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Remark on the dual of some Lipschitz spaces
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The present paper is considered as a supplement to the author’s paper [1].
Our aim is to prove the following theorem.

THEOREM. Let a be a real number, 1 <p< o0 and 1<q= 0.
(@) The dual of 2% , is isomorphic to A7
(b) There exists an isomorphism n: A% ,—(A2 )" such that the restriction

of n to A5, is the canonical embedding of A ., into its second dual (A2,)".

Notation and related definitions are given in section 1. As in [1], the
proof of the Theorem is done by establishing the corresponding results for some
spaces of harmonic functions which are isomorphic to the spaces considered in
the Theorem. Our result (a) is an n-dimensional and non-periodic version of a
result of T. M. Flett [3; Theorem 19], whereas (b) when p=co is that of a result
of K. de Leeuw [5; Theorem 2.1] (cf. also [3; Theorem 19]).

1. Notation and preliminaries

We use R to denote the n-dimensional Euclidean space, and for each point
X=(Xy1,..., X,) We write [x|=(x2+ - +x2)1/2,

Unless otherwise stated, all functions are supposed to be complex-valued.
As usual we use & =%(R") to denote the space of all rapidly decreasing functions
on R"; 2 stands for its subspace consisting of functions with compact supports.

For any positive integer k let Z} be the set of all ordered k-tuples of non-
negative integers, and for each pu=(u,,..., &) let

ul = sy + o+ e
An element of Zj is called a multi-index.

If u is a function defined on an open subset of R¥, we use D to denote the
partial derivative of u of order m with respect to the i-th coordinate. Further,
for each multi-index u=(y,,..., 1) we write

D*y = D*---Di*u.

If f is a measurable function defined on R", we set
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1= [ 17Glrax [ 0<p <o,

£l = esssup [ f(x),
x€R”

and we define L?=LP(R"), where 1<p=<o0, as the space of those measurable
functions f for which [[f|,< oo, equipped with the norm | - ||,.

For each real number p, 1<p<oo, we use p’ to denote its conjugate, i.e.,
1/p+1/p’=1, where we set 1/c0=0.

The Fourier transform of a function fe L! is given by

JO=(_ e sy, cerr,

where - y=&1p +- + &y

We consider the space R**! as the Cartesian product R” x R, so that we can
write each z € R**! in the form z=(x, t), where xe R” and te R. We denote by
Q the upper half space R" x ]0, co[.

We use B to denote a constant, depending on the particular parameters p,
q,..., o, B,... concerned in the particular problem in which it appears; if we wish
to express the dependency, we write B in the form B(p, q,..., a, B,...). These
constants are not necessarily the same on any two occurrences.

For measurable functions u defined on Q, let

1/
M,(u; t) = BRnlu(x, t)|de] p, 0<p< oo,
M (u; )= esssup |u(x, t)|.
X€ER"
We also let
L 1/q
fulpa = [ M =i [, 0 < g < o0,
0
llull,, = €sssup Mp(u; 1.
t>0
Moreover, for any s>0and y € R", ug, u’ and u(9 are the functions given by
ulx) = u(x, s), xe R",
u®(x, ) =u(x, s +1), (x,)eQ,

uI(x, H=uly —x,s +1), (x,)eQ.
We use P to denote the Poisson kernel for @, i.e.,

P(x, 1) = c,t/(]x]|* + t2)(»+D)/2 for xeR* and >0,
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where c,=n"("*D/2[(n+1)/2). The following two properties of the Poisson
kernel are frequently used.

(P. 1) P(§) =e2nléls feR" and s> 0.
P.2) PxP, = P, forall s, t>0,

where * denotes the convolution operation.
Let f be a measurable function on R” such that S [f)l (L +|x])~ " tdx < o0.
Rn

The Poisson integral of f, denoted by u, is the function defined on Q by
u(x, t) = Pxf(x) = f«P(x), (x,t)eQ.

It is well-known that u is harmonic in Q and satisfies the following relation:

(%) u(x, s + t) = Pgu,(x), xeR", and s,¢>0.

