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In the study of independence of quadratic quantities in a normal 
system Craig-Sakamoto's lemma is a fundamental one m. We give here its 
simple proof, the method of which will also enable us in a short way to 

characterize quadratic quantities distributed in X2-distributions (Theorem 
1) and to obtain an analogous result for Wishart•s distributions (Theorem 
14). In Part I we investigate the independence of quadratic quantities in 

a normal system to obtain results related to Cochran's theorem, and in 
Part·II we extend results so obtained to the case of Wishart's distributions. 

Part I. X1:.clistributfons and Cochran's theorem 

§ 1. Craig-Sakamoto's lemma. 
In the following, unless otherwise stated, A, B, C, ... stand for real 

symmetric matrices of order k•k. 

(i) 

(ii) 

Lemma 1. The following two conditions are equivalent : 

AB= 0 

IE-sAI IE-tBI = IE-sA-tBI . 
for arbitrary real scalars s, t. 

Proof. Since evidently (i) implies (ii), so we shall show the converse. 
I 

Let X~(E--1A)- 1 =E+sA+s2A2 + ... , then we may write (ii) as 

IE-tBI = IE-tKBI 
or 

00 t" 00 t• 
}J -- trB• = }J - tr (KB)• • 
n~1 n "=• n 

Comparing the coefficients of s2t 2 on both sides of this equation, we have. 

tr(ABAB+2A 2B2) = O. 

-----. ----------------

(1) A. T. Craig (lJ. H. Sakamoto [lJ. Numhers in brackets refer to the list of refe
rences at the end of this paper. 
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Therefore we obtain 

tr(AB+BA)2+2tr(AB)(AB)' = 2tr(ABAB+2A2B2) = O. 

Since (AB+BA)2, (AB)(AB)' are semi-definite positive, it follows that 

AB=O, which completes the proof. 
§ 2. :\2-distribution. 
Let X1, X2, ••• , X1: be normally correlated variables with moment matrix 

M. Since M is semi-definite positive, there exists a uniquely determined 
.semi-definite positive matrix N such that N 2=M, which we denote by M½. 

Let ~ stand for a column vector, (x1, x2, ••• , X1:) and a the mean vector of 
!, where i-th component of a is the mean of x,. We consider a quadratic 
quantity tA~, the. m. g. f. cp (0) of which is given by 

( 1) IE-20A1 I-½ exp a' {A+202AM1 (E~20A 1)- 1M!A} a, 

where A 1=M1 AM½. Theµ t A~ is distributed in a X2-distribution with r 
,. 

degrees of freedom if and only if rp(O)::=(l..,..20)- 2, that. is, 

(2) 

(3) 

IE-20A1 I = (l-20)'" 

a'{A+202AM½ (E-20A 1)-1M½A}a = 0 
hold. And (2) is written as 

f (20)" tr AT = t (20 )" r,. 
1 n 1 n 

or 

( 4 ) trAT=r, n=l,2, .... 
• 

By making use of (4) we get tr(A1-AD2=r--2r+r=O, so we obtain 

(, 5 ) M1 AM1 is a projection. 

And (5) reduces (3) to 

( 6) a'Aa = 0, a'AMAa = 0 · (or MAa = 0). 

Since a'A~ has the mean a'Aa and the variance a'AMAa, so (6) is equiv
alent "to 

( 7·) tA~ = (t -a') A (~-a) holds with a probability 1. 

If IMI =i=O, that is, for non"."singular case (5), (6), (7) are equivalent 
to respectiv:ely 

(8) AMA= A 
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( 9) Aa = 0 

(10) tA~ = (t-a')A (~-a). 

Thus we obtain the following 
THEOREM 1. A necessary and sufficient condition that t A~ is distri

buted _in a X2-distribution with r degrees of freedoms is that M' AM' is a 
projection (or MAMAM=MAM) and tA~=(t-a') A ('t-,-a) holds with a 
probability 1 (or a'Aa=0, a'AMAa=0) and r=tr (AM), or r-rank of MAM. 

