∗ y)tqβµF [θ].

Therefore, in any case, (x ∗ y)t ∈α ∨qβµF [θ], i.e., (x ∗ y) ∈ [F ]
(α,β)
t [θ].

Conversely, assume that the given condition holds. Let θ ∈ A and x, y ∈
X such that max{µF [θ](x ∗ y), α} < t = min{µF [θ](x), µF [θ](y), β}. Then
µF [θ](x) ≥ t > α, µF [θ](y) ≥ t > α, and µF [θ](x ∗ y) < t ≤ β, i.e.,

xt, yt ∈α µF [θ] but (x ∗ y)t∈α ∨ qβµF [θ]. Hence, x, y ∈ [F ]
(α,β)
t [θ] but

(x ∗ y)∈α[F ]
(α,β)
t [θ], a contradiction. Therefore,

max{µF [θ](x ∗ y), α} ≥ min{µF [θ](x), µF [θ](y), β}.

This proves that condition (T3) holds. Therefore, (F , A) is an (∈α,∈α
∨qβ)-fuzzy soft BCI-subalgebra of X. �

If we take α = 0 and β = 0.5 in Theorem 3.5, we conclude the following
results.

Remark 3.6.

(1) (F , A) is an (∈,∈ ∨q)-fuzzy soft BCI-subalgebra of X if and only
if the non-empty set Ft[θ] is a BCI-subalgebra of X for all θ ∈ A
and for all t ∈ (0, 0.5].

(2) (F , A) is an (∈,∈ ∨q)-fuzzy soft BCI-subalgebra of X if and only
if non-empty set 〈F〉t[θ] is a BCI-subalgebra of X for all θ ∈ A
and for all t ∈ (0.5, 1].

(3) (F , A) is an (∈,∈ ∨q)-fuzzy soft BCI-subalgebra of X if and only
if non-empty set [F ]t[θ] is a BCI-subalgebra of X for all θ ∈ A and
for all t ∈ (0, 1].

Definition 3.7. Let (F , A) and (G, B) be an (∈α,∈α ∨qβ)-fuzzy soft BCI-
algebra over X. We say that (F , A) is an (∈α,∈α ∨qβ)-fuzzy soft subset of
(G, B) and (F , A) b ∨q(α,β)(G, B) if

(1) A ⊆ B.
(2) For any θ ∈ A, F [θ] ⊆ G[θ]. (F , A) and (G, B) are an (∈α,∈α ∨qβ)-

fuzzy soft equal, i.e., (F , A) =(α,β) (G, B) if (F , A) b ∨q(α,β)(G, B)
and (G, B) b ∨q(α,β)(F , A).
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For any t ∈ [0, 1] and θ ∈ A,

(
F (α,β)
t , A

)
,

(
〈F〉(α,β)t , A

)
and(

[F ]
(α,β)
t , A

)
are fuzzy soft set over X.

Theorem 3.8. Let (F , A) and (G, B) be (∈α,∈α ∨qβ)-fuzzy soft BCI-
subalgebra over X. If (F , A) is an (∈α,∈α ∨qβ)-fuzzy soft subset of (G, B),
then

(1) fuzzy soft set

(
F (α,β)
t , A

)
is a fuzzy soft subset of

(
G(α,β)t , B

)
over

X for all t ∈ (α, β].

(2) fuzzy soft set

(
〈F〉(α,β)t , A

)
is a fuzzy soft subset of

(
〈G〉(α,β)t , B

)
over X for all t ∈ (β,min{2β − α, 1}].

(3) fuzzy soft set

(
[F ]

(α,β)
t , A

)
is a fuzzy soft subset of

(
[G]

(α,β)
t , B

)
over X for all t ∈ (α,min{2β − α, 1}].

Proof. (1) Let X be a BCI-algebra and θ ∈ A, t ∈ (α, β], and x ∈ F (α,β)
t [θ].

Then xt ∈α µF [θ], i.e., µF [θ](x) ≥ t > α. Since (F , A) is an (∈α,∈α ∨qβ)-
fuzzy soft subset of (G, B) we have max{µG[θ](x), α} ≥ min{µF [θ](x), β} ≥
{t, β} = t, and so µG[θ](x) ≥ t > α, since t > α, i.e., x ∈ G(α,β)t [θ].
Therefore, (1) holds.