The equation (x) is called the semigroup formula hereafter.
For the properties of the Poisson kernel and Poisson integrals, we refer to
[1] and the references given there.

DerINITION 1 (cf. [1; §3, Definition A]). For any real number b, let s,
denote the linear space of all harmonic functions u in Q with the property that ‘if
nezZt,, ¢>0, and K is any compact subset of R", there is a positive constant
B such that

|DEu(x, t)| £ Bt (+IuD for every x in K and t = c.
Further, let 5§ = N, #,.

DEFINITION 2 (cf. [1; § 3, Definition B]). For any u in &, and a<b, R*u
is the function defined on Q by

(i) ROu =u;

(ii) ifa>0,

Reu(x, t) =~F—%WS:u(x, s+t)s*1ds;
(iii) if o is a negative integer, say « = —m, then
R*u = R™™u = (—1)"D™, \u;
(iv) ifa = —p < 0 and B is not an integer, then
R*u = R™Pu = R™F(R™™u),

where m=[B]+1 (here [y] stands for the greatest integer not exceeding y), and
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Rm=#, R~™ are defined by (ii) and (iii).

ReMARk. If a<b and ues#,, then R*ues#’,_,. If a+y<b, y<b and
u € #y, then R**7u=R*(R"u) (cf. [1; Theorem 3.2]).

DeriNiTION 3 (cf. [1;§5]). Let o be a real number, and 1=<p, g< 0.
Define

H (5 p, q) = {ue )5 65 4u) = tR™*1u|,, < oo}

Moreover, let 0, be the set of infinitely differentiable functions with compact
supports not containing the origin and s#* be the set of Poisson integrals
of functions in &,, where O,={y: Yy e0,}. If p or q is oo, define H AP to
be the closure of s#* in s#(a; p, q).

We shall list some results obtained in [1] which will be needed in the proof
of the Theorem. Let « be a real number and 1< p, q < .

(1.1) Let >0 and |tfu|,,<oc. Then ue#y,, (cf. [1; Theorem 3.5]).

(1.2) #(a; p, q) is a Banach space with norm &% , provided that, if a=n/p
then we must identify harmonic functions u satisfying D%, ,u=0 for some non-
negative integer k with the zero element (cf. [1; Theorem 5.1]).

(1.3) If k is a non-negative integer greater than «, then |t*~*Dk  (-)ll,,
is an equivalent norm on s#(a; p, q) (cf. [1; Theorem 5.17).

(1.4) If 1<p, g<oo, then s#* is dense in s#(a; p, q) (cf. [1; Theorems 7.1
and 7.2]). Note also that s#* is dense in 4% , if p or g is oo (see Definition 3).

(1.5) For each real number y, there exists an isometric isomorphism R? of
#(x; p, q) onto #(a+y; p, q). Further, R? maps #° 4% ,, (# 1% , resp.) onto
HALTY (A% ) resp.). If y<n/p—a or ues’*, then Ru is identical to the one
defined in Definition 2 (cf. [1; Theorem 5.1 and its remark, Remark to Lemma
7.1]).

(1.6) Let 42, (1=p, q<), 4%, (1=p=< o) and A%, (1=g=< 0) denote
the Lipschitz spaces defined by Herz [4] (cf. [1; §7]). We let also 42, (4%,
resp.) be the space of boundary values of functions in s#(a; p, ) (#(c; 0, q)
resp.) with the obvious norm. Then u—u(-,0)=1lim,_q u(-, t) is an isomorphism
of #(a; p, q) onto A2, and of s# 42, onto 4% ; the limit being taken in &' if
a<n/p and in &’/2 (the space of tempered distributions modulo polynomials)
if a=n/p (cf. [1; Theorems 6.1, 7.1 and 7.2]).

LemMA 1 (cf. [1; Lemma 6.1]). Let 1=<p, q< o0, a be a real nhumber and
u be in 5#(x; p, q).
(i) u®es(x; p, q) and &2 (u®) <4 (u) for any s>0.