For non-singular case Cl) the condition is reduced to that A.-AM A, 

Aa=0, and r=rank of A.· 

Example (2). Let A be a rectangular matrix of rank r, and of order k•r, 

where r:;;;,,.k. And assume that IMI =1=0, and a=0. Then tA (A1MA):- 1A'l 

is distributed in a X2-distribution with r degrees of freedoms. For 
{A (A1MA)- 1A'I MIA (A 1MA)- 1A\'l=A (A1MA)- 1A 1, and tr (MA(A'MA)- 1A 1) 

=tr (A'MA (A 1MA)- 1)=r, since (A'MA) (A'MA)- 1 is a unit matrix of order 
r•r. 

Next consider a quantity tAi+2q'i+c>< where q is a constant column 
vector and c is a constant. Such a quantity is regarded as quadratic when 
we introduce a new variable Xt+1=l, so Theorem I shows 

THEOREM 2. A necessary and sufficient condition that tA't-.+2q'i+c 

is distributed in a X2-distribution with•r degree of freedoms is that M'AM½ 

is a projection, tA't-.+2q''t-,+c=('t-.'-a')A ('t-,-a) holds with a probability 1, 

and 1·=tr (AM), or r=rank of MAM. 

For non-singular case the condition is reduced to that AMA=A, 

!'A't-.+2q'A+c=(t-a') A (l-a), and r=rank of A. 

§ 3. Independence of quadratic quantities. 
. Vfe consider quadratic quantities Q='t-,'A!, R=tB't-., and let rp1 (-01), 

. tj,1 (412), 'P (81, 82) be m. g. f. of Q, R, (Q, R) respectively. Their expressions 
are similar to § 2 (1). Then Q, R are independent if and only if 

CfJ1(01) CfJ2(02) = rp(01,02), 
or 

( 1) IE-201A1l IE-202B1l = ]E-201A1-202B1l 

( 2) a' {e~AM½ (E-201A 1 )- 1M'A+0iBM' (E-202B1)-1MtB] a 

=a' {(01A + 02B) M~ (E-201A1-202B1)-1M½ (0 1A +02B)} a 

(1) H. Sakamoto [2]. Theorem It; 
(2) H. Cramer [l]. 432. 
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bold, where 

A1 = M 1A;M1, B1 = M 1BM1. 

By making use of Lemma 1 it is not difficult to see that (1), (2) are 

equivalent to the following conditions : 

(3) 

-c 4) 

( 5 ) 

MAMBM = 0 

M,4.,MBa = 0 MBMAa = 0 

a'AMBa = O. 

Furthermore if JMJ=!=O, then these conditions are reduced to AMB=O. 

Thus we obtain 
THEOREM 3. It is necessary and sufficient for Q, R to be independ

ent that (3), (4), (5) hold. And for non-singular case they are independ
ent· if and only if AMB Om. 

If Q, R are distri.buted in X2-distributions, then Q=('&'-a') A (~--:-a), 
·R=(t-,,-a') B (~-<i) ho~d with a pre>babili'ty 1. Therefore Theorem 3 
implies 

. THEOREM 4. If Q, R are distributed in x•-distributions, then it ia 
necessary and sufficient for Q, R to be independent that MAMBM=O holds. 

If we introduce a new variable Zu1=l, then Theorem 3 shows 
THEOREM 5. It is necessary and sufficient for tA1i+2q'~+c, tB'l: 

· + 2t'~+d to be independent that for case a=O, conditions MAMBM=Or 

MAMt=O, MBMq=O, and q'Mt=O hold, and for case JMl=t=O; oonditions 
AMB=O, BMq=O, AMt=O and q'Mt=O bold. 