(2) Let θ ∈ A, t ∈ (β,min{2β − α, 1}] and x ∈ 〈F〉(α,β)t [θ]. Then
xtqβµF [θ], i.e., µF [θ](x)+ t > 2β. Since (F , A) is an (∈α,∈α ∨qβ)-fuzzy soft
subset of (G, B) over X, then we have max{µG[θ](x), α} ≥ min{µF [θ](x), β}.
Hence, for t > β,

max{µG[θ](x) + t, α+ t} = max{µG[θ], α}+ t

≥ min{µF [θ](x), β}+ t

= min{µF [θ] + t, β + t} > 2β,

t ≤ 2β−α, i.e, t+α ≤ 2β. We have µG[θ](x)+t > 2β and so x ∈ 〈G〉(α,β)t [θ].
Therefore, (2) holds.

(3) θ ∈ A, t ∈ (α,min{2β − α, 1], and let x ∈ [F ]
(α,β)
t [θ]. Then xt ∈α

∨qβµF [θ] and µF [θ](x) ≥ t > α or µF [θ](x) > 2β − α > 2β − (2β − α) = α.
Since (F , A) is an (∈α,∈α ∨qβ)-fuzzy soft subset of (G, B) over X we have
max{µG[θ](x), α} ≥ min{µF [θ](x), β}, and so µG[θ](x) ≥ min{µF [θ](x), β}.
Since α < min{µF [θ](x), β}, we consider the following cases.

Case 1. t ∈ (α, β]. As t ∈ (α, β], we have 2β − α ≥ β ≤ t. Then from
µF [θ](x) ≥ t or µF [θ](x) ≥ 2β − t, we get µG[θ](x) ≥ min{µF [θ], β} ≥ t.
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Hence, xt ∈α µG[θ].

Case 2. t ∈ (β, 1], since t ∈ (β, 1], then we have 2β − t < β < t. Then
from µF [θ](x) ≥ t or µF [θ](x) ≥ 2β−t, we get µG[θ](x) ≥ min{µF [θ](x), β} >
2β − t. Hence, xtqβµG[θ].

Thus, in both cases, we have x ∈ [G]
(α,β)
t [θ]. Therefore, (3) holds. �

If we take α = 0 and β = 0.5 in Theorem 3.8, we conclude the following
results.

Corollary 3.9. Then (F , A) and (G, B) are (∈,∈ ∨q)-fuzzy soft BCI-
subalgebra over X.

(1) Fuzzy soft set (Ft, A) is an (∈,∈ ∨q)-fuzzy soft subset of (Gt, B)
over X for all t ∈ (0, 0.5].

(2) Fuzzy soft set (〈F〉t, A) is an (∈,∈ ∨q)-fuzzy soft subset of (〈G〉t, B)
over X for all t ∈ (0.5, 1].

(3) Fuzzy soft set ([F ]t, A) is an (∈,∈ ∨q)-fuzzy soft subset of ([G]t, B)
over X for all t ∈ (0, 1].

Proposition 3.10. If (F , A) is an (∈α,∈α ∨qβ)-fuzzy soft BCI-subalgebra
of X, then max{F [θ](0), α} ≥ min{F [θ](x), β} for all x ∈ X and any
parameter θ in A.

Proof. Let x ∈ X and θ ∈ A. Then max{F [θ](0), α} = max{F [θ](x ∗
x), α} ≥ min{F [θ](x),F [α](x), β} = min{F [θ](x), β}. Thus,

max{F [θ](0), α} ≥ min{F [θ](x), β}

for all x ∈ X and θ ∈ A. �

Theorem 3.11. Let (F , A) and (G, B) be fuzzy soft sets over X. If (F , A)
and (G, B) are two (∈α,∈α ∨qβ)-fuzzy soft BCI-subalgebra over X, then
the extended intersection of (F , A) and (G, B) is an (∈α,∈α ∨qβ)-fuzzy soft
BCI-subalgebra over X.

