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ABSTRACT. Ravenel introduced spectra 7' (m) for m >0 interpolating the Brown-
Peterson spectrum BP and the sphere spectrum S in [5]. Since the homotopy groups
of BP are well known, it is interesting to study differences among the homotopy groups
of T(m)’s to study the homotopy groups of spheres. He also introduced the local-
ization functor L, on the stable homotopy category in [4]. To study the difference of
L,T(m)’s for a fixed integer n, we consider the corresponding chromatic Ej-term
Ext®(M]! |) on I'(m + 1) for each m, and determine it for m + 1 > (n — 2)(n — 1) in this

. m—+ 1
paper. The results show that the structures depend on a integer {—1} Here [x]
. n—
denotes the greatest integer that does not exceed x.

1. Introduction

Let p be an odd prime number, and S denote the p-localized sphere
spectrum. Determination of the homotopy groups of S is one of main
problems in the stable homotopy theory. Consider the Brown-Peterson spec-
trum BP at the prime p. The spectrum BP gives rise to the Adams-Novikov
spectral sequence abutting to z,.(X) for a spectrum X with Es-term E;(X) =
Extgp, gp(BP«, BP.(X)), where BP.BP is the Hopf algebroid

(BP*7BP*BP) = (Z(m[lihvz, .. .]7BP*[ZI,ZQ7 .. ])

associated with BP. Then, the E,-term E;(S) is an approximation of the
homotopy groups 7.(S). Ravenel [5] constructed ring spectra T'(m) for m > 0
characterized by

BP,(T(m)) = BP,[t\,1s, ..., 1] = BP,BP

as BP,BP-comodule algebras. These spectra interpolate between the sphere
spectrum S and the Brown-Peterson spectrum BP. Since we know the
homotopy groups z.(BP) = BP, of BP, it is interesting to understand the
difference between E;(T(m)) and E;(T(m+ 1)) in order to study the E,-term
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E;(S). Miller, Ravenel and Wilson [3] introduced the chromatic spectral
sequence to study the Adams-Novikov E;-term for computing the homotopy
groups 7. (V' (k)) of the Smith-Toda spectrum V(k) characterized by BP.(V (k))
= BP. /Iy for Iy = (p,v1,...,0¢—1). In order to set up the spectral sequence,
they introduced BP.BP-comodules N/ and M/ defined inductively by N? =

BP, /I, M} = v,:l,N . and the short exact sequence

(1.1) 0— N} — M}/ — N/ - 0.

The spectral sequence is obtained from the exact couple given by applying the
Ext group H*— = Extgp pp(BP.,—) to the short exact sequence (1.1). The
spectral sequence is also applied for computing the E,-term Ej (7' (m) A V(k)),
which is isomorphic to Exty,.  (BP:,BP./I—1) by Ravenel [5], where
I'(m+1)=BP.BP/(t1,...,t,) is the induced Hopf algebroid. Indeed, use
H, — = Extp, ) (BP:,—) instead of H*—, and we have the chromatic spectral
sequence
E}' = H[ M} = H}"N).

m

The E;-term H! M? for n < m+ 2 is determined by Ravenel (¢f. [5]) as follows:

(1.2) HM? = K[wo]  E(hyj :m~+1 <k <m+n,jeZ/n).

m

where
Wo = Un+m, K(I/l)* = Z/p[una U;1]7 K= K(”)*[UnJrly sy Un+m71]7

and hy ;e HI M) is represented by the cocycle 7/ " of the cobar complex
QF +1>M,?. This shows that the modules H;M? have a uniform structure
for m+1>n—1. In general, it seems that H) M, gets harder to be deter-
mined as ¢ and s get larger. So we consider H)M! | in this paper. If
m+1>n(n—1), the modules HOM! | are determined in [2] and [6], and
the results show that the structures are uniform as well in this range. In [1],
Ichigi, Nakai and Ravenel determined the modules H’ M, for m > 2, whose
structures depend on m and are not uniform. We expand their result for n > 3
here. In order to explain the result, we state here our key lemma, which is a

paraphrase of [3, Remark 3.11]:

LemMmA 1.3.  Let n and m be positive integers withn —1 <m—+ 1. Suppose
the following two conditions:
1) For each integer k >0, there is an element xi € U;IBP* such that
X = wopk mod I(1) and

d(xi) = u”"v,‘,l*”wgk,’/gk mod I(a; + 1)
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for nonnegative integers ay, a; and aj, and for g € {t,ﬁii 0<i<n,
jeZ/n}. Here, d =g =L, U= Up-i and 1(k) = I,_1 + (u").