As a consequence of this Theorem we get . 
THEOREM 6. Assume that tA'&; tB'& are independent and we are in 

non singular case. 1£ B, Care semi-definite positive1 and B;;;;.9, then,. tA •• 
tC'&. are independent. ' 

Proof. Theorem 5 shows that t A~ is independent to 'Q, where 'Q=B~. 

Since tC~ is expressed as a quadratic form of 'Q, it follows that t At, 'f:'C'& 

are independent. 
§ .4. Cochran's Theorem. 
To carry out the proofs of the following theorems we need the 

following 
·Lemma 2. Let C=A+B, where C is a projection. Then 
( 1) A, B are projections, if and only if AB · O. 

(1) H. Sakamoto (2). Theorem I. 
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( 2) If. A is a projection and B is semi-definite positive, then B is a 
projection. 

( 3) If rank of A +rank of B~rank of. C, then A, B are projections. 
We first show 

THEOREM 7. Let C A+B. Assume that tCt., tAt. are distributed 
in X2-distributions and that B is semi-definite positive. Then t,'Bt, is dist
rilJrlterd in a X2-distribution and t,' A~. t,' Bt, are independent. 

Proof. We put A 1=MlAM', /J.1=MlBMl, and C1=M~CM~, then we 

have C1=A1 +B1• From the assumption B1 becomes semi-definite positive. 
It follows from Theorem 1 that A1, C1 are projections, whence by Lemma 

. 2 B1 is also a projection and A1B1=0. · Since by Theorem 1 tC~=(t ....:.a') 
C (6-a), !'At,=(t,'-a') A (t,-a) hold with a pFobability 1, so also for !'Bt., 

whence l;'Bt, is distributed in a X 2-distribution. Theorem 4 shows. that 
t At,, t,'Bt, are independent. 

COROLLARY.. Let A=A1 + ... +A,,. Assume that A, A; i=l, 2, ... , 
n-1 are distributed in X2-clistributions and that A,. is semi-definite posi
.tive. Then t,' A,.t, is distributed in a X2-distributiort, and t.' A1t. i=l, 2, ... , n 

are independent. 

· The proof is similar to that of the theorem. 
As a consequence of this corollary we have 

' 

THEOREM 8. Let A=A1 + ... +A,.. If t,'At,, t,'A,t. i=l, 2, ... , n are 
distributed in X2-distributions; then t,'A,t. are independent. 

On account of the addition theorem 03 of X2-distributions t.' At,+-,/ Bt, 

is distributed in a X2-distribution if t.' At,, ~' Bt, are independent and dist
ributed fo X2-distributions. Conversely 

· ·THEOREM 9. Let C=A+B. . Assume that C is distributed in a 
,.~~~n, and that 1;' A~. t.' Bt, are independent. Then t.' At,, t Bt. are 
distribut-'4• X1-distributions if and only if a' Aa=a' Ba=O. The last con
ditions are trivial when A, B are semi-definite positive or a=O or when 
we are in non-singular case. 

Proof. Put A1=M1AAfl, B 1=M1BM1, C1=M1CMi. Theorem 4 and 
Lemma 2 show that A1, B1 are projections and a'AMBa=O, whence a'AMAa 

+a'BMBa=a' (A+B) M(A+B)a=a' CMCa=O, so that we have a'AMAa=O, 

a'BMBa=O. Then by Theorem 1 we have the first part of the theorem. 
If A, B are ~mi-definite positive, then a'Aa+a'Ba=a'Ca=O, whence a'Aa 

(1) · H. Cramer (lJ, 234. S. S. Wilks (lJ, 1~5. 
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=0, o.'Bo.=0. For non-singular case a'AMAa.=0, a'BMBa~O:Jmply 4a=Ba. 

=0. 
Corollary. Let A=A1 + ... + A,.. Assume that A is distributed in a 

X2-distribution and that A 11 i=l, ... , n are independent •. Then g'A,~ i 
=1, ... , n are distributed in X2-distributions if and qnly if a'A10.=0 i 

=1, ... , n. 