Proof. Let (F , A)∩̃e(G, B) = (H, C) be the extended intersection of (F , A)
and (G, B). Then C = A ∪ B. For any θ ∈ C, if θ ∈ A − B (respectively,
θ ∈ B−A), thenH[θ] = F [θ] (respectively, H[θ] = F [θ]) is an (∈α,∈α ∨qβ)-
fuzzy soft BCI-subalgebra over X. If A∩B 6= ∅, then H[θ] = F [θ]∩G[θ] is
an (∈α,∈α ∨qβ)-fuzzy soft BCI-subalgebra over X for any θ ∈ A∩B, since
the intersection of two (∈α,∈α ∨qβ)-fuzzy BCI-subalgebra is an (∈α,∈α
∨qβ)-fuzzy BCI-subalgebra over X. Therefore, (H, C) is an (∈α,∈α ∨qβ)-
fuzzy soft BCI-subalgebra over X. �

The two corollaries are straightforward results of Theorem 3.11.
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Table 2

∗ 0 a b c d
0 0 0 b c d
a a 0 b c d
b b b 0 d c
c c c d 0 b
d d d c b 0

Corollary 3.12. Let (F , A) and (G, B) be two (∈α,∈α ∨qβ)-fuzzy soft
BCI-subalgebras X. Then their extended intersection (F , A)∩̃(G, B) is an
(∈α,∈α ∨qβ)-fuzzy soft BCI-subalgebra over X.

Corollary 3.13. The restricted intersection of two (∈α,∈α ∨qβ)-fuzzy soft
BCI-subalgebras is an (∈α,∈α ∨qβ)-fuzzy soft BCI-subalgebra over X.

Theorem 3.14. Let (F , A) and (G, B) be two (∈α,∈α ∨qβ)-fuzzy soft
BCI-subalgebra over X. If A ∩ B = ∅, then the union (F , A)∪̃(G, B) is
an (∈α,∈α ∨qβ)-fuzzy soft BCI-subalgebra over X.

Proof. By Definition 2.9, (F , A)∪̃(G, B) = (H, C), where C = A ∪ B and
for all θ ∈ C,

H(θ) =

 F(θ), If θ ∈ A\B;
G(θ), if θ ∈ B\A;
F(θ) ∪ G(α), if θ ∈ A ∩B.

Since A ∩B = ∅, then either θ ∈ A−B or θ ∈ B −A for all α ∈ C. If θ ∈
A−B, then H[θ] = F [θ] is an (∈α,∈α ∨qβ)-fuzzy soft BCI-subalgebra over
X because (F , A) is an (∈α,∈α ∨qβ)-fuzzy soft BCI-subalgebra over X. If
θ ∈ B −A, then H[θ] = G[θ] is an (∈α,∈α ∨qβ)-fuzzy soft BCI-subalgebra
over X because (G, B) is an (∈α,∈α ∨qβ)-fuzzy soft BCI-subalgebra over
X. Hence, (F , A)∪̃(G, B) = (H, C) is an (∈α,∈α ∨qβ)-fuzzy soft BCI-
subalgebra over X. �

The following example shows that the Theorem 3.14 is not valid if A ∩
B 6= ∅.

Example 3.15. Consider a BCI-algebra U = {0 = white, a = blackish, b =
reddish, c = green, d = yellow} with the following Caley Table 2. Let the
set of parameters E = {α1 = Beautiful, α2 = Fine, α3 = Moderate, α4 =
Smart, α5 = Chaste}, A = {α1 = Beautiful, α2 = Fine, α3 = Moderate,
α4 = Smart}, and B = {α3 = Moderate, α4 = Smart, α5 = Chaste}.
Then A∩B 6= ∅. Let (F , A) be a fuzzy soft set over U . Then F [Beautiful],
F [Fine], F [Moderate], and F [Smart] are fuzzy sets in U . We define as
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Table 3

F white blakish reddish green yellow
beautiful 0.7 0.6 0.3 0.3 0.3
fine 0.6 0.5 0.4 0.2 0.2
modarate 0.8 0.5 0.1 0.3 0.1
smart 0.5 0.5 0.2 0.2 0.4

Table 4

G white blakish reddish green yellow
modarate 0.8 0.6 0.3 0.1 0.1
smart 0.7 0.6 0.3 0.3 0.5
chaste 0.9 0.5 0.2 0.4 0.2

Then (F , A) is an (∈0.6,∈0.6 ∨q0.7)-fuzzy soft BCI-subalgebra over U .
Let (G, B) be fuzzy soft set over U . Then G[Moderate],G[Smart] and
G[Chaste] are fuzzy sets in U . We define as in the following.

Then (G, A) is an (∈0.6,∈0.6 ∨q0.7)-fuzzy soft BCI-subalgebra over U .
But, the union (F , A)∪̃(G, B) is not a fuzzy soft BCI-subalgebra over U ,
because

(F [moderate] ∪ G[moderate])(green ∗ reddish)

= (F [moderate] ∪ G[moderate](yellow)

= max{F [moderate](yellow),G[moderate](yellow)} = 0.1,

and

min{(F [moderate] ∪ G[moderate])(green),

(F [moderate] ∪ G[moderate])(reddish)}
= min{max{F [moderate](green),G[moderate](green)},
max{F [moderate](reddish),G[moderate](reddish)}}
= min{max{0.3, 0.1},max{0.1, 0.3}} = 0.3.

