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1. Introduction

Consider the initial value problem

(1.1 V' =f(x,9), ¥(x0) = Yo

where f(x, y) is assumed to be sufficiently smooth. Let y(x) be the solution of
(1.1) and

(1.2) X, = Xo + nh (n=1,2,...; h>0),

where h is a stepsize. Let y, be an approximation of y(x,) obtained by some

appropriate method. We are concerned with the case where the approximations

v (j=2, 3,...) of y(x;) are obtained by two-step methods. Conventional two-step

methods such as linear two-step methods [1], pseudo-Runge-Kutta methods

[1, 3] and so on [4] require starting values y, and y, to generate y; (j=2, 3,...).
In our previous paper [4] we introduced a set of subsidiary nodes

(1.3) Xpey =Xo + (n+V)h (n=0,1,...; 0<v<1)

and at the cost of providing an additional starting value y, we proposed two-step
methods for computing y,., (n=1, 2,...) together with subsidiary approximations
Yn+v Of ¥(x,+,), which are of the form

(1.4) yusy=yu+ b sVa=Yu-1) + Aoy = Yn=1+) + hEFZ8 o 1K,
(1.5) Yur1 =Y+ b(Ya—Yu-1) + h 00 &k

where

(1.6) kow=kan-1, kin=F(Xn-14v Vu-1+3)s Kau =f(xp ¥a),

(L7 kiy =f(xp+aih, yut bi(Yn—Yu-1)+dVn—Ya-1+) +hZ b ciikjn)
(1.8) a;=b;+(1-vd; + Tizhey, 0<a; =1 (3=Lisr),

and a, b;, d;, and ¢; (j=0,1,...,i—1;i=3,4,...,r) are real constants. It
has been shown that for r=4, 5 there exist a method (1.5) of order r+1 and a
method (1.4) of order r with r—2 function evaluations per step.
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In this paper, at the expense of supplying one more starting value y, ,,, we
propose two-step methods of the form

(19) Yn+1t = Vn + br(yn—yn—l) + hZ;;(l) C,.jkj,,,
(1.10) Yntt4y = Yutbps1(V—yu-1) + hz;'=o c,ij_,-,,,
where

(1.11) ko, = kan-1 kln = k3n—1’ Kaw = f (X0 V) k3n =f(Xn+vs Vusv)s
(112) kin =f(xn+aih9 yn+bi(yn_yrr—1)+di(yn—yn—1+v)+hz§;(l) cijkjn)’
(L13) a;=b,+(1=vd; + Lizhey, 0<a; <1 (A<i<r+1),

a, b, d; and ¢; (j=0,1,...,i—1;i=4,5,...,r+1) are real constants, d;=0
(i=5, 6) and d,=0 unless r=5. Convergence of these methods is studied in [5].
A stepsize control is implemented by comparing the method (1.9) with the method

(1.14) Zor1 = Yo+ 20n=Vu-1) + W50 Wik,

where z and w; (j=0, 1,..., r) are real constants. It is shown that for r=4, 5
there exist methods (1.9) and (1.10) of order r+2 and a method (1.14) of order
r+1 with r—2 function evaluations per step. Finally methods (1.9) and (1.5)
are illustrated by numerical examples.

2. Preliminaries

2.1) ap=-1, a;=v—-1, a, =0, a3=v, a,=1, a, ., =1+,

(22) tyey = u(Yy=Yu-1) + hE5Lb VK,

(23) zp41 = Vur1t + bar s

(24) ¥(x) + b~ p(x—h) + d(y(0) = y(x+ (= D) + hEizh ey’ (x+ah)
— y(x+a;h) = 38, ex(h*[kD)y®(x) + O(h®) (i=4,5,...,r+1),

2.5) u(y(x)—y(x—h)) + h X 5-ov;y'(x+a;h) = 8-, U(h*[kD)y®(x) + O(h®).

Then we have

(2.6) (=D*'b; — (v—=Dkd; + kX iz ak 1c;; — ak = ey (i=4,5,...,r+1),

Q7 (-Du+k¥ioak ", =U, (k=1,2,..,8).

Let
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2.8) k¥ =y (x,+ah) (i=0,1,2,3),
(29) kKt =f(x,+ah, y(x,)+b(y(x,) — y(x,- 1))+ diy(x,) = ¥(Xp - 1 +1))
+ hYizhek%) (i=4,5,..,r+1),
(2.10)  T(x,) = p(x,) + b(y(xp) = y(X,-1)) + hX 524 €rjkTFn — Y(Xn41),
(2.11)  Ty(x,) = y(x,) + bpu1(¥0x) = ¥(x,-1)) + h X=o ¢ 1kTn = Y(Xns141)s
(212) R(5) = u(r(x) = Y% )) + Km0 0K,
(213) Fg = Y5zhceir, Ly = Yioacoirjejs 9(x) = fi(x, y(x)),
214) A4;=afa;+1), B;=Afa;—ap), C;=Bjaj—as), D;=Cja;—ay)
(j=1,2,...,6),
215) g, =v?—-v—1, g2=v2—3\;+1, g3 =2v—1, g,=v>+3v+1,
gs =56v2 + 14v — 11, gg=5v2+v—1, g, =152 +v -3,
gs=5v2—1, go=21v2+7Tv—4, g,,=4v*+ 13v + 4,
(216) ry=gs+ay ra=as9;+ A —1, ry=a,4, —ry,