2) The elements w(()s_l)p Tk gk for nonnegative integers s and k with p fs

represent linearly independent generators over K in H)MY?.

Then, HOM | is isomorphic to

Kluu '|/Kul @ @D K[ul/@®)xq/uy
k>0,p¥s>0

as a K[u|-module. Here, Klu]/(u®){x) denotes the K|u]-module generated by x,

which is isomorphic to Klu]/(u®).

In the known cases, there are elements x; satisfying the conditions of
the lemma, and the structure of HOM! | is described by the integers ;. In
particular, if n = 3, the structures depend on m as the following table of ax
(1, p. 3802]):

m=72 m=3,4 m>5
0<k<3 Pk
3<k<6 pk+ pl
6<k<9| pk+4plklq pk3 pr g pkl 4 ph2
kso || PEHPETPE L pr e pi e pi  phg pitt g ph
B + a6 +p* 0 0s + ar—s + aj_q

Here, 0, = p"*' — p*.

In this paper, we construct elements satisfying the

condition of Lemma 1.3 (see Lemma 3.15), and obtain our main result:

THEOREM 1.4. Suppose that n=3, m+1>n—-1 and m+12=
(n—2)(n—1). Then the module H°M | is isomorphic to the module of
Lemma 1.3 with integers ay given by the following table:

me .]2 me Jl me J()
(J—Dn<k<jn k—j+1,( ;

(1<j<n) preld)

k7n+le n

m=tmsk<nt | P PFe(n)
pk—n-H e(n) pk—nﬂe(n) k—n+le(n)
k > 7’12 +pk_("_l)”Qn71 +pk7"2 Qn_l 14
+ ak—n-1
+ Qj—2n + Aj—2n
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Here,
{meZ:m+1>nn-1)} k=0

Je=({meZ: n—kin-1)<m+1<m—k+1)n—-1} 0<k<n-1,
{meZ:n—1<m+1<2(n—-1)} k=n-1

e(k):(pk—l)/(p—l) for k>0, and
Ql — pn1+l _pl(n—l).

This shows that the smaller the integer m is, the more complex the structure of
H2 M is, as we expected. Our computation also suggests that the integers aj
for smaller m fit in the following table (see Lemma 3.2):

meJn_l WlEJ,,,] mer
0<k<n pke(1) = p*
n<k<2n pkle(2) = pk + pr!
k=2¢(3 _
2n <k <3n fpk72§52 pF2e(3)
pHle(l+1) k-1
m<k<((+1)n 4 pEing, ple(l+1)
k—n+1
. P e(n)
m—ln<k<n 1 pkt=ng |
pk—iH-le(n)
k> n? _|_pk—(l1—1)nQ”71
+ ag—2n

So far, we have some difficulty in computation to fill in the blanks of the
table. Here the case m e J, is excluded, since the result (1.2) of Ravenel’s
holds for m+1>n—1.

In the same manner as [8] and [7], we obtain a v, ! BP-local spectrum W! |
such that v,'BP.(W! )= M} | if n> +n<2p. The module H;M, | is the
E>-term of the Adams-Novikov spectral sequence converging to m. (W]l ).
For such a large prime number p, the Adams-Novikov spectral sequence
converging to 7, (W |) collapses and poses no extension problem, and hence

we obtain the following
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COROLLARY 1.5. The groups H.M) | are subgroups of the homotopy
groups m.(W)).

2. Preliminaries

In the following, we fix the positive integers m and n > 3 satisfying the
condition

n=2)n—-1)<m+1<nn-1), or melJiUJ,.

Let #g:BP, — I'(m+1) = BP,BP/(t;,...,t,) be the right unit of the
Hopf algebroid I'(m+1). We have the formulas of Hazewinkel’s and
Quillen’s:

i—1 )
=pli— ) (pl; e BP.®Q=Q[/,/,...],
Jj=1

i—m

6=+ Y limjth €Mm+1)®Q.

=1
We use the notations
Uk = Un—lik,  U=U)=Un-1, Wk = Uptmik = Umik+1  and Sk = lyiis
P=p"! and Q= p"tt and
I=1_,=(pv1,...,002) and  I(k) =1+ (u").

We now have the following lemma by routine computations using above
formulas and the fact that the right unit #, is an algebra map.

LemmA 2.1.  The differential d = ng —n; : BP, — I'(m+ 1) acts on gen-
erators v; as follows:

d(v;) =0 mod [ for i <n+m,

k jQ

k
d(wyg) = u,sﬂ1 - Sk+1—j) —or mod I for 0 <k <n, and
=0

~.

k=
d(wy) = Z(u,s,fff —uf @511-;) mod I(1) = 1,

)5 [0 k<n-—1,
(2.2) Ok = uwo pn k=n-1
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for the element wy ; defined by
(2.3) d(Wé)M) = u”H]slpMP — u"sz{”[+l + pwo.i
mod(p?, v1,...,v-2) in I'(m+1).

Note that the ideal (p2,vy,...,0, 2) is invariant in I"(m + 1).

3. The elements Xx;,

Since we are working on modules localized at u; = v,, it is justiﬁ~ed to
put u; = 1. We furthermore consider integers ep(k) for k > 0, Qx and Q, for
k>—-1, and P, for 0 <k <m:

Pk—1 -
erlk)=—7—>  %=0-[P, O =0Q-er(k+1) and
P — Pre(k +1) 0<k<n
- pPP, | + (pP)V_lQ,,_l k=nand melJ,

Here [r] for a rational number r denotes the greatest integer that does not
exceed r.

Now we introduce elements X and X, of uy!'BP. for 0 <k < n, which
correspond to the elements xj, and xj,;; in Lemma 1.3.

{wo k=0
Xk: — =
Xie+ X k>0

;ﬂ

"+ (=D urtPr Xy (k,m) e S
XI5 = (1) ubr P W, (k) e S,

_ (=1 urPPe+QeiX) | (k,m) e S
Xie= Py—(Pu-1+Qu-1)
—ybr n—1 n—1 Xn—l (k,l’l’l) € Sz

X, = X! — (=) Wi

k—1
W = upP"*‘w,f — Wy

k o . )
75 pPiy pk-1 3 p/ PI-] _ pk—/pkle > pi-2
Wi=utPy (X7 —uf X )
Jj=2

where S| and S, are the sets {(k,m)eZ>:0<k <n, or k=n and meJ;}
and {(n,m) e Z? :me J,}, respectively, and X; and )?j’ denote (—1)’u~f1X; and
(=1)u PP X/, respectively.
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LemMA 3.2, The differential d = ng —ny : uy'BP, — uy'I'(m + 1) acts on

Xy and X| for k>0 as follows:
d(Xe) = (D) ule (sl —u@sfl)) mod I(Py + Ok + O y),
dX) = (=D (s —u"sfs + ofly) mod I(pPy+ Q)
for k<n—2. For k=n—1 and n, we have
d(Xy1) = (1) (7 = ) = s = w5)

mod I(P,_1 + Qu 1+ 0,.»),

= (=1)" P52 mod I(pPu_y + P for me J,

=S
=
I1f

d(X,) = (=1)"uPw{, ", mod I(P,+ P"' —e(v—1)Q)

where v is 1 or 2 with me J,.

REMARK. In  the case meldy,  d(X,)=(=1)""urPPiy

mod I(pPP,_1 + Q,_1) in our notation (see [6]).

pr—l
0,n—2

ProoF. By Lemma 2.1, we have d(Xy) = d(wo) = us{ —u%s; mod I and

compute
d(Xy) = d(Xo)" —uPd(wy)

= uls?’ —uP (us? + 5P — 51) mod I(pQ).

Since pQ = pPy+ Q-1, we have the first step of induction.