Therefore, (F , A)∪̃(G, B) is not a fuzzy soft BCI-subalgebra over U . But,
(F , A)∪̃(G, B) is an (∈0.6,∈0.6 ∨q0.7)-fuzzy soft BCI-subalgebra over U ,
because

max{(F [moderate] ∪ G[moderate])(green ∗ reddish), α = 0.6}
= max{(F [moderate] ∪ G[moderate](yellow), α = 0.6}
= max{max{F [moderate](yellow),G[moderate](yellow)}, α = 0.6}
= max{0.1, 0.6} = 0.6,
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and

min{(F [moderate] ∪ G[moderate])(green),

(F [moderate] ∪ G[moderate])(reddish), β = 0.7}
= min{max{F [moderate](green),G[moderate](green), β = 0.7},
max{F [moderate](reddish),G[moderate](reddish), β = 0.7}}
= min{{max{0.3, 0.1},max{0.1, 0.3}, 0.7}
= min{0.3, 0.7} = 0.3.

Theorem 3.16. Let (F , A) and (G, B) be two (∈α,∈α ∨qβ)-fuzzy soft
BCI-subalgebra over X. Then (F , A)∧̃(G, B) is an (∈α,∈α ∨qβ)-fuzzy soft
BCI-subalgebra over X.

Proof. By means of Definition 2.12, we have (F , A)∧̃(G, B) = (H, A× B),
where H[θ1, θ2] = F [θ1] ∩ G[θ2] for all (θ1, θ2) ∈ A×B.

For any x, y ∈ X, we have

max{H[θ1, θ2](x ∗ y), α} = max{F [θ1] ∩ G[θ2](x ∗ y), α}
= max{min{F [θ1](x ∗ y), α},min{G[θ2](x ∗ y), α}}
≥ min{min{F [θ1](x),F [θ1](y), β},
min{G[θ2](x),G[θ2](y), β}}
= min{min{F [θ1](x),G[θ2](x), β},
min{F [θ1](y),G[θ2](y), β}}
= min{(F [θ1] ∩ G[θ2])(x), (F [θ1] ∩ G[θ2])(y), β}.

Hence, (H, A×B) = (F , A)∩̃(G, B) is an (∈α,∈α ∨qβ)-fuzzy soft BCI-
subalgebra based on (α, β) over X. Since (θ1, θ2) is arbitrary, we know that
(H, A×B) = (F , A)∩̃(G, B) is an (∈α,∈α ∨qβ)-fuzzy soft BCI-subalgebra
over X. �

Proposition 3.17. Let (F , A) and (G, B) be two (∈α,∈α ∨qβ)-fuzzy soft
BCI-subalgebras over X. Then (F , A) ∨ (G, B) is an (∈α,∈α ∨qβ)-fuzzy
soft BCI-subalgebra over X.

Proof. The proof is straightforward. �

Lemma 3.18. Let (F , A), (G, B) and (H, C) be fuzzy soft sets over X. If
(F , A) ⊂(α,β) (G, B) and (G, B) ⊂(α,β) (H, C), then (F , A) ⊂(α,β) (H, C).

Proof. It is straightforward by Lemma 2.6. �

Let FFF (X,E) denote the set of all (∈α,∈α ∨qβ)-fuzzy soft BCI-
subalgebras over X. Then from Corollaries 3.12 and 3.13, we have the
following results.
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Theorem 3.19. ((FFF (X,E), ∪̃,∩) is a complete distributive lattice un-
der the order relation “⊂(α,β).”

Proof. For any (F , A), (G, B) ∈ FFF (X,E), then by Corollaries 3.12 and
3.13, (F , A)∪̃(G, B) ∈ FFF (X,E) and (F , A)∩ (G, B) ∈ FFF (X,E). It is
obvious that (F , A)∪̃(G, B) and (F , A) ∩ (G, B) are the least upper bound
and the greatest lower bound of (F , A) and (G, B), respectively. It is not dif-
ficult in replacing {(F , A), (G, B)} with an arbitrary family of FFF (X,E).
Therefore, (FFF (X,E), ∪̃,∩) is a complete lattice. Now, we prove the
distributive law

(F , A) ∩ ((G, B)∪̃(H, C))

holds for all (F , A), (G, B), (H, C) ∈ FFF (X,E). Suppose that (F , A) ∩
((G, B)∪̃(H, C)) = (Ĩ , A ∩ (B̃ ∪ C)),

((F , A)∩(G, B))∪̃((F , A)∩(H, C)) = (J̃ , (A∩B)∪(A∩C)) = (J̃ , A∩(B∪C)).
Now, for any θ ∈ A ∩ (B ∪ C) it follows that θ ∈ A and θ ∈ (B ∪ C). We
consider the following cases.

Case 1. θ ∈ A, θ 6∈ B and θ ∈ C. Then Ĩ(θ) = F(θ) ∩H(θ) = J̃(θ).

Case 2. θ ∈ A, θ ∈ B and θ 6∈ C. Then Ĩ(θ) = F(θ) ∩ G(α) = J̃(θ).

Case 3. θ ∈ A, θ ∈ B and θ ∈ C. Then Ĩ(θ) = F(α) ∩ (G(θ) ∪ H(θ)) =

(F(θ) ∩ G(θ)) ∪ (F(θ) ∩H(θ)) = J̃(θ).
Therefore, I and J are same operators, and so (F , A)∩((G, B)∪̃(H, C)) =

((F , A)∩(G, B))∪̃ ((F , A)∩(H, C)). Thus, (F , A)∩((G, B)∪̃(H, C)) =(α,β)

((F , A) ∩ (G, B))∪̃((F , A) ∩ (H, C)). Hence, the proof is complete. �

Theorem 3.20. (FFF (X,E),∪, ∩̃) is a complete distributive lattice under
the order relation “⊂′(α,β)”, where for any (F , A), (G, B) ∈ FFF (X,E),

(F , A) ⊂′(α,β) (G, B) if and only if B ⊆ A and F (α) ⊆ q(α,β)G(α) for any

θ ∈ B.

Proof. The proof is similar to the proof of Theorem 3.19. �

Theorem 3.21. Let (F , A) and (G, B) be a (∈α,∈α ∨qβ)-fuzzy soft BCI-
subalgebra over X. Then so is (F , A) � (G, B).

Proof. Let (F , A) and (G, B) be (∈α,∈α ∨qβ)-fuzzy soft BCI-subalgebra
over X. For any θ ∈ A ∪B, we have the following cases.

Case 1. θ ∈ A−B. Then (F ∗G)(θ) = F(θ). It follows that that (F ∗G)
satisfies the condition and (T3) since (F , A) is an (∈α,∈α ∨qβ)-fuzzy soft
BCI-subalgebra over X.
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Case 2. θ ∈ B − A. Then (F ∗ G)(θ) = G(θ). It follows that (F ∗ G)
satisfies the condition (T3) since (G, B) is an (∈α,∈α ∨qβ)-fuzzy soft BCI-
subalgebra over X.

Case 3. θ ∈ A ∩ B. Then (F ∗ G)(θ) = F(θ) ∗ G(θ). Now, we have to
prove that F(θ) ∗ G(θ) satisfies condition (T3). For any x, y ∈ X, we have

min{µ(F∗G)[θ](x), µ(F∗G)[θ](y), β}
= min{µ(F [θ]∗G[θ])(x), µ(F [θ]∗G[θ])(y), β}

= min

{
sup
x=a∗b

min{µF [θ](a), µG[θ](b)},

sup
y=c∗d

min{µF [θ](c), µG[θ](d)}, β
}

≤ sup
x=a∗b, y=c∗b

min

{
min{µF [θ](a),

µF [θ](c), β},min{µG[θ](b), µG[θ](d), β}
}

≤ sup
x∗y=(a∗b)∗(c∗d)

min

{
max{µF [θ](a ∗ c),

α},maxµG[θ](b ∗ d), α}
}

≤ max

{
sup

x∗y=p∗q
min{µF [θ](p), µG[θ](q)}, α

}
= max{µ(F∗G)[θ]}(x ∗ y), α}.

�

4. Conclusion

Fuzzy soft set theory has an important role in our real life development.
Algebraic structures with fuzzy soft set theory have a variety of applications
in different directions. In this paper (∈α,∈α ∨qβ)-fuzzy soft subalgebras
and some operational properties of (∈α,∈α ∨qβ)-fuzzy soft BCI-algebras
are developed. It is our view that these types of results can be similarly
extended to other algebraic structures.
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