The last condition is trivial when A, i=l, ... , n are semi-definite ;posi" 
tive or o.=0 or when we are in non-singular case. 

·rhe proof is similar to that of the theorem. 
Next we turn to Cochran's theorem . 

. THEOREM 10. Let A=A 1 + ... +A,.. Assume that t'A! is distributed 
in a X2-distribution and that ~ (rank of A,):srank of A. If we are in 
non-singular case, then !' A,!, i=l, ... , n are distributed in X2-disti:ibutions 
and are independent. 

Proof. Put P=M1AMl, P,=MtA1Mi. Then P=P1 + ... +P,.. Theorem 
1, · 3 and Lemma 2 show the conclusion. 

Similarly we have 
THEOREM 11. Let A=A 1 + ... +A,.. Assume that !'At is distributed 

in a X2-distribution and o.=0, and that ~ (rank of MAtM);;;;;.rank of MAM. 

Then !'At! i=l, ... , n are distributed in X 2-distributions and are inde
pendent. 

§ 5. Some consequences of the preceding § § 
In this § let M be a diagonal matrix. We may assume M E (with

out loss of generality). Then tA~ is distributed in a X2-distribution if and 
only if A is a proj~ction and when this is the case, then 

degree of freedom of !' A! = tr A = rank of A=dimension of_ 'i'ange A. 

THEOREM 12. Let A=B +C. If A is distributed in a X2-distributiori 

and tA~=g'B2~+!'C2 ~, then g'B~, tC~ are distributed in X2 -distributions, 

and are independent. 
Proof. On account of Theorem 3 it suffices to show that BC=O. 

Since '{/ (E-,,-A) 6, !'A6 are independent, it follows from Theorem·7 that 
(E-A)B2=B2 (E-A)=O whence, (E-A) B=B (E-A)=O, therefore A13 
=BA, which implies CB=BC. Since (B+C) 2=A 2=A=B+C, that is, BC 

.+CB=O, whence we have BC=O. 

In the next theorem we shall not assume that A, are symmetric. 

_ (1) S. S. Wilks (lJ, 107. -
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n 
THEOREM 13. , Let A=~ A,. If '&'A~ is 'distributed in. a X2-dist-

n l=L , 

ribution and '&' A~= ~ t A,' A,~ holds, then the following conditions are 
l=l 

equivalent :. 
(i) t Al A-,~ i=l, ... , n are distributed in X2-distributions, 
(ii) tAlA,~ i=l,,.. ,n are inqependent, 
(iii) A,~ i=l, ... , n are independent, 
(iv) A,AJ'=O for idpj, 

(v) AA, ' A,, Al AJ=O for i=t=i, 

(vi) A, i=l, ... , n are projections, 
(vii) AA,=A" A,AJ=O_ for i=t=j. 

Proof. Owing to Theorem 3 t (E-A) 2;, tA~ are independent. There
fore, by Theorem 7, we have A/A, (E:._A)=(E-A) AlAJ=O, that is A., 

=A,A, and A/=AA,'. Then 
(i) --+ (ii) is immediate by Theorem 8. 
(ii) --+ (iv) is immediate by Theorem 5. 
(iv) ~ (iii) is immediate by Theorem 5. 
(iv) --+ (vi): A,=A,A=A,A'=A, ~ Al~A,A,', whence A, are projec. 

tions. 
(vi) --+ (v) follows from Lemma 2. 

(v) --+ (vii): A,=AA,=(~ Al) A,=A.'A., whence A, are symmetric, 
so that A,A;=O ( i=t=i), AA,=A,. 

(vii) --+ (i): A,=AA,=(~ AJ) A,=A:, whence A,=AA,=(~A/AJ)A, 
=A/A0 so that A, and also A/A, are projections. Theorem 8, shows that 
(vii) .implies (i). 

