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Many attempts have been made for defining the multiplication between
distributions. Y. Hirata and H. Ogata [3] have defined a product of distribu-
tions and J. Mikusiniski [9] has also defined the same product in a different fashion.
In [5], we have considered the multiplication invariant under diffeomorphism
which covers the multiplication in the above sense. IfS, Te2’'(RM)arid if aS*T
has the value (&S *7‘) (0) at 0 in the sense of S. Lojasiewicz [8] for any a e 2(RV),
then there exists a unique distribution W such that < W,a> =(aS*’f)(0). In
[10], R. Shiraishi has defined a restricted d-sequence {p,}as a sequence of non-
negative functions p, ¢ 2(R¥)such that

(i) suppp, converges to {0} as n—c0

(ii) J\p,,(x)dx:onverges to 1 as n—o0;
(iii) , (|x||"|lD'p,,(x)|dx§M p(M, being independent of n),

where the integral is extended over the whole N-dimensional space, and he has
shown that the existence of the product W=SoT ofS and T'is equivalent to each
of the following conditions:

(1) The distributional limit lim(S*p,)(T*p,) exists for every restricted
d-sequences {p,} and {g,}: .

(2) The distributional limit lig1 (S*p,) T existsfor every restricted d-sequence

{pu}.
(3) The distributional limit lim S(T*p,)exists for every restricted d-sequence
n—>00
{oa}
And if one of these conditions is satisfied, the limit equals W.
On the other hand, we may define the multiplicative product SaT as the dis-
tributional limit hm (S*p,,) (T=*p,), if it exists for every restricted d-sequence {p,}

([10, p. 97]). The purpose of this paper is to investigate this multiplication
A by making a comparison with the multiplication o.

By the definition stated above we see that if SeT exists, then SaT exists and is
equal to SoT. However the converse does not hold ([10, p. 97]).
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LEMMA 1. 5APf.%—= —iz—a' but 5on.;: does not exist.

PROOF. Since the distribution Pf.;c—‘— has not a value at 0, the product

60Pf.% does not exist. For any restricted §-sequence {p,} and any ¢ € 2(R)
we can write
1 \ p -
<pn(_};*p ) ¢> = <'1;’ pn*¢pn>

If we write ¢@(x)=¢(0)+ ¢’'(0)x+x2y(x), then Y(0)= lin}) Y(x)=2"1¢"(0),
limox'l(lll(x)— Y(0)=(3""1¢"(0)and so on. Since p,*p, is an even function,
<l‘7, Pn*p,> vanishes. Put a, =p,*xp,. Then a,=p,*(—x)p,= (—x)(P,*F,)
+(XPp)* P> 0y — 0ty = X(p,*p,) andtherefore

1 © . 1( . 1
<?’ Uy > = So(pn*pn)dx = —Z_S_w(pn*pn)dx = ’2“ .

On the other hand, if we put B, =p,*x2yp,,then

Br = Puxx?Yp+20,%X(20 + xY")p}, + fu*(x2) Dy

By the property (iii) of {p,}we see that B,(x)= — Rw Bi(x)dxis bounded and there-
Jx
fore X~ (Bu=B)=x"1(B(x) = BuO) +x (B0~ F,(x)) is bounded. Since
T oo
supp {x~1(8,— B,)} tends to {0} as n—oo, we see that lim)\ x~Y(B,— B)dx=0.

Thus the product doPf. % exists and is equal to —271§’.

PROPOSITION 1. For any non-negative integer fc, the product 6®aPf —A,:J,—,

exists and

FION I8 £ (—1)**1k! 5(2k+1)

X 2k +1)!

but the product 5(")on.4,‘1+1 does not exist.

PROOF. Given S, Te 2'(R), the existence of the product SoT’ implies the
existence of ST and SoT ([5, p. 162]). Thus it follows from Lemma 1 that the

1
product %) Pf, does not exist.

Atc+l

For any restricted §-sequence {p,} and any ¢ € 2(R), we have
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1\k

<(6“"*pn)< k1+1*p,,>, $>_" .. —<:j:, (PR xppF >
where we write
$(x) = $(0)+ ¢ (O)x+++ + GypyT BT OX +x2K5 2y (x).

