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In the study of independence of quadratic quantities in a normal
system Craig-Sakamoto’s lemma is a fundamental one . - We give here its
simple proof, the method of which will also enable us in a short way to
characterize quadratic quantities distributed in X2-distributions (Theorem
1) and to obtain an analogous result for Wishart’s distributions (Theorem
14). In Part I we investigate the independence of quadratic quantities in
a normal system to obtain results related to Cochran’s theorem, and in
Part II we extend results so obtained to the case of Wishart’s distributions.

‘Part I. x’qdistribnﬁons and Cochran s theorem

§1 Cra1g Sakamoto’s lemma.
In the following, unless otherwise stated, 4, B, C,... stand for real
symmetric matrices of order k-k. , '
Lemma 1. The following two conditions are equivalent :
1) ‘ AB = 0
i) |E—sA||E~tB| = |E—sA—tB|
for arb1trary real scalars s, t.

.. Proof. Since evidently (i) implies (ii), so we shall show the converse.
Let R’m(E-sA)"=E+sA+s’A2+ , then we may write (ii) as
|E—tB| = |E—tKB)|

or

AT L 2% tr (KB)" .

A=y N o= g
Comparing the coefficients of s?£2 on both sides of this equation, we have.

tr (ABAB+24B%) = (.

) AT Cra:g (1]). H. Sakamoto [1] Numbers in brackets - refer to the hst of refe-
rences at the end of this paper.

_1 —



T, OGASAWARA and M. TAKAHASHI (Vol. 15

~

Therefore we. obtain
tr (AB+BA)*+2tr (AB)(AB) = 2tr (ABAB+2A%B? = (.

Since (AB+BA), (AB)(AB) are semi-definite positive, it follows that
AB=0, which completes the proof.

§2. X2-distribution.

Let @,, %;, ... , %, be normally correlated variables with moment matrix
M. Since M is semi-definite positive, there exists a uniquely determined
semi-definite positive matrix N such that N*=M, which we denote by M*.
Let x stand for a column vector, (x,,%,,... ,%:) and a the mean vector of
£, where i-th component of a is the mean of »,. We consider a quadratic
quantity r/Ag, the m. g.f. » () of which is given by

(1)  |E—204,] exp o {a+202408t (B—204) 1024} a,

where 4,=M Yam?. Then g”Ag,‘is distributed in a X”-distribﬁtion with »
degrees of freedom if and only if o (8)=(1—26)% that is, |

(2) |E—204,] = Q-20y

(3) o {A+202}1M* (B—2604,) M} 4)a = 0

hold. And (2) is written as

n
or
(4) trA?=r, n=12,...
By maldng use of (4) \;ve‘ getAtr (Al—.-A§)2=r——2r+r=0, S0 we ‘obtain
(5) mramt is a projection. | '
And (5) reduces (3) fo \
(6) WAa = 0, o'AMAc =0 (or MAa = 0).

Since a’Ag has the mean a’Aa and the variance a’AMAa, so (6) is equiv-
alent to :

(7y Ay = (f'—a’) A(z—a) holds with a probability 1.

If ]M | =0, that is, for non-singular case ('5), (6), (7) are equivalent
to respectively

(8) | AMA — A
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(9) . Aa =0
(10) | o z;’Az@ = (¢'=a) 4 (x—a)-

Thus we obtain the following
- THEOREM 1L A necessary and sufficient condition that g’Ay is distri-
buted in a X2-distribution with » degrees of freedoms is that M*AM? is a
projection (or MAMAM=MAM) and p'Agx=(x'—a’)A (yx—a) holds with a
probability 1 (or a’Aa=0, ' AM Aa=0) and r=tr (AM), or r=rank of MAM.

For non-singular case  the condition is reduced to that A= AMA

Aa=0, and r=rank of A. : ‘

Example . Let A be a rectangular matrix of rank r, and of order k-r,
where r<Fk. And assume that |M|==0, and a=0. Then t'A (A'MA) A’y
is distributed in a X?-distribution with r degrees of freedoms. For
{A(AMA) A’y M{A (A'MA) 'A'}=A (A'MA)*A’, and tr (MA(A'MA)*A")
=tr (A’MA (A’MA) H=r, since (A’MA) (A’MA)~' is a unit matrix of order
rer. :

Next consider a quantity x'Ar+2q'g+c, where q is a constant column
vector and ¢ is a constant. Such a quantity is regarded as qﬁa‘dratic when
we introduce a new variable x,,.,=1, so Theorem I shows :

THEOREM 2. A necessary and sufficient condition that t'Ax+2q'sz+c
is distributed in a X2-distribution with*r degree of freedoms is that M*4An?
is a projection, t’Ar+2q't+c=(r'—a’) A (r—a) holds with a probability 1,
and r=tr (AM), or r=rank of MAM. '

For non-singular case the condition is reduced to that AMA=A,
UAL+2q'A+c=(z'—a') A(x—a), and r=rank of A.