Part II. Wishart's Distributions 

§ 6. . Wishart's distributions 
Let ~ .. =Cxw x2,., ... , X1:a), a=l, ... , n stand for independent column 

vectors, where x111, ... , X1:a are normally correlated variables with the same 
non-singular moment matrix M. Let a,. be the mean vector of ~... Put 
l,J= ~ c,.~x, .. x,~, where C is a real symmetric matrix of ord~r n•n. We 
. "~--
say that (lu, ... , Z1:a,) is distributed in a Wishart's distribution Wr, n (M) 

when m. g. f. rp (8111 012, ... , 81:1:), or briefly rp (®), of (l11 ... lu) is equal to Cll 

IE-2®MI-; or IE-2M1@M1I-;, 
I: • a, 

. ' 
(1) S, S. Wilks (1),. 232. 
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) 

where E stand for a unit matrix of order k•k and S=(Ou), e,J=01t• 
IC 

When we regard x11x21 ... X1: 1, x12-x22 : •• Xu, ... , x1,.x2,. ••• X1:.., which· we 
denote by a column vector 5, as normally correlated variables, they have 
the moment matrix Ex M, (Kronecker product), and 5 has the mean .. 
a=(a1 ... a,.). Since ~ Oulo=o'C x ®5, so m. g. f. of (111 ••• lu) is given by 

tp(S)= [ExE-2Cx M 1eM1I-½ exp a1 (Cx®M~•(ExE-2CxM½®M')- 1 
.. i: ~ .. A: 

•M1exc}a. 

THEOREM U. (lu, ... , l1:1:) is distributed in WrA: (M) if and only if C 

is a projection, and Ca,.=0 (a=l, 2, ... , n), and r=tr C. 
Proof. It is necessary and sufficient for (111 , ••• , l1:1:) to be distributed 

in W,.,. (M) that 

IE-2M½@Miri-!ExE-2Cx_MleM½I -!x 
.. l; 

exp a' {csM½ (Ex E-2C x Mf@M½)- 1M 1e x c}a, 
.. I: 

namely 

( 1) IE-2M½eM½l'"=IExE-2CxM1eM!I, 
" I: 

(1) is written 

Therefore (1) is equivalent to 

(3) r = tr cv ,., = 1, 2, ..• 

As in the proof of Theorem 1, (~) is equivalent to 

(4) r = tr C, and C is a projection. 

By making use of (4) and since IMl=!=O, we reduce (2) to 

(Cx@)a=O, 

or 

( 5) Ca" = 0, a = 1, 2, ... , n . 

Thus we have the conclusion. 
§ 7. Analogies to Cochran's theorem. 
Corresponding to a symmetric matrix D=(d"8 ) of order n•n, consider 
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If we regard ~ 00 l,Jo I! 0{Jmo, as quadratic quantities of O we have 
THEOREM 15. Cln ... lu), (m11 ... ma:a:) are independent if and only if 

CD=O. 

Proof. On account of Theorem 3 (Zu ... Za:1:), (mu .•• mta:) are independ
ent if and only if (Cx0)•(Dx0')=O for arbitrary 0, 0', that is CD=O. 

Theorem 14, 15 enable us to extend the results obtained in § § 4, 5 to 
the case of Wishart's distribution. We illustrate this by an example. For .. 
this purpose let C= :EC where C=(C,J), Cµ=(C,J) are symmetric matrices of 

µ~1 µ µ • 

order n•n and put ltJ= :E C,.~X,,iXJ~• Then Theorem 14, 15 and Lemma 2 give 
µ ap µ 

THEOREM 16. If. (l11 ••• lu) is distributed in a Wishart's distribution, 
then the following conditions are equivalent : 

( 1) (l11 ••• lu) µ=l, ... , m are in Wishart's distributions, 
µ ·(J. . 

( 2). Cln ..• lu) µ=l, ... , m are independent, 
µ µ 

( 3 ) Cµ µ=l, ... , m are projections, 
( 4) :E (mnk of Cµ)<rank of C. 

µ 
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