(p{¥)” xp¥ is an everfunction and
(P *xpP = x((pi)"*pi) — x(pif) " *pk)

and therefore we have
1
<5 (PP > =0
and

<,_’ (PP) xxpP > = S‘:(pglk))v*pn(k)dx

(k=0),

D=

= 17 e ax =
0 (kz1).

Let fc*l and put B (x)=(p®F) +x!p¥ for 0<I<2k+1. For I=2p+1,
p=1,2,...,fc,we can write
2p , )
Bunl) = X{ T (=) (o) xx27 190} = x2P* 1 () 4p(l
i=o
and hence

Buh—pii () FLY CxnXprg Ve

If p<k, then i+ (2p—i)= 22p<2k and therefore either / or 2p — / is less than k.
Moreover the function go(—x)i(pf,“))v #x2p~ipk) i an even function with

compact support. Thus we have

_1z

T8 (7 (=0 wxrripPyax=0.

l=0

<?a pl,n

In the case where p =k, we have

N
=

1 1
<—x‘, B2k+1 n _Z

M

)(w {(=x) (P +x2k~ip(O} dx

@

1]
(=]
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= 17 (0 ety ax
© 2
= —%—{S_w(x"pfl"))dx} = Lane
For I=2p,p=1, 2,...,fe, we can write

2p=-1 . .
Bin(X) = Bin(—x) = x{ ;0(—96)’(175,"))"”” ~im1py,

2p— 1 , . e . . . .
where X 0(-")'(/’;“) *x2P~i=1pk) 15 4 even function and either i or 2p —i— 1
iz

is less than fc. Thus we have
("L 8.0 —pu(—xnax=o0.
0 A

For B,(x)=(pi¥)"*x***2Yp/hve have
"= (- l)kﬁ"*(x2k+2.//p$,k))(k+2)

= D E (B2 airmzgyorperas),
j=0

By the property (iii) of {p,} we see that f,= —5\00 Bi(x)dxis bounded and so is
x71(Bu(x)— Bu(—x)). Moreover supp {x™'(B,(x)—B,(—x))} tends to {0} as n—co.
Thus we have lim x~1(8,(x)— B,(—x))=0.

Consequently the product §®)aPf, ! exists and is equal to (=D k!

"yt 2 2k+1)!

5(2k+ 1 ).

In [1], B. Fisher has introduced the product of two distributions on the open
interval (a, b), — o0 <a<b=o00, as the distributional limit of (S*d,) (T*d,), where
0,(x)=np(nx) and p is a fixed C® function having the following properties:

1
(1) p(x)=0for|x|21, (2) p(x)20, (3) p(x) =p(—x), (4) S_lp(x)deI and (5)
pT)(x) has only r changes of sign for r=1, 2,.... And he has shown that the
product of the distributions 6%) and Pf. Ak:-l in his sense exists and equals

— D* L) k1) Ve i
9 @+ o foranynon-negative integer fc.

In our previous paper [6] with collaboration of S. Hatano, we have shown
1
that the product of the distributions 6®) and Pf. .t in the sense of H. G.

Atc+
Tillmann exists and the same result as above holds true.
In the proof of Proposition 2 below we shall need the following lemma, which
we have shown in [4, p. 71].
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LEMMA 2. Let E and F be spaces of type (F). Let G be a locally convex
space. If a family of separately continuous bilinear maps u,, a€ A, of EXF
into G is bounded at each point of E X F, then {u,}..4 IS equicontinuous.

PROPOSITION 2. Let S, Te 2'(RY). If the multiplicative product (S*
(@T))ad exists for any a e 2(RY), then the product SaT exists.

PROOF. Let K be any compact subset of RN and let pe 2. There exist
two compact subsets K’ and K" of RN such that K<K”and K"<K'. Let a,
€ 2(RN)such that «; =1 on K’ and

o S*(YT)” = S*x(yYT)”
in a 0-neighbourhood for any ye 2~. Then we have
(2, S¥(YT) )20 = (Sx(YT) )28, YDy
For o, € 9~ sucn that a= 1 in a small neighbourhood of K we have

lim <(S*pn)(T*pn)a ¢> = lim <(als*pn) (aZT*pn)a ¢> 5

n—0

where {p,}is any restricted d-sequence.