§3. Independence of quadratic quantities.
- We consider quadratic quantities Q=x'Ayx, R-—g’Bzc, and let ¢, (4,),
J‘U«i’r’g(&), »(0,,6,) be m.g.f.of Q R, (Q, R) respectively. Their expressions
are similar to §2 (1). Then Q, R are independent if and only if ’

P, (6,) @2 (6;) = 9 (6,,6:),

/

or
(1) |E—26,A,||E—20,B,| = |E—26,A,—26,B,|
(2) o {B3AM} (B —20,4,) ' M* A + 93BM* (E—20,B,)"'M*B]a

=a'{(0,4+6,B) M* (E—26,A,—26,B,)"M* (6,4 +0,B))a

(1) H. Sakamoto [2]). Theorem II.
(@) H. Cramér [1). 432,
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hold, where
A, = M*AM* B, = M!BM?.
By making use of Lemma 1 it is not difficult to see that (1), (2) are
; equivalent to the following conditions:

(3) . MAMBM =10 o .
(4) , MAMBa = 0 MBMAa = 0
(5) o’'AMBa = 0.

Furthermore if |M|=:0, then these conditions are reduced to AMB=0.
Thus we obtain ‘

THEOREM 3. It is necessary and sufficient for @, R to be independ-
ent that (3), (4), (5) hold. And for non-singular case they are independ-
ent if and only if AMB=0®,

If QR are distributed in X*-distributions, then Q=(y'—a') A (3—a),
=(y'—a’) B (g—a) hold with a probab:hty 1. Therefore Theorem 3
unphes T T

. THEOREM 4. If Q,R are distributed in X'-distributions, then it is

necessary and sufficient for @, B to be independent that MAMBM=0 holds.

If we introduce a new variable x,,,=1, then Theorem 3 shows

THEOREM 5. It is necessary end sufficient for 'Ag+2q'tz+c, ¢'Bx
42t'g+d to be independént that for case a=0, conditions MAMBM==0,
MAMx=0, MBMq=0, and q’Mr=0 hold, and for case | M |40, condltmns
AMB=(0, BMq=0, AMr=0 and q'’Mr=0 hold.

As a consequence of this Theorem we get

THEOREM 6. Assume that y'Ag, ¢'By are independent and we are in
non singular case. If B, C are semi-definite positive, and BZC. then rAx.
¥'Cy are independent. : SRR
‘ Proof. Theorem 5 shows that y'Ay is mdependent to vy, where y=By.
Since 3'Cg is expressed as a quadratic form of v, it follows that y'Ax, 1'Cy
are independent.

§4. Cochran’s Theorem.

To carry out the proofs of the following theorems we need the
following ' )

‘Lemma 2. Let C=A+B, where C is a projection. Then

(1) A, B are projections, if and only if AB=0.

(1) H. Sakamoto (2]). Theorem I,
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(2) If A is'a projection and B is semi-definite positive, then B is a

projection.

(3) If rank of A+rank of B<rank of C, then A, B are prOJectmns

We first show ’

THEOREM 7. Let C=A+B. Assume that g:'Cx, t’Ayx are distributed
in X2-distributions and that B is semi-definite positive. Then r'By is dist-
ributed in a X2-distribution and r’Ax, ¥'Bx are independent.

Proof. We put A,=M!AM}, B,=M?BM?} and C,=M!CM!, then we
have C,=A,+B,. From the assumption B, becomes semi-definite posxtlve.
It follows from Theorem 1 that A,, C, are projections, whence by Lemma
.2 B, is also a projection and 4,B,=0. Since by Theorem 1 ¢'Cr=(x'—a’)
C(x—a), r’Ar=(r'—a') A(x—a) hold with a probability 1, so also for ¢'By,
whence p'Br is distributed in a X2-distribution. Theorem 4 shows that
t'Ax, ¢'Bx are independent. .

COROLLARY.. Let 4=A,+...+A4,. Assume that 4, A4, i=1,2,...,
n—1 are distributed in X2-distributions and that A, is semi-definite posi-
tive. Then g'A,r is distributed in a X2-distribution, and 1'A,x i=1, 2.
are mdependent

The proof is similar to that of the theorem

As a consequence of this corollary we have

THEOREM 8. Let A=A, +...+4, If tAx ¢4y i=1,2,...,n are
distributed in X2-distributions, then z’4,x are independent. ‘

On account of the addition theorem  of X*-distributions z'Ay+x'Bx

is distributed in a X2-distribution if z’'Ax, z'Bx are independent and dist-
ributed in X?-distributions. Conversely ‘
THEOREM 9. Let C=A+B. Assume that C is distributed in a
: stion, and that r’Ay, By are independent. Then p'Ag, p'Br are
dxﬁnbtﬁed in X2-distributions if and only if a’Ae=a’Ba==0. The last con-
ditions are trivial when A, B are semi-definite positive or a=0 or when
we are in non-singular case. :

Proof. Put A,=M4M?, B, M*BM* C,=M*cM}  Theorem 4 and
Lemma 2 show that A4,, B, are projections and «’AMBa=0, whence a’AMAa
+a’'BMBa=a' (A+B) M (A+B)a=a' CMCa==0, so that we have a’AM Aa=0,
a’BMBa=(0. Then by Theorem 1 we have the first part of the theorem.
If A, B are semi-definite positive, then a’Aa+a’Ba=a'Ca=0, whence a'Aa

(D H. Cramér (1), 234. S.'S. Wilks (1], 105.
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=0, a’Ba=0. For non-singular case a’AMAa=0, a’BMBa—.—-—O»imply Aa=Ba
=0). o \ .
Corollary. . Let A-A +...+An. Assume that A is dxstnbuted in a
X%-distribution and that A4, i=1,...,n are independent.. Then g’A,g i
=1,...,n are distributed in. X?-distributions if and only ‘if .a'4,4=0 ¢
=1, ..., 7. , ‘ o , ‘

The last condition is trivial when A4, i=1,...,n are semi- deﬁmte posi:
tive or a=0 or when we are in non-singular case.

“The proof is similar to that of the theorem.

Next we turn to Cochran’s theorem

- THEOREM 10. Let A=A,+...+A4,. Assume that g’Ag is d1$tr1buted
in a X*-distribution and that 3] (rank of 4 D<rank of A. If we are in
non-singular case, then p'4,r, i=1, ... ,n are distributed in Xz-distxjibutio'ns
and are 1ndependent ' ,

Proof. Put P=M}AM?, P,—M*A,M* Then P=P,+...+P, Theorem
1, 3 and Lemma 2 show the conclusion. - |

Similarly we have , : , SRFE

'THEOREM 11. Let A=A, +...+A4, Assume that p'Ag is distributed
in a X*-distribution and ¢=0, and that 3 (rank of MAM)<rank of MAM.
Then p’A;x i=1,...,n are distributed in X2-distributions and are inde-
pendent. _

§5. Some consequences of the preceding §§

In this § let M be a d1agona1 matrix. We may assume M=F (with-
out loss of generahty) Then g’Ag is distributed in a X2-distribution if and
only if A is a projection and when this is the case, then

degree of freedom of Ay = trA = rank of A= dzmensum of range A

THEOREM 12, Let A=B+C. 1If A is distributed ina x‘-dlstnbutton
and 'Ar=r'B*+1'C?%;, then ¢'By, t/Ct are distributed in X2-distributions,
and are independent. :

Proof. On account of Theorem 3 it suffices to show that BC—O
Since ' (F—A)y, y’Ax are 1ndependent, it follows from Theorem'7 that
(E—A)B?*=B?(E—A)=0 whence, (F—A)B=B(EF—A)=0, therefore AB
=BA, which implies CB=BC. Since (B+C)*=A*=A=B+C, that is, BC

+CB=0, whence we have BC=0. -

In the next theorem we shall not assume that A, are symmetnc

(D S.S. Wilks (1), 107. -
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THEOREM 13. Let A——Z}A, If ¢Ar is distributed in a X2-dist-
ribution and p’Ag—Z;’A 'A,g: holds, then the following conditions are
equivalent :

(i) tYA/Agx i=1,...,n are distributed in X2-distributions,

(ii) g'A/A;x i=1,...,n are independent, '

(iii) A4t =1, ..., are independent,

(iv) AA"=0 for i<,

(v) AA=A, A/A=0 for i=j,

(vi) A, i+=1,...,n are projections,

(vii) AA=A, AA=0 for i=j. ,

Proof. Owing to Theorem 3 ¢’ (E—A)y, t’Ax are independent. There-
fore, by Theorem 7, we have A,/A,(E— A)—(E A) A/A;=0, that is A,
=A,A, and A/=AA,/. Then

(i) - (u) is immediate by Theorem 8.