1) The spaces #4% .. and #42 , are denoted by # 43 .. and #42 , respectively in [1].
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(i) If g<oo or g=c0 and M(R™* lu; t)=0(t"!) as t—-0+ and t— o0,
then u®—u in s#(«; p, q) as s—>0+.

LeMMA 2 (cf. [1; Lemma 6.2 and its proof]). Let 1<p, g< 0, f be a func-
tion in LP and u be its Poisson integral. Let k be a positive integer such that
2k>o0>0.

(i) u®es(a;p, q) and &% (u)<Bs™*| fll, for all s>0.

(i) Furthermore, if all partial derivatives of f of order less than 2k+1
exist, are bounded and belong to LP, then ues#(x; p, q) and &% (w)<B(|f|,
+ 4% fll,). (Here 4* is the Laplace operator iterated k times.)

LeMMA 3 (cf. [1; Lemma 6.3]). Let 1<p, g< o0, a be a positive number
and k be a positive integer such that 2k>a. Define

Cuy 0>y = Cuy 0) = T(ITJS: Sm 251 (x, 1]2) R=2*v(x, 1/2)dxdt

for all u in #(— a; p', q') and all v in #(a; p, q).
(i) {-,-) is a continuous bilinear form on #(— a; p’, q')x #(a; p, ).
(ii)) Ifuest(— a; p', q') and v is the Poisson integral of a Y € &, then

{u, v) = lim g u(x, s)i(x)dx.
s—>0+ JR"
Moreover, if {u, wy =0 for every w which is the Poisson integral of a function in
&, then u=0. (Note that (-, -)> does not depend on k.)

Hereafter, let E’ and E” denote the dual and second dual of the normed vector
space E.

LemMA 4 (cf. [1; Lemmas 8.2 and 8.3]). Let 1<p,q=<o0 and o be a
positive number. Let F be in s#(a; p, q) and let u(y, s)=F(P™:9) for all
(y, s)eQ.

(i) wu is harmonic in Q, and u(-, s) is bounded and uniformly continuous
on R" for each s>0.

(ii) If g is a L*-function with compact support and s>0, then
Fo) = | u(y, 990)dy,
where v is the Poisson integral of g.

2. Proof of the Theorem

First, we prepare some lemmas.
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LemMA 5. Let k be a non-negative integer and 1<p<oo. Let feLr
such that |-|¥fe LP. Then there exists a sequence {{;} =0, with the property
that

Wi = fll,— 0 and |||-[*(); = NHll,— 0 as i — oo.

Proor. This follows easily from the well-known regularizing process.

For >0 and we Cg, the space of all continuous functions with compact
supports in Q, define

T*(w)(x, s) = S”S t=1P(x — y, s + Ow(y, Ddyd
0 JR"
for every (x, s)e Q (cf. [1; §9]). An easy application of Fubini’s theorem and
property (P. 2) in § 1 shows that T#(w) is the Poisson integral of the function f
defined by
f) = S:S 1*~1P(y — z, t)w(z, t)dzdt, y € R".
RYI

It then follows that /'€ C*, and D* f belong to L? and vanishes at infinity for any
D, 1=Sp=<o, and ke Z}. Further, property (P.1) in §1 implies that

I7(®)] £ Be2wl¢la, e R,
where B and a are positive constants that depend on w.

LeMMA 6. Let a>0 and k be a positve integer such that 2k>a. Let f
be a function in L® and u be its Poisson integral. If fand |-|?*fare in L1, then
ueH 2%, for any q, 1<g=< .

Proor. It is obvious that, under the above assumptions, f is almost every-
where equal to a function whose partial derivatives of order less than 2k+1 exist
and are bounded, so that we may assume that f has this property. Hence, to
establish the lemma, on account of Lemma 2 it is sufficient to find a sequence
{¢;} =0, such that ||¢p;—f],—0 and ||4*(¢;—f)]|,—0 as i»co. Now Lemma 5
implies that there is a sequence {{;} =0, so that |y;,—f|l;—0 and |27 |)**(y,
—f)ll;»0as i»co. Set d;=y; Then ¢;ed,and

s = fllw < Wi = Fllss
144(¢; = Nlloo < 127l D2 = -
The proof of the lemma is thus complete.

COROLLARY. Let >0, s>0, yeR" and we Cx. Then P9 and T*(w)
belong to # A%, for any q, 1=q=<c0. Also, the set of Poisson integrals of



Remark on the dual of some Lipschitz spaces 169

functions in 2 is dense in # 2% .
LeMMA 7. Let >0, 1<q=o0 and u be in #(—a; 1, o) such that

sup  [Ku®, v)| £ C < for all s> 0.
vEF *

2%, o(v)=1
Then ue #(—a; 1, q') and £7%(u) < BC.

Proor. The proof can be done exactly in the same way as Lemma 9.4 of
[1]. The only new thing to be taken care of is that for we Cy, T*(w) can be
approximated in the £% ;-norm by functions in #*, and this follows from the
corollary to Lemma 6.

As in [1], the Theorem is an easy consequence of the following two state-
ments. Let o, p, g be as in the Theorem.

(S.1) s3] is isomorphic to (# —a; 1, q').

(S.2) There exists an isomorphism 0: #(x; p, ©)—>H#A% " such that
the restriction of 0 to # A%, is the canonical embedding of # 2%, into its
second dual # 4% " .

D,

Proor oF (S. 1) (cf. [1; Theorems 8.1 and 9.2]). On account of (1.5), we
may assume that «>0. Let k be a positive integer such that 2k>a. Let u be
in #(—a; 1, q'). Then it follows from Lemma 3 that F,=<{u, - is a continuous
linear functional on s#2% , with ||F || <B&7%(u), and F,=0 implies u=0.

Conversely, assume that Fes#4% . Let u(y, s)=F(P®9) for every
(y, s)eQ. Then u is harmonic in Q by Lemma 4. Denoting by v the Poisson
integral of a function y € 2, we derive from Lemmas 3 and 4 that

@ Fo) = [ uty, )y = e, o)
which, together with Lemma 2, implies that
{40 WOy | = IFEO S [F185,6) < BIFIs¥]...

Hence

M) = sup |[ ut wedy| < BIFIs™

€9
Wllw=1

It then follows from (1.1) and (1.3) that ues#(—ua; 1, ) and &7%(u)<B|F|.
Assume that 1<g=< oo and let v be in s#*. Since v can be approximated in the
&% norm by Poisson integrals of functions in 2 (see the corollary after
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Lemma 6), we derive from (2.1) that F(v®)=<u®, v) for every ve s#*. Therefore

sup  [Ku®, 0| = sup |F(v9)|
veX* veX*

€%, q(v)S1 £, q(v)S1
< |IF] for every s>0,

which, by Lemma 7, implies that u e #(—a; 1, ¢') and £7%(u)<B| F]|.
Now let w be the Poisson integral of ¢ € 2. Since w®—-w in # 4%, by
Lemma 1, the continuity of F, Lemma 3 and (2.1) imply that

F(w) = lim,og FOu®) = lim,o | a0y, )90}y = Cu, w.

Observing that the set of Poisson integrals of functions in 2 is dense in s#°4% ,,
we derive that F=F,.

By combining the above results, we conclude that u—F,={u,-) is an
isomorphism of #(—u«; 1, q") onto /£ 4% /. The proof of (S.1)is thus complete.

Before proceeding on with the proof of (S. 2), we need two more lemmas.
LeMMA 8. Let 1<p=oo and a=0. Define

Lu, vy = {(R~22y, R2%p) if a >0

Lu, vy = (R lu, Ry ifa=0

for all ues#(a; p, ©) and all ve #(—a; p’, 1). Then -, -» is a continuous
bilinear form on #(x; p, 0)xH#(—a; p', 1). Further u—»G,={u, -» is an
isomorphism of #(x; p, ©) onto #(—uw; p', 1), and u, v)=_v, uy for any
ueHa:, and ve#(—ua; p',1). Consequently, v—H,={-,v) is an iso-
morphism of s#°(—a; p’, 1) onto £ A% .

Proor. We shall prove the lemma only for «>0, since the case a=0 can
be similarly treated. First, Lemma 3 and (1.5) imply that

I€u, v)| = [KR72*u, R**v)| < B, (R™2*u)&,1(R**0)
= B, (W)&5% ().

Hence, it follows easily that u—G,=<{u, -) is a continuous, 1-1 and linear map
of #(a; p, ) into #(—a; p’, 1). To see that this map is onto, let G be in
H#(—o; p’, 1). Let F be the element of s#(«; p’, 1)’ defined by

F(w) = G(R"?*w)  for wes#(x; p', 1)

or equivalently by
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G(v) = F(R?%p) for ves#(—a;p,1).

The proof of Theorem 8.1 of [1] then implies that there exists u’ € #(—a; p, o)
such that

G(v) = F(R?>*) = {u/, R?*) for every vest(—o; p', 1).
Let u=R2%u’ € s#(a; p, o0). Then we conclude that
G(v) = {(R™2%u, R?*p) = {u, v) forall ves#(—ua;p,1).

Lastly, to show that {u, v} =<v, u) for all ue #2% ,, and ve #(—a; p’, 1),
it is sufficient, on account of (1.4), to verify this relation for any u, ve s#*. With
this restriction on u and v, various applications of Fubini’s theorem and integration
by parts below are easily justified. Let k be a positive integer such that 2k>a.
Then a repeated application of integration by parts shows that

Cu, vy = r(zk) g f2k- I{SRnR‘z“u(x, ¢/2)R-2% Ry (x, t/2)dx}a’t

F(2k) § gk {SR”R“Z"R'“u(x, t/2) R**v(x, t/2)dx}dt.

Denoting the last integral on R” by I, we derive from Fubini’s theorem, Definition
2 and its remark that

I= SRnR‘Z“R‘Z"u(x, t/Z)[ o g ere I{SRnP(x—— 7, $)o(y, t/2)dy}ds]dx
- SR"v(y, 1)2) {F(Za) S s2a-1R=22 R=2ky(, s+t/2)ds}dy

- S o(y, 1]2) R-2*u(x, 1/2)dy.
R'l
Consequently, €u, v =<v, u), and the proof of the lemma is complete.

The following general lemma is known.

LemMMA 9 (cf. [2; Lemma 30]). Let X, Y be Banach spaces, and let Z be
a closed subspace of X. Let B(-,-) be a continuous bilinear form on X xY.
Define

pi X — Y, u(x) = B(x, -,
v:Y —Z,v(y) = B(-, y).

Assume that p and v are isomorphisms of X onto Y’ and of Yonto Z', respectively.
Then there exists an isomorphism 6: X—Z" such that the restriction of 0 to Z
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is the canonical embedding of Z into its second dual Z".

Proor oF (S. 2). Again we shall give a proof only for the case a >0, because
the case «<0 can be handled in a similar way. Apply Lemma 9 with X =s¢£(o;
p, ©), Y=s#(—a; p',1), Z=#2A% , and B(-, - )= -, -». Then the assumptions
of Lemma 9 are satisfied by Lemma 8. Hence, the statement (S. 2) follows.

3. Remarks

(i) The method used here can also be adopted to show the following two
results. Let o be a real number, 1<p=<oo0 and 1Zg=< 0.

(S.3) The dual of 8(x; 0, q) is isomorphic to A(—«; 1, q').

(S.4) There exists an isomorphism p: A(a; p, 0)—8(a; p, )" such that
the restriction of p to 8(x; p, ) is the canonical embedding of 8(a; p, o) into
its second dual.

Here for a real number B and 1<p, g< o0, A(B; p, q) is the Lipschitz space
defined by M. H. Taibleson [10] (see also [2]), and 8(f; p, c©) is the closure of
2 (or &) in A(B; p, ). Note that if 1<p< oo, then 8(8; p, 0)=2(B; p, ),
and hence (S. 4) for this case was obtained earlier by T. M. Flett [2; Theorem 26].

(ii) There is another method of studying Lipschitz (Besov) spaces which is
based on Mihlin-H6rmander’s multiplier theorem, Plancherel-Polya-type in-
equality for entire functions of exponential type and the abstract theory of
interpolation. This method was initially developed by J. Peetre ([8], [9]) and
has also been extensively studied by H. Triebel and others (see [11] for a com-
prehensive bibliography on the development of this method). There are duality
results but mostly for non-homogeneous spaces of Taibleson (see e.g., [11],
[12]); Professor Triebel indicated to the author that there should be no serious
difficulty in extending some of them to the homogeneous case.

We conclude this paper by stating two problems that should be worth
studying.

ProBLEM 1. This problem was raised to the author by Professor R. Johnson
(private communication). He asked what one can say about the dual of A%,
when either p or g is co. He also suggested that (4% .,)' =4,%, ®S2 ,, where
S% o, is the set of “‘singular elements” in a sense to be specialized. For simplicity
assume a>0. By considering the corresponding space of harmonic functions and
taking F e s#(a; p, 0)', we see that there is a unique u € #(—a; p’, 1) such that
F(v)=F(v)={u, v) for all ve#°A% .. Using this fact and identifying F, with
u, we see that s#°(«; p, )’ =#(—a; p', 1)@H#S2 ,, where #°S% , is the closed
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subspace of #°(«; p, 0)’ consisting of all linear functionals that vanish on s#42 .
The problem is then reduced to that of finding as much information as possible
about #°83 , or S .

ProBLEM 2. The second problem is of a more general nature. Can the
method used in [1], [2] and [3] be adopted to treat general domains in R"?
For a domain in R* with the cone property, the analogue of A(x; p, q) was defined
by T. Muramatu [6] and the dual of this space in many extreme cases was in-
vestigated in [7] by a different method.
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permission, and to Professor H. Triebel for some bibliographical comments.

References

[1] Bui Huy Qui, Harmonic functions, Riesz potentials, and the Lipschitz spaces of Herz,
Hiroshima Math. J. 9 (1979), 245-295.

[2] T. M. Flett, Temperatures, Bessel potentials and Lipschitz spaces, Proc. London Math.
Soc. (3) 22 (1971), 385-451.

[3] ———, Lipschitz spaces of functions on the circle and the disk, J. Math. Anal. Appl.
39 (1972), 125-158.

[4] C.S.Herz, Lipschitz spaces and Bernstein’s theorem on absolutely convergent Fourier
transforms, J. Math. Mech. 18 (1968), 283-324.

[5]1 K. de Leeuw, Banach spaces of Lipschitz functions, Studia Math. 21 (1961), 55-66.

[6] T.Muramatu, On Besov spaces and Sobolev spaces of generalized functions defined on
a general region, Publ. Res. Inst. Math. Sci. 9 (1973/74), 325-396.

[7] ———, On the dual of Besov spaces, ibid. 12 (1976/77), 123-140.

[81 J. Peetre, Sur les espaces de Besov, C. R. Acad. Sci. Paris 264 (1967), 281-283.

[9] ————, Remarques sur les espaces de Besov. Le cas O0<p<l1, ibid. 277 (1973),
947-949.

[10] M. H. Taibleson, On the theory of Lipschitz spaces of distributions on Euclidean n-
spaces. L. Principal properties, J. Math. Mech. 13 (1964), 407-479.

[11] H. Triebel, Interpolation theory, function spaces, differential operators, VEB Deutscher
Verl. Wissenschaften, Berlin, 1978.

[12] ———, On spaces of B, type and ¢°* type, Math. Nachr. 85 (1978), 75-90.

Department of Mathematics,
Faculty of Science,
Hiroshima University