To estimate the right hand side of the equation we may assume that ¢ is a
periodic function with period 2! for each coordinate where / is taken large enough.
Thus we can write

2 <m,x>
¢=Tcue't T,

! kA
where Z|c,| (1 + |m|)* < oo for any positive integer fc. Writing e(m)=e*r<m>>_ we
have

<(2;5%p,) (@2 T*p,), @> = Zcyy <(a1S*p,) (a2 T*p,), e(m)>
= Xc, <o S*p,, e(m)a,Txp,e(m)>
= Zc, <oy Sx(e(m)ay T)”, Ppxpue(m)> .

Since the product (a;S*(T) )ad exists for any ¥ € 2g», we can write for any
ERB

<(yS*(WYT)")ad, x> = lim <(ot; S¥YT)" *p,)pn, x>
n—»00
=1lim <o, S*(YT)", pp*pux> -
n—o
Here the map

('//’ X) - <als*(l//T)v’ ﬁn*pux>
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of @¢»x # into the complex number field is separately continuous for any p,
and the family of maps is bounded at each point of Dg-x #. By virtue of
Lemma 2 this family of maps is equicontinuous. Thus there exist a constant
M and a positive constant k such that

<o, S*(YT)”, pu*pux>| = M sup |DPY|sup |DPy|
Ipi<k Ipl<k

and consequently there exists a constant M’ such that
| <oy Sx(e(m)ayT)”, ppxpue(m)>| < M'(1+|m|)2.

From Zlc,l(1+|m[)?*< o it follows that Zc,<a;Sx(e(m)a,T)”, p,*p,e(m)>
is normally convergent. Furthermore each term has a limit as n—>00. Thus
the multiplicative product SaTexists.

PropPOSITION 3. Let S, Te 2'(RN). If the multiplicative product S:fT
exists for any B € &(RN), then the product (Sx(aT)")ad exists for any o€ 2(RV).

PROOF. Let K be any compact subset of R¥ and take a compact subset K,
with KcK,. If we take fe 2(R¥) such that f=1 on K,, then BS*(aT)” =S
(«T)" in a 0-neighbourhood for any ae 2. From the fact that

(1-P)Sa(aT)” = lim (1 = B)S*p,) (T)"*pn) = 0,

it follows that the multiplicative product fSsaT exists for any a € D and equals
SaaT. Thus we have for any ¢ e 2(R")

<(S¥(aT)")sd, p> = lim <(BS(aT)"*p,)pup>

if the right hand side exists. In the same way as in the proof of Proposition 2
we can write

Q= Ecmeﬁ<"'m> = Xc,e(m),

where X|c,|(1+ |m|)¥<oo for any positive integer k and / is taken sufficiently
large. Then we have

<(BS*(aT) *p)pp ¢> = Z€,, <BS*(T)", fp*pne(m)>
= 2c,<PS, (aT)*p,*p,e(m)>
= Zcm <(ﬁs*pn)(e(_ m)aT*pn)a e(m) >

By the existence of the product BSsxT for any ye PDg there exist a constant M
and a positive integer k such that
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| <(BS*p,) (xT*p)¥y>| = M sup |DPy| sup |D?y|
IpI<k Iplsk

for any € # and therefore we have the inequality
| <(BS*p,) (e(—m)aTxp,),e(m)>| <M,(1+|m|)?*

with a constant M;. Thus the sequence Zc,<(BS*p,) (e m)aTxp,), e(m)>
is normally convergent and we have

lim <(BS*p,)(e(—m)aTxp,), e(m)> = <PS*xe(—m)aT, e(m)>.

Consequently we see that the limit of <(BS*(aT)*p,)p,0> exists as n— oo,
which means that the product (BS*(aT)")ad= (S*(«T)")ad exists.

Now recall the definition of the multiplicative product ST of Se 2'(RV)
and Te 2'(RM)in the sense of Y. Hirata-H. Ogata and J. Mikusifjski. The
product STis defined as one of the limits of the sequences in the following equiva-
lent conditions ([11]):

(I) The distributional limit lirg(S*p,,)(T*p“,,) exists for every d-sequences

{pu} and {p,}:
(2) The distributional limit lim (S*p,)Texists for every d-sequence {p,}:
n—o0

(3) The distributional limit lim S(T*p,) exists for every dé-sequence {p,}.

n—-w

Here a d-sequence {p,}is a sequence of non-negative functions p, € 2(R¥) with
the following properties:

(i) suppp, converges to {0} as n—>o0;

(ii) Sp,,(x)dx=1, the integral being extended to the whole N-dimensional
space.

In [11, p. 229] we showed that ST exists if and only if, for any ae 2(RN),
there exists a 0-neighbourhood in which aS *T is a bounded function continuous
at 0 and that <ST, a> =(«S*T)(0) in this case.

We may define the multiplicative product S+ T as the distributional limit
limw(S*Pn)(T*Pn)’ if it exists for every &-sequence {p,}. Since the property (iii)

of a restricted d-sequence {p,} does not play any role in the proofs of the above
two propositions, we have the analogues of Propositions 2 and 3 for such multipli-
cation. '

PROPOSITION 4. Let S, Te 2'(RV). If the product (S*(aT)”) & exists
for any a € D(RN), then the product S T exists.

PROPOSITION 5. Let 5, Te 2'(RN). Ifthe product S BT exists for any
e &RN), then the product (Sx(aT)”) 6 exists for any o € D(RV).
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REMARK. Let {p,} be any fixed d-sequence. We may define another mul-
tiplicative product of § £ 2’'(R¥)and Te2’'(RN)as the distributional limit lim (S*
p.) (T*p,), if it exists. For such multiplication we have also the analoglg)s of
Propositions 4 and 5.

ol

1
We have shown in [5, p. 162] that if the products So - exist for j=1,

.I

oTexist for j=1, 2,..., N and —67"—(SOT)
J

2 , N, then the products S°T and s

i

A

= é‘x —~——oT+ So holds. The same property holds also true of the multi-
plicative product ST But the statement is not true in general for the multiplica—
tion A. Let N=1. The product &’ °Pf exists but the product &’aPf. “ does

not exist. In fact, let pe 2(R) such that p=0 andJ\ p(x)d»=1, and put p,(x)
=np(nx). Then {p,}is a restricted d-sequence and we have

1 , 1, .
<<;*pn>pm p> = <X_.spn¢*pn>

for any @ e 2(R). If we take @ e 2(R) such that ¢ =1 in a 0-neighbourhood,
then for a sufficiently large n we have

S T
<o Parbn> =n2<—_, p'xp>
(o e
= ) X Hpwp(o- prp(0)dx,

(o
where p*p=0 and p*p'(0)=)\ p2(x)dx. In the relations

= 0

)2 = ([pee—0p(-nar)’

= (frx=nar)((p2(=at) = (orp0)12,
the equality does not hold and therefore

§ "x~2(p(x) = pri(O)dx < 0.

Thus <(%*p,,)p;,, @> does not converge. This means the product §'aPf. -+

does not exist.
Moreover the product 6”APf —- does not exist. In fact, for any restricted

d-sequence {p,} and any ¢ e Q(R)We have
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" ]- ! 4 x
<Pn<}*l’n>, ¢>- < x° Pub*p, >

i
+

<L (o ai,— i e >

1 ’ v ’ 1 ’
<}—2! Pu*pn>— <pn<;*pn>a ¢'>.
1 1
From the facts that the product é'aPf. 57 exists but the product 6’APf.x— does not

1 1
exist it follows that < < pnd*p,> converges to <§'aPf. > 7 ¢ > but <p/,

(7 *p,,/\), ¢'> does not converge as n—oo and therefore <p’,’,(7 *p,,), o>
\

does not converge.

-~

It is easily shown that if the products SaT and Sa—= (;T exist forj=1,2,.. ., N,

J
aS . 0 _ S aoT
then the product Ox aT exists and o (SaT)= ox; aT+Sa x

i

: holds.
J
From the facts that 5an.71( exists but 5’APf.lX does not exist it follows that oa

Pf. A—' , does not exist.

We have shown in [5, p. 162] that if the product SoT exists, then («S)oT and
So(aT) exists for any a ¢ &(R¥)and («S)eT=a(S-T)= So(«T). The same property
holds also true of the multiplicative product S7. But the statement is not true

in general for SaT. In fact, let N=1 and take §=06'and T=Pf. x—}2— Then the
product §’aPf. XL 3 exists but 5’AP§I.( — and 5AP§.: —5 do not exist. On the other
hand, if we take S=0 and T=Pf.LX, then (aS)aT= —%0)6’ and o(SaT)=

—é—oc’(O)(S—E“(z—O)é’ for any a € &(R)and therefore a(SaT) is not equal to (aS)aT in
general.

Let 5, T be tempered distributions on RN and suppose S and T are &’'-
composable, that is, (S,®T,)¢(%+9)e(21:) for any ¢ € L(R¥). Then the pro-
duct Sf exists and (S*T)"=ST ([3, p. 151]). Furthermore (S#*p,) (f*g,)
converges in &'(R¥) to ST as n—»oo for any d-sequences {p,} and {p,} ([11,
p. 233]). Thus, if 5 and T are &’-composable, then SaTexists, SaT = (S*T)"
and (S#p,)(T*p,) converges to SaT in &'(R¥) for any restricted &-sequence
{pa}

PROPOSITION 6. Let Se 2'(RN). Then the following conditions are equi-
valent to each other:

(1) Se&(RY).

(2) SaTexistsfor any Te 2'(RV).
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(3)  SaTexists for any Te&'(RN).

PROOF. 1t suffices to prove the implications (1)=>(2) and (3)=(1).

(1)=(2). Let Se&(RY). Then the product ST exists for any Te 2'(RV),
and a fortiori SaTexists.

(3)=(1). Suppose SaT exists for any Te&'(RN). For any restricted 0-
sequence {p,},the map

T— (S *pn) (T*pn)

of &'(R¥)into 2'(RM)is continuous and &’'(RM)is a barrelled space. By the
Banach-Steinhaus theorem the map &'(R¥)=T— 11m (S#p,) (T*p,)=SaTe 2'(RY)
is continuous, and therefore for any ¢e Q(RN) there exists an element ¢(S)
e &(RY) such that

<SAT, o> = <¢(S), 7> .

If we take I'=a E 2(RY), then <Saa, ¢p>=<aS, p>=<¢S,a>. Thus
@S = @(S)e &(RN), which implies S € &(RN).

Let & be a C* map of a non-empty open subset Q<R" into another open
subset Q' <=R". Ifthe map &*: 2(Q') 3 a—acf e 2'(Q2) is continuously extended
to the map of 2'(2) (or equivalently of &'(Q))into 2'(Q), then the map £ is said
to be admissible ([7, p. 76]) and £*S is said to be the transposed image of 5e
2'(Q). Then we see that n=< N ([7, p. 77]).

Let £ and # be C® maps of a non-empty open subset Q< RN into another
open subsets 2, <RP and Q,< R4 respectively, and assume the map y=(&, n)
of Q into Q, x 2, has no critical point. By the facts that the multiplication o
is invariant under the diffeomorphism and has the local property ([5, pp. 162
-165]) we conclude that the multiplicative product (é*S)a(n* Tkxists for every S e
2'(Q,)and Te 2'(Q,).

PROPOSITION 7. Let £ be an admissible map of Q< RN into Q, =RP and
n be an admissible map of Q2 into Q,<R4. If the multiplicative product (£*S)a
(*T) exists for every Se€ 2'(2,) and Te D'(Q,), then the map y=(, n) is
admissible.

PROOF. Let {p,}be any restricted d-sequence defined in L and consider the
map

(S, T) — ((£*S)*p,) (*T)*py)

of &'(2,)x&'(2,)into 2'(2) for a large n. It is a separately continuous bi-
linear map for each p, and ((*S)*p,)((n*T)xp,) converges in 2'(Q) to (£*S)a
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(n*T) as n—o00. Since &'(2;)and &'(Q,)are barrelled, the bilinear map
(S, T) —> (£*S)=(n*T)

of &'(2,)x &'(RQ,) into 2'(2) is hypocontinuous. Owing to the theorem of
Grothendieck ([2, p. 66]), since &'(2,) and &'(RQ,) are (DF)-spaces, the map is
continuous and therefore it can be continuously extended to the map of &'(2,)
®.,6'(2,)= €'(Q, xQ,)into 2'(Q); this means that the map y=(&, n) is ad-
missible.

Since the property (iii) of a restricted J-sequence {p,}does not play any role
in the proofs of the above two propositions, the analogues of Propositions 6 and
7 remain valid for the multiplication.
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