ra = a4g; + Ay, s =asA,,

(2.17) p, = 15v* — 36v3 + 14v2 + 9v — 4, p, = 21v* — T0v3 + 55v% + 2v — 8,
p3 = 42v* — 98v3 + 25v2 + 3Ty — 12, p, = 4v3 — 5v2 — v + |,

ps = 5v* — 20v3 + 8v2 + 5v — 2, pg = 1Sv* — 24v3 — v2 + 6v — 1,
p; = 28v2 + 12v — 5, pg = 189v2 — 497v + 284,
po = 308v2 — 828v + 485,

(2.18) m, =2a, + a4, my = 2a,9g + gg, M3 = Aggs — Ay, My = 2a4a4 + g5,

ms = Tasg, + gs, Mg = 2a4go + p7, M7 = 2a,95 + T0v? + 26v — 13.
Choosing ¢;;=0(j=1, 2,..., 6; i=4, 5, 6), we have |

(2.19) T(x) = X3=1 &;(H[]NyD(x) + Fg(h¥[Thg(x)y"(x) + O(h?),

(2.20) Tyx) = X1 v 1, (M [iDyIAx) + Lg(h®[7D)g(x)y(x) + O(h%),

(221) R(x) = =1 U [jHyD(x) + O(h®),

(222) Yizhe;=a;— b+ ayd, 2¥iZyajc; = b, + ad; + a?,
63 izl 4ji; = by + ai2a3+1)d; + (2a,+3)a},
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123525 Bje;; = —g3b; — a¥(as +1d; + 3at — 4(a, —1)a? — 6a,a},
302;;1 C.ICU = - gsb" + g4a%d" + 6a? - 15ala4,-' + logza? + ISAIa%,
(2.23) 60X izia;Cic;j = —geb; + gsatd; + 10a§ — 24a,ai+ 15g,a% + 204,43,

(2.24) 4202_’ 4a_’ g9bi - gloa?di - 60a,7 + 140(11“? - 84920?
- 105A1a? = 608,7,

(2.25) 840X izLa%Djc;; + mgb; — 105a% + 120m,a] — 140m,a$ + 168m;a3
+ 210A1a4a4 1058,8 120mlei-, (r=5, i%S).

Setting U;=0 (i=1, 2,..., 5), we have

(2.26) Ti=o ;= —u, 23N-eav;=u, 6L Ap;=u,
12353 Bjv; = —gsu, 30%7%-,Cv; = ggu,

(2.27) 603 -5 D;v; + myu = 10U,

(2.28) —msu = 60U, — T0(asge+93)Ue (r=5).

From (1.9) and (1.10) we have
(229) Yn+2+40 — (1+br)un+1+a + bryn+a'
= h¢a(xm Yn=2500s Ynt2s Vn=24veeos Ynt1+w h) (G=Os V).
Thus the method (1.9)—(1.10) is stable if and only if —1<b,<1 [S].

3. Construction of the methods

We shall show the following

THEOREM. For r=4, 5 there exist methods (1.9) and (1.10) of order r+2
and a method (1.14) of order r+1.

3.1. Caser=4

Choosing e;y=¢;5=0(i=1, 2,...,6)and U;=0(j=1, 2,..., 5), we have (2.22),
(2.26) and

@31 p, =0

(3.2) g,bs = 10a8 — 12g;a3 + 15g,a% + 20g;a3 — 304,a?,

(3.3) —gobs — pg = 60ey,,

(3.4) —gsb, — 60al + 70g;a¢ — 84g,a3 — 105g3at + 1404,a2 = 60es-,
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(3.5) gqu =10Uq.
The choice a;=0.7809341293 and u=0.5 yields

(3.6) b, =0.2974663081, c,o = —0.05882026395, c,, = —0.7654544608,
Cap = 0.9861380498, c,; = 0.5406703668, e,, = —0.256,

(3.7) bs = 14.62235196, cso = —3.101021799, c5, = —27.71076926,
Csy = 2043975629, cs; = —10.01943672, c5, = 7.550053666,
es; = —27.0

(3.8) vy = —0.1141782932, v, = —0.7877301552, v, = 0.4668968977,
vy = —0.1289354826, v, = 0.0639470333, U, = 0.346.

3.2. Caser=5

Setting e,;=U;=0 (i=1, 2,...,6) and es;=e5;=0 (j=1, 2,...,7), we have
(2.22), (2.26), (2.27), (2.28) and

(3.9)  7Tpiai — pas — p3 =0,
(3.10) A3gsds = —2gsag + 6psai — 3psat — 2psai — 34,9643,
(3.11) mybs = 35v? — 89v + 49 — 2(25v>—60v+31)a,,
(3.12) msb, = —60aj + 70r,aé — 84r,a + 105r;a¢ + 140r,a2 — 210rsa2,
(3.13) 60Dsces + mybg = 10ag — 12myag + 15myaé — 20myag — 304,a,a2,
(3.14) —gob, — g10aids — 60a] + 140a,a3 — 84g,a; