
Hiroshima Math. J.

41 (2011), 211–222

On the chromatic Ext0ðM 1
n�1Þ on Gðmþ 1Þ for an odd prime
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Abstract. Ravenel introduced spectra TðmÞ for mb 0 interpolating the Brown-

Peterson spectrum BP and the sphere spectrum S in [5]. Since the homotopy groups

of BP are well known, it is interesting to study di¤erences among the homotopy groups

of TðmÞ’s to study the homotopy groups of spheres. He also introduced the local-

ization functor Ln on the stable homotopy category in [4]. To study the di¤erence of

LnTðmÞ’s for a fixed integer n, we consider the corresponding chromatic E1-term

Ext0ðM 1
n�1Þ on Gðmþ 1Þ for each m, and determine it for mþ 1b ðn� 2Þðn� 1Þ in this

paper. The results show that the structures depend on a integer
mþ 1

n� 1

� �
. Here ½x�

denotes the greatest integer that does not exceed x.

1. Introduction

Let p be an odd prime number, and S denote the p-localized sphere

spectrum. Determination of the homotopy groups of S is one of main

problems in the stable homotopy theory. Consider the Brown-Peterson spec-

trum BP at the prime p. The spectrum BP gives rise to the Adams-Novikov

spectral sequence abutting to p�ðXÞ for a spectrum X with E2-term E �
2 ðXÞ ¼

Ext�BP�BP
ðBP�;BP�ðX ÞÞ, where BP�BP is the Hopf algebroid

ðBP�;BP�BPÞ ¼ ðZðpÞ½v1; v2; . . . �;BP�½t1; t2; . . . �Þ

associated with BP. Then, the E2-term E �
2 ðSÞ is an approximation of the

homotopy groups p�ðSÞ. Ravenel [5] constructed ring spectra TðmÞ for mb 0

characterized by

BP�ðTðmÞÞ ¼ BP�½t1; t2; . . . ; tm�HBP�BP

as BP�BP-comodule algebras. These spectra interpolate between the sphere

spectrum S and the Brown-Peterson spectrum BP. Since we know the

homotopy groups p�ðBPÞ ¼ BP� of BP, it is interesting to understand the

di¤erence between E �
2 ðTðmÞÞ and E �

2 ðTðmþ 1ÞÞ in order to study the E2-term
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E �
2 ðSÞ. Miller, Ravenel and Wilson [3] introduced the chromatic spectral

sequence to study the Adams-Novikov E2-term for computing the homotopy

groups p�ðVðkÞÞ of the Smith-Toda spectrum VðkÞ characterized by BP�ðVðkÞÞ
¼ BP�=Ikþ1 for Ik ¼ ðp; v1; . . . ; vk�1Þ. In order to set up the spectral sequence,

they introduced BP�BP-comodules N t
k and Mt

k defined inductively by N 0
k ¼

BP�=Ik, M
t
k ¼ v�1

kþtN
t
k and the short exact sequence

0 ! N t
k ,! Mt

k ! N tþ1
k ! 0:ð1:1Þ

The spectral sequence is obtained from the exact couple given by applying the

Ext group H �� ¼ Ext�BP�BP
ðBP�;�Þ to the short exact sequence (1.1). The

spectral sequence is also applied for computing the E2-term E �
2 ðTðmÞ5VðkÞÞ,

which is isomorphic to Ext�Gðmþ1ÞðBP�;BP�=Ik�1Þ by Ravenel [5], where

Gðmþ 1Þ ¼ BP�BP=ðt1; . . . ; tmÞ is the induced Hopf algebroid. Indeed, use

H �
m� ¼ Ext�Gðmþ1ÞðBP�;�Þ instead of H ��, and we have the chromatic spectral

sequence

E
s; t
1 ¼ Ht

mM
s
k ) Hsþt

m N 0
k :

The E1-term Ht
mM

0
n for n < mþ 2 is determined by Ravenel (cf. [5]) as follows:

H �
mM

0
n ¼ K ½w0�nEðhk; j : mþ 1a kamþ n; j A Z=nÞ:ð1:2Þ

where

w0 ¼ vnþm; KðnÞ� ¼ Z=p½vn; v�1
n �; K ¼ KðnÞ�½vnþ1; . . . ; vnþm�1�;

and hk; j A H 1
mM

0
n is represented by the cocycle t

p j

k of the cobar complex

W�
Gðmþ1ÞM

0
n . This shows that the modules H �

mM
0
n have a uniform structure

for mþ 1 > n� 1. In general, it seems that Ht
mM

s
k gets harder to be deter-

mined as t and s get larger. So we consider H 0
mM

1
n�1 in this paper. If

mþ 1b nðn� 1Þ, the modules H 0
mM

1
n�1 are determined in [2] and [6], and

the results show that the structures are uniform as well in this range. In [1],

Ichigi, Nakai and Ravenel determined the modules H 0
mM

1
2 for mb 2, whose

structures depend on m and are not uniform. We expand their result for nb 3

here. In order to explain the result, we state here our key lemma, which is a

paraphrase of [3, Remark 3.11]:

Lemma 1.3. Let n and m be positive integers with n� 1 < mþ 1. Suppose

the following two conditions:

1) For each integer kb 0, there is an element xk A v�1
n BP� such that

xk 1w
pk

0 mod Ið1Þ and

dðxkÞ1 uakv
a 0
k

n w
a 00
k

0 gk mod Iðak þ 1Þ
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for nonnegative integers ak, a
0
k and a 00

k , and for gk A ft p
j

mþi : 0 < ia n;

j A Z=ng. Here, d ¼ hR � hL, u ¼ vn�1 and IðkÞ ¼ In�1 þ ðukÞ.
2) The elements w

ðs�1Þpkþa 00
k

0 gk for nonnegative integers s and k with pF s

represent linearly independent generators over K in H 1
mM

0
n .

Then, H 0
mM

1
n�1 is isomorphic to

K ½u; u�1�=K ½u�l 0
kb0;pFs>0

K ½u�=ðuak Þhxs
k=u

aki

as a K ½u�-module. Here, K ½u�=ðuaÞhxi denotes the K ½u�-module generated by x,

which is isomorphic to K ½u�=ðuaÞ.

In the known cases, there are elements xk satisfying the conditions of

the lemma, and the structure of H 0
mM

1
n�1 is described by the integers ak. In

particular, if n ¼ 3, the structures depend on m as the following table of ak
([1, p. 3802]):

m ¼ 2 m ¼ 3; 4 mb 5

0a k < 3 pk

3a k < 6 pk þ pk�1

6a k < 9 pk þ pk�1 þ pk�3 pk þ pk�1 þ pk�2

kb 9
pk þ pk�1 þ pk�3

þ ak�6

pk þ pk�1 þ pk�2

þpk�9Q2 þ ak�6

pk þ pk�1 þ pk�2

þ ak�4

Here, Q2 ¼ pmþ1 � p4. In this paper, we construct elements satisfying the

condition of Lemma 1.3 (see Lemma 3.15), and obtain our main result:

Theorem 1.4. Suppose that nb 3, mþ 1 > n� 1 and mþ 1b

ðn� 2Þðn� 1Þ. Then the module H 0
mM

1
n�1 is isomorphic to the module of

Lemma 1.3 with integers ak given by the following table:

m A J2 m A J1 m A J0

ð j � 1Þna k < jn

ð1a j < nÞ pk�jþ1eð jÞ

ðn� 1Þna k < n2
pk�nþ1eðnÞ

þ pk�ðn�1ÞnQn�1
pk�nþ1eðnÞ

kb n2
pk�nþ1eðnÞ

þ pk�ðn�1ÞnQn�1

þ ak�2n

pk�nþ1eðnÞ
þ pk�n2Qn�1

þ ak�2n

pk�nþ1eðnÞ
þ ak�n�1
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Here,

Jk ¼
fm A Z : mþ 1b nðn� 1Þg k ¼ 0

fm A Z : ðn� kÞðn� 1Þamþ 1 < ðn� k þ 1Þðn� 1Þg 0 < k < n� 1;

fm A Z : n� 1 < mþ 1 < 2ðn� 1Þg k ¼ n� 1

8<
:

eðkÞ ¼ ðpk � 1Þ=ðp� 1Þ for kb 0; and

Ql ¼ pmþ1 � plðn�1Þ:

This shows that the smaller the integer m is, the more complex the structure of

H 0
mM

1
n is, as we expected. Our computation also suggests that the integers ak

for smaller m fit in the following table (see Lemma 3.2):

m A Jn�1 � � � m A Jn�l � � � m A J2

0a k < n pkeð1Þ ¼ pk

na k < 2n pk�1eð2Þ ¼ pk þ pk�1

2na k < 3n
pk�2eð3Þ
þ pk�2nQ2

pk�2eð3Þ

� � � . .
.

� � �

lna k < ðl þ 1Þn pk�leðl þ 1Þ
þ pk�lnQl

� � � pk�leðl þ 1Þ

� � � . .
.

� � �

ðn� 1Þna k < n2
pk�nþ1eðnÞ

þ pk�ðn�1ÞnQn�1

kb n2
pk�nþ1eðnÞ

þ pk�ðn�1ÞnQn�1

þ ak�2n

So far, we have some di‰culty in computation to fill in the blanks of the

table. Here the case m A Jn is excluded, since the result (1.2) of Ravenel’s

holds for mþ 1 > n� 1.

In the same manner as [8] and [7], we obtain a v�1
n BP-local spectrum W 1

n�1

such that v�1
n BP�ðW 1

n�1Þ ¼ M 1
n�1 if n2 þ na 2p. The module H �

mM
1
n�1 is the

E2-term of the Adams-Novikov spectral sequence converging to p�ðW 1
n�1Þ.

For such a large prime number p, the Adams-Novikov spectral sequence

converging to p�ðW 1
n�1Þ collapses and poses no extension problem, and hence

we obtain the following
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Corollary 1.5. The groups H 0
mM

1
n�1 are subgroups of the homotopy

groups p�ðW 1
n Þ.

2. Preliminaries

In the following, we fix the positive integers m and nb 3 satisfying the

condition

ðn� 2Þðn� 1Þamþ 1 < nðn� 1Þ; or m A J1 U J2:

Let hR : BP� ! Gðmþ 1Þ ¼ BP�BP=ðt1; . . . ; tmÞ be the right unit of the

Hopf algebroid Gðmþ 1Þ. We have the formulas of Hazewinkel’s and

Quillen’s:

vi ¼ pli �
Xi�1

j¼1

ljv
p j

i�j A BP� nQ ¼ Q½l1; l2; . . . �;

hRðliÞ ¼ li þ
Xi�m

j¼1

li�m�j t
p i�m� j

mþj A Gðmþ 1ÞnQ:

We use the notations

uk ¼ vn�1þk; u ¼ u0 ¼ vn�1; wk ¼ vnþmþk ¼ umþkþ1 and sk ¼ tmþk;

P ¼ pn�1 and Q ¼ pmþ1; and

I ¼ In�1 ¼ ðp; v1; . . . ; vn�2Þ and IðkÞ ¼ I þ ðukÞ:

We now have the following lemma by routine computations using above

formulas and the fact that the right unit hR is an algebra map.

Lemma 2.1. The di¤erential d ¼ hR � hL : BP� ! Gðmþ 1Þ acts on gen-

erators vi as follows:

dðviÞ1 0 mod I for ia nþm;

dðwkÞ1
Xk

j¼0

ðujs p
jP

kþ1�j � u
pk�jQ
j skþ1�jÞ � ok mod I for 0a k < n; and

dðwnÞ1
Xn

j¼1

ðujs p
jP

kþ1�j � u
pk�jQ
j skþ1�jÞ mod Ið1Þ ¼ In;

where

ok ¼
0 k < n� 1;

uw0;n�2 k ¼ n� 1

�
ð2:2Þ
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for the element w0; i defined by

dðw piþ1

0 Þ1 u piþ1

s
p iþ1P
1 � u piþ1Qs

piþ1

1 þ pw0; ið2:3Þ

modðp2; v1; . . . ; vn�2Þ in Gðmþ 1Þ.

Note that the ideal ðp2; v1; . . . ; vn�2Þ is invariant in Gðmþ 1Þ.

3. The elements xn

Since we are working on modules localized at u1 ¼ vn, it is justified to

put u1 ¼ 1. We furthermore consider integers ePðkÞ for kb 0, Qk and ~QQk for

kb�1, and Pk for 0a ka n:

ePðkÞ ¼
Pk � 1

P� 1
; Qk ¼ Q� ½Pk�; ~QQk ¼ Q� ePðk þ 1Þ and

Pk ¼ Pkeðk þ 1Þ 0a k < n

pPPn�1 þ ðpPÞn�1
Qn�1 k ¼ n and m A Jn

(

Here ½r� for a rational number r denotes the greatest integer that does not

exceed r.

Now we introduce elements Xk and X 0
k of u�1

1 BP� for 0a ka n, which

correspond to the elements xkn and xknþ1 in Lemma 1.3.

Xk ¼
w0 k ¼ 0

Xk þ Xk k > 0

�

Xk ¼
ðX 0

k�1Þ
P þ ð�1Þku pPPk�1 ~XXk�1 ðk;mÞ A S1

X
pP
n�1 � ð�1ÞnuPn�pPn�1Wn ðk;mÞ A S2

(

Xk ¼
ð�1Þku pPPk�1þQk�1 ~XX 0

k�1 ðk;mÞ A S1

�uPn�ðPn�1þQn�1ÞXn�1 ðk;mÞ A S2

(

X 0
k ¼ X

p
k � ð�1ÞkWkþ1

Wk ¼ u pPk�1wPk�1

k �Wk

Wk ¼ u pPk�1

Xk

j¼2

ðuPk�1

j
~XX p jP j�1

k�j � u
pk�jPk�1Q
j

~XX P j�2

k�j Þ;

ð3:1Þ

where S1 and S2 are the sets fðk;mÞ A Z2 : 0 < k < n; or k ¼ n and m A J1g
and fðn;mÞ A Z2 : m A J2g, respectively, and ~XXj and ~XX 0

j denote ð�1Þ ju�PjXj and

ð�1Þ ju�pPjX 0
j , respectively.
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Lemma 3.2. The di¤erential d ¼ hR � hL : u�1
1 BP� ! u�1

1 Gðmþ 1Þ acts on

Xk and X 0
k for kb 0 as follows:

dðXkÞ1 ð�1ÞkuPk ðsPkþ1

kþ1 � uQk sP
k

kþ1Þ mod IðPk þQk þ ~QQk�1Þ;

dðX 0
kÞ1 ð�1Þku pPk ðsPk

kþ1 � uPk

sP
kþ1

kþ2 þ oPk

kþ1Þ mod IðpPk þQk�1Þ

for ka n� 2. For k ¼ n� 1 and n, we have

dðXn�1Þ1 ð�1Þn�1
uPn�1ððsPn

n � wPn�1

0;n�2Þ � uQn�1ðsPn�1

n � wPn�2

0;n�2ÞÞ

mod IðPn�1 þQn�1 þ ~QQn�2Þ;

dðX 0
n�1Þ1 ð�1Þn�1

u pPn�1sP
n�1

n mod IðpPn�1 þ Pn�1Þ for m A J1; and

dðXnÞ1 ð�1ÞnuPnwPn�2

0;n�2 mod IðPn þ Pn�1 � eðn� 1ÞQÞ

where n is 1 or 2 with m A Jn.

Remark. In the case m A J0, dðXnÞ1 ð�1Þnþ1
u pPPn�1wPn�1

0;n�2

mod IðpPPn�1 þQn�1Þ in our notation (see [6]).

Proof. By Lemma 2.1, we have dðX0Þ ¼ dðw0Þ1 usP1 � uQs1 mod I and

compute

dðX 0
0Þ1 dðX0Þ p � u pdðw1Þ

1 u ps
pP
1 � u pðusP2 þ s

pP
1 � s1Þ mod IðpQÞ:

Since pQb pP0 þQ�1, we have the first step of induction.

Suppose that we have the congruences on dðXiÞ and dðX 0
i Þ for ia k � 1 <

n� 1. We notice that Qi b 0 and ðk;mÞ A S1 in this case. Then, the con-

gruence on dðXkÞ follows from computation

dðXkÞ1 ð�1Þk�1
u pPPk�1ðsPk

k � uPk

sP
kþ1

kþ1 þ oPk

k Þð3:3Þ

þ ð�1Þku pPPk�1ðsPk

k � uQk�1sP
k�1

k Þ

1 ð�1Þku pPPk�1ðuPk

sP
kþ1

kþ1 � oPk

k � uQk�1sP
k�1

k Þ

mod IðpPPk�1 þQk�1 þ ~QQk�2Þ,

dðXkÞ1 ð�1Þku pPPk�1þQk�1ðsPk�1

k � uPk�1

sP
k

kþ1 þ oPk�1

k Þð3:4Þ

mod IðpPPk�1 þQk�1 þQk�2Þ, and

pPPk�1 þ PQk�2 > pPPk�1 þQk�1 þQk�2

> pPPk�1 þQk�1 þ ~QQk�2 ¼ Pk þQk þ ~QQk�1:
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Since Qkþ1�j < Qk�j and

dðuPkþ1�j ~XXkþ1�jÞ1 uPkþ1�j sP
kþ2�j

kþ2�j mod IðPkþ1�j þQkþ1�jÞ

for jb 2, we have

dðWkþ1Þ1 u pPk

Xkþ1

j¼2

ðuPk

j s
p jPkþ1

kþ2�j � u
pkþ1�jPkQ
j sP

k

kþ2�jÞ

mod IðpPk þQk�1Þ. By Lemma 2.1,

dðu pPkwPk

kþ1Þ1 u pPk

�
uPk

sP
kþ1

kþ2 þ s
pPkþ1

kþ1 � sP
k

kþ1

þ
Xkþ1

j¼2

ðujs p
jP

kþ2�j � u
pkþ1�jQ
j skþ2�jÞP

k

� oPk

kþ1

�

mod IðpPk þ pðpPÞkQÞ, and so

dðWkþ1Þ1 u pPk ðuPk

sP
kþ1

kþ2 þ s
pPkþ1

kþ1 � sP
k

kþ1 � oPk

kþ1Þ

mod IðpPk þQk�1Þ. If k ¼ n� 1 and m A J1, this is replaced by

dðWnÞ1 u pPn�1ðs pPn

n � sP
n�1

n Þ mod IðpPn�1 þ Pn�1Þ:ð3:5Þ

Noticing that dðX p
k Þ is congruent to ð�1Þku pPk s

pPkþ1

kþ1 modulo IðpPk þ pQkÞ,
we obtain the congruence on dðX 0

kÞ, and the induction completes.

Turn to the case for k ¼ n. Observing (3.3), (3.4) and (3.5) under the

congruences on dðXn�1Þ and dðX 0
n�1Þ, we obtain the congruences

dðXnÞ1
ð�1Þn�1

uPns mod IðpPPn�1 þ pn�2Pn�1Þ m A J1

ð�1ÞnuPns 0 mod IðPn þ Pn�1Þ m A J2;

(

and

dðXnÞ1
ð�1ÞnuPns 0 mod IðPn þ Pn�1Þ m A J1

ð�1Þnþ1
uPns mod IðPn �Qn�1Þ m A J2:

(

for s ¼ sP
n�1

n � wPn�2

0;n�2 and s 0 ¼ sP
n�1

n . Note that pPPn�1 þ pn�2Pn�1 b

Pn þ Pn�1 if m A J1, since pn�2Pn�1 bQ, and also 0 < �Qn�1 < Pn�1 if

m A J2. These show the congruence on dðXnÞ. r

Lemma 3.6. There exists an element Y such that dðY Þ1wPn�2

0;n�2 �
X

p�1
n�2 dðXn�2Þ mod IðPn�2 þ Pn�2ðp2 � p� 1ÞÞ.
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Proof. Put Yk ¼ X
pP
k�1 � Xk. Then,

Yk 1 0 mod IðpPkÞð3:7Þ

for ðk;mÞ A S1, since Wk is a multiple of u pPk�1

by the definition (3.1). Note

that ðpPÞn�2�kððp� 1ÞpPk þ pPPk�1Þ ¼ Pn�2 þ Pn�2ðpn�k � eðn� kÞÞ. Then,

Y
ðp�1ÞðpPÞ n�2�k

k dðYkÞðpPÞ
n�2�k

1Y
ðp�1ÞðpPÞ n�2�k

k ðdðX pP
k�1Þ � dðXkÞÞðpPÞ

n�2�k

1 0

mod IðPn�2 þ Pn�2ðpn�k � eðn� kÞÞÞ. Now, we define the element Y by

pY 1X
pðpPÞ n�2

0 � X
p
n�2 �

Xn�2

k¼1

Y
pðpPÞn�2�k

k modðp2; v1; . . . ; vn�2Þ;

which is verified to be the one of the lemma by (2.3). r

Consider a numerical sequence fakgkb0 given by the recurrence formula

ak ¼ ðpPÞk�2aþ ak�2 for kb 2:ð3:8Þ

Then,

ak ¼ ðpPÞeðkÞe2ðk � eðkÞÞaþ aeðkÞð3:9Þ

for integers

e2ð2kÞ ¼
ðpPÞ2k � 1

ðpPÞ2 � 1
and eðkÞ ¼ 1� ð�1Þk

2
:

Note that

ak � pPak�1 ¼
aþ a0 � pPa1 eðkÞ ¼ 0

a1 � pPa0 eðkÞ ¼ 1

�
ð3:10Þ

for kb 1. We introduce a notation ða; a0; a1Þk, which denotes the number ak:

ða; a0; a1Þk ¼ ak:

We introduce integers Ak and ck for kb 0 by use of this:

Ak ¼
Pk ðk þ 1;mÞ A S1

Pn�1 þQn�1 ðk þ 1;mÞ A S2

ðPn;Pn�2;An�1Þk�nþ2 kb n:

8<
:

ck ¼
pPk ðk;mÞ A S1

Pn � p2PPn�2 ðk;mÞ A S2

ðpPPn; cn�1; cnÞk�nþ1 k > n

8><
>:

ð3:11Þ
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We replace Xn by

Xn � ð�1ÞnuPnY

for Y in Lemma 3.6, and define the elements Xk for k > n inductively by

Xk ¼ X
pP
k�1 � ð�1Þk�n

uðpPÞ
k�nPnX

p�1
k�2 Yk�2:ð3:12Þ

for

Yk ¼ X
pP
k�1 � Xk:

Lemma 3.13. The element Yk for kb n� 1 is a multiple of uck .

Proof. The case for ðk;mÞ A S1 is given by (3.7), and the case for

ðk;mÞ A S2 follows from the fact that uPn�pPn�1Wn is divisible by uPn�p2PPn�2 .

For k > n, we see that ck ¼ ðpPÞk�n
Pn þ ck�2 by (3.12). r

We further introduce integers A 00
k and elements Gk defined by

A 00
k ¼

0 k < n

ððp� 1ÞðpPÞn�2; 0; 0Þk�nþ2 kb n

�

Gk ¼ s
pkþ1

kþ1 k < n

Gk�2 kb n

(

Then, we have

Lemma 3.14. For ib 0,

dðXnþiÞ1 ð�1ÞnuðpPÞ
iPnX

p�1
nþi�2dðXnþi�2Þ mod IðAnþi þ ðp� 1ÞPnþi�2Þ

1 ð�1ÞnuAnþiw
A 00

nþi

0 Gnþi mod IðAnþi þ 1Þ:

Proof. The second congruence follows from the first one, which we show

by induction. By Lemmas 3.2 and 3.6, we see that

dðXnÞ1 ð�1ÞnuPnX
p�1
n�2 dðXn�2Þ mod IðPn þ Pn�2 þ Pn�2ðp2 � p� 1ÞÞ;

which shows the case for i ¼ 0, since An ¼ Pn þ Pn�2.

Suppose that the congruence holds for i. We put Bi ¼ Anþi þ ðp� 1ÞPnþi�2

for ib 0. Since for kb n, Ak � pPAk�1 ¼ An�2 þ eðnÞQn�1 if eðk � nÞ ¼ 0,

and ¼ pPn�1 þ eðn� 1ÞQn�1 if eðk � nÞ ¼ 1 by (3.10) and (3.11), we see that

neither of pPBi nor pPAnþi þ cnþi�1 are less than Biþ1. The case for i þ 1 is

now given as the sum of the congruences
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dðX pP
nþiÞ1 ð�1ÞnuðpPÞ

iþ1
PnX

ðp�1ÞpP
nþi�2 dðX pP

nþi�2Þ mod IðpPBiÞ;

dðð�1Þnþ1
uðpPÞ

iþ1PnX
ðp�1ÞpP
nþi�2 Ynþi�1Þ

1 ð�1Þnþ1
uðpPÞ

iþ1PnX
ðp�1ÞpP
nþi�2 ðdðX pP

nþi�2Þ � dðXnþi�1ÞÞ

mod IððpPÞ iþ1
Pn þ pPAnþi�2 þ cnþi�1Þ ¼ IðpPAnþi þ cnþi�1Þ. r

We define integers ak and a 00
k , and elements xk and gk as follows:

ainþ j ¼ p jAi

a 00
inþ j ¼ p jA 00

i

xinþ j ¼ X
p j

i

ginþ j ¼ G
p j

i

for ib 0 and 0a j < n. We notice that the integer ak is the same as the one

in the introduction.

Lemma 3.15. These elements and integers satisfy the assumption of Lemma

1.3.

Proof. Note that t p
n

k is homologous to u
p�1
1 tk in u�1

1 Gðmþ 1Þ=In. Then,

the first part of the assumption follows from the definition of elements and

Lemmas 3.2 and 3.14.

We prove the second part by showing the following assertion on lb 0.

The elements w
ðs�1Þpkþa 00

k

0 gk for non-negative integers s; k with pF sð3:16ÞðlÞ
and k < l are linearly independent over K :

Here, gk denotes the elements of H 1
mM

0
n represented by the cocycle gk. We

notice that gk for 0a k < n2 are the independent generators of the K ½w0�-
module H 1

mM
0
n . For l < n2, it is trivial, since gk 0 gk 0 if k0 k 0 in this range.

Suppose that (3.16)l holds for lb n2 � 1, and that we have w
ðs�1Þp lþa 00

l

0 gl ¼Pl�1
k¼0 lkw

ðsk�1Þ pkþa 00
k

0 gk for lk A K and sk b 0 prime to p. Since H 1M 0
n is a

free K-module over the generators gk, we may assume that lk A Z=p. We

further suppose that there is an integer k such that lk 0 0. For each

integer a, we write a ¼ ianþ ja with 0a ja < n. Then, we see that jk ¼ jl,

and ðsk � 1Þpk þ a 00
k ¼ ðs� 1Þpl þ a 00

l . It follows that a 00
l 1 ðsk � 1Þpk þ

a 00
k mod pl, and so A 00

il
� A 00

ik
1 ðsk � 1ÞðpPÞ ik mod pl� jk . On the other hand,

by (3.9), we see that A 00
il
� A 00

ik
1GðpPÞn�2 modðpðpPÞn�2Þ if ik 2 il mod 2,

and 1�ðpPÞ ik modðpðpPÞ ik Þ otherwise. These imply that ik 1 il mod 2 and

that p divides sk, which contradicts to the hypothesis of sk. Hence, the
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coe‰cients lk’s are all zero, and (3.16)ðlþ1Þ holds. Thus, the induction

completes. r
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