Suppose that we have the congruences on d(X;) and d(X/) fori<k—1<
n—1. We notice that Q; >0 and (k,m) € S; in this case. Then, the con-

gruence on d(Xj) follows from computation
(3.3) d(Xy) = (D) PP (sf —uP 5P ol
+ (= D)kupPPe (P — Qg™

(0 s o st

mod I(pPPi—1 + Ox—1 + Oy _»),
(3.4) d(Xy) = (—l)kuf”PPk*‘*Q"*‘(s,‘:lH — quils,fil +w,‘:k71)
mod I(pPP_y + Qi—1 + Qk—2), and

PPPi_1 + POk > pPPi_1 + Qr—1 + Ok—2

> pPPi_1 + Op-1 + Qk,Q =P+ O+ Qk—l'
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Since Qp41-; < Ok—; and

d(u" 9 Xep1g) = w7 mod I(Pygrj + Ok )
for j > 2, we have

k+1

— _ P pk _piPkl  pkilsipkg pk
dWis) =u E (uj Skiaj — U skﬂfj)
Jj=2

mod I(pPy + Ok-1). By Lemma 2.1,

PP PX N _  pPi | PK PKT pPEL - pk
d"*wiy,) = u U Sk T Skt Sk+1

k+1
j ktl-j Pk k
+ Z(”jszﬁlzij - i) — oo, )
=2
mod I(pPy + p(pP)*Q), and so
k k+ k+1 k k

d(Wii1) = u? (u” Sli/rzl +S/ff1 - S/f—:—] i)
mod I(pPy + Qx—1). If k=n—1 and m e Ji, this is replaced by
(3.5) A(W,) = ulPr(sPP" = sI") mod I(pPyy + P").

Noticing that d(X/”) is congruent to (—l)kupPkslfff " ‘modulo 7 (pPr + pOi),
we obtain the congruence on d(X}), and the induction completes.

Turn to the case for k =n. Observing (3.3), (3.4) and (3.5) under the
congruences on d(X,_;) and d(X,_,), we obtain the congruences

_1yn—-1p, n—2 pn—1
d(mz{( 1) 'uPo mod I(pPP,_y + p" 2P"') meJ,

(—=1)"uf»¢’ mod I(P, + P" ') meJy,
and
i(T,) = (=1)"ufr¢’ mod I(P, +P" ') meJ;
Tl (=) uPig mod I(P, — Qu_1) me .
for o=sI"" —wl’, and o =s"". Note that pPP, |+ p"2P"'>
P,+P" ' if melJy, since p"2P"!'>Q and also 0<—-Q, <P if
m e Jy. These show the congruence on d(X,). O

LEMMA 3.6. There exists an element Y such that d(Y) Ew(f ::2—

XP (X, 2) mod I(P, 2+ P 2(p? —p —1)).
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ProOF. Put Y; = X", — X;. Then,
(3.7) Y; =0 mod I(pP¥)

for (k,m) e Sy, since W is a multiple of u”?""" by the definition (3.1). Note
that (pP)" > *((p = 1)pP* + pPP;_) = P> + P"2(p"* —e(n — k)). Then,
n—2—k

B n-2—k n—2-k _ n-2-k
Yk(p 1)(pP) d( Yk)(PP) = Yk(P 1)(pP) (d(kaﬂ) _ d(Xk))(pP> =0

mod I(P, 5+ P"2(p"* —e(n—k))). Now, we define the element Y by

n=2 n-2-k

n-2
pY = XO”(”P> -X7, - Z Yk”(”P) mod(p?,v1,...,Up2),
k=1

which is verified to be the one of the lemma by (2.3). O

Consider a numerical sequence {ox},., given by the recurrence formula

(3.8) o = (pP) o+ oo for k > 2.
Then,
(3.9) o = (pP) " Ves(k — a(k) ) + oz
for integers
2k k
PN N il it U S S el Vi

(pP)* —1 2

Note that
o+ o9 —pPa elk)=0

3.10 —pPoy_; =
(3.10) 25— PP {al_ppao |

for k > 1. We introduce a notation (,a,1),, which denotes the number o:
(ot 09, 001, = Ot

We introduce integers Ay and ¢; for kK > 0 by use of this:

Py (k+1,m)e S
Ak—{Pn1+Qn1 (k+1,m)e S
(Pn7Pn727An71)k_n+2 k>n.
(3.11)
pPk (k, m) e S
Ci = Pn — szP,,_g (k,m) € Sz

(pPPna cn—lacn)k,nﬂH k >n
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We replace X, by
X, — (=1)"uty
for Y in Lemma 3.6, and define the elements X; for k > n inductively by
(3.12) X = X7 - (—1)kn oD T Pyl
for
Yie= X" — X
LemMmA 3.13. The element Y; for k >n—1 is a multiple of u‘.

Proor. The case for (k,m)e S; is given by (3.7), and the case for
(k,m) € S, follows from the fact that u®#P-1 W, is divisible by ufr—r'FPPr2,
For k > n, we see that ¢, = (pP)kfnPn + ck—r by (3.12). O

We further introduce integers 4; and elements Gj defined by

e { 0 k<n
k ((p - 1)(pP)n_27070)k7n+2 k =n

plul
G = { Sk+1 k<n
Gi_» k>n

Then, we have

LemMmaA 3.14. For i >0,

d(Xn+i) = (—1)”u(1’P)iPnXP*1 d(Xn+i—2) mod I(An+i + (p _ I)Pn+i72)

n+i—2
_ no A, AU+'
= (=)™ wy " Gy mod I(Apy; + 1).

Proor. The second congruence follows from the first one, which we show
by induction. By Lemmas 3.2 and 3.6, we sece that

d(X,) = (—=1)"u" X"\ d(X, ) mod I(P, + P, 5+ P"2(p* —p —1)),

which shows the case for i =0, since 4, = P, + P,_».

Suppose that the congruence holds for i. We put B; = 4,,,; + (p — 1)P"+ =2
for i>0. Since for k >n, Ay — pPAy_1 = A, +e(v)Q,1 if ek —n) =0,
and = pP" ' +e(v—1)Q,; if e(k —n) =1 by (3.10) and (3.11), we see that
neither of pPB; nor pPA, ;+ ¢,y are less than B;,;|. The case for i+ 1 is
now given as the sum of the congruences
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(=1) PP Py (PP (X PPy mod I(pPB),

n+i— n+i—2

d(xrh)

n+i

n i+l 1
d((—1)"ueD xRy )

" i+1 _
= (—1)" PPy PP (X PP ) — d(Xrio))

mod I((pP) ™' P, + pPAysios + uric1) = I(pPAysi + Cnsic1). O
We define integers a; and «;/, and elements x; and g; as follows:
Ain+j = Pj A;

" Joqn
am+j p A

_ yr’
Xintj = le

_ r
Jinvj = G

for i >0 and 0 < j <n. We notice that the integer a; is the same as the one
in the introduction.

LemMaA 3.15.  These elements and integers satisfy the assumption of Lemma
1.3.

ProOF. Note that 7" is homologous to u”~'t; in u;' I'(m +1)/1,. Then,
the first part of the assumption follows from the definition of elements and
Lemmas 3.2 and 3.14.

We prove the second part by showing the following assertion on / > 0.
(3.16)(/) The elements w(() 1)pk+a,yy for non-negative integers s,k with p ts

and k < / are linearly independent over K.

Here, y, denotes the elements of H!M? represented by the cocycle gr. We
notice that y, for 0 <k < n2 are the independent generators of the K[wy]-
module H!M?. For £ < n? it is tr1v1a1 since y, # y if k # k' in this range.

m
Suppose that (3 16) holds for ¢/ >n*>—1, and that we have wé Dp'+a; Y, =

S e M Osk Dpt+ay “y. for Ay e K and sy >0 prime to p. Since H'M? is a
free K-module over the generators y,, we may assume that A eZ/p. We
further suppose that there is an integer k such that Ay #0. For each
integer a, we write a = i,n+ j, with 0 < j, <n. Then, we see that ji, = j,,
and (sx — D)p*+al =(s—1)p’ +a). It follows that a/ = (sx —1)p*+
af mod p’, and so A/ — A]' = (sp — 1)(pP) * mod p’~/. On the other hand,
by (3.9), we see that Al — A = +(pP)" 2 mod(p(pP)" %) if ix # i, mod 2,
and = —(pP)* mod(p (pP) ) otherw1se. These imply that i, =i, mod 2 and
that p divides s;, which contradicts to the hypothesis of s;.. Hence, the
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coefficients A;’s are all zero, and (3.16),4) holds. Thus, the induction
completes. O

(1]
(2]
(3]
(4]
(5]
(6]
(7]
(8]
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