(ii) — (iv) is immediate by Theorem 5.

(iv) 2 (iii) is immediate by Theorem 5.

(iv) — (vi): A=A,A=AA'=A,>A/=A,A//, whence A, are projec-
tions.

(vi) — (v) follows from Lemma 2.

(v) — (vii): A=A4, =3 A/)A=A/A,, whence A4, are symmetric,

so that A,4,=0 (i==7), AA=A,.
(vii) — (i): A—=AA=(3A,) A=A} whence A—=AA=(3 A/A)A,
=A/A,;, so that A, and also A,/A, are projections. Theorem 8, shows that
(vii) implies (i).

Part II. Wishart’s Distributions

§ 6. . Wishart’s distributions
Let t,=(%1s %24 ..., %ra)y @=1,...,n stand for independent column

vectors, where z,,, ..., £, are normally correlated variables with the same
non-singular moment matrix M. Let a, be the mean vector of r,. Put

l,,—Eca,x,,,x,,, where C is a real symmetric matrix of order n.n. We

say that (Lyys e s la) i8S ‘distributed in a Wishart’s distribution W,,,.(M)'
when m. g.f. @ (6,;, 052, ... 0,;,,), or briefly ¢ (®), of (I}, ... L) is equal to ¥

1B~ 20M|% or lg—zM*®M*r§

(LS. S. Wilks (1), 282,
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where E stand for a unit matrix of order k-k and ®=(6,,), 0,5=0s.
.3

When we regard 2, ... Tx1, T16%22 - Trzs -vv » T1alian oo Tew Which' we
denote by a column vector 3, as normally correlated variables, they have
the moment matrix E xM, (Kronecker product), and 3 has the mean

- a=(0,... a,). Since 30l =4'Cx 03 so m.g.f. of (},... k) is given by
9 (8)=|Ex E—2C x M*@M*|™* exp o' {Cx @M (E x E—2C x MioMb)yt
' -M*@xC}a.

THEOREM 14. (l,,,...,1L,) is distributed in W, (M) if and only if C
-is a projection, and Ca,=0 (a=1, 2, ..., n), and r=t{rC. »
~ Proof. It is necessary and sufficient for (1), ..., L) to be distributed
i1_1 W..(M) that o
1E—2M*@M%)"§=1Ex§—szM*eM*|‘%x

exp o’ {COM! (Bx E—2C x M'eM) M@ x Cla,

namely
(1) \E-2M*@M*|*;lgxg—zc'xM*@M*],
(>2 ) o afex @M*-(Fx{:—zc x M*@Mb)1. Mo x Cla=0.
(1) is written , | ;
g 'w r= i]l tr (2M§®M*)" trC’.

Therefore (1) is equivalent to

(3) r=trC »=12..

As in the proof of Theorem 1, (3) is equivalent to

(4) - r=trC, and Cisa projection.
'By‘ making use of (4) and since |M|==0, we reduce (2) to

(Cx®)a =0,
or : .
(5) - Ca, =0, a=12..,n.
Thus we have the conclusion. '
§ 7. Analogies to Cochran’s theorem. , . o
Corresponding to a symmetric matrix D=(d,,) of order n+.n, consider

— G
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§

my = %} B os1a sy

If we regérd 0, 32 0/ym,;, as quadratic quantities of 3 we have
THEOREM 15. (l,,... lw), (my, ... my) are independent if and only if
CD=0. | -
Proof. On account of Theorem 3 (Iy; ... k), (M4, ... M) are independ-
ent if and only if (Cx®):(Dx®)=0 for arbitrary ©, @', that is CD=0.
Theorem 14, 15 enable us to extend the results obtained in §§4,5 to
the case of Wishart’s distribution. We illustrate this by an example. For

this purpose let C= !‘210 where C=(C,;), Cu—(C,,) are symmetric matnces of
=1

order n+n and put l,,-— 2 C,,,x,,x,, Then Theorem 14, 15 and Lemma 2 give-
THEOREM 16 If (lu. .. ) is distributed in a Wishart’s distribution,
then the following conditions are equivalent :

(1) (i" "‘i”‘) #=1, ..., m are in Wishart’s distributions,
(2) (,f“ !fu) #=1, ..., m are independent,

(3) Cu p=1,...,m are projections,
(4) X (rank of Cy)<rank of C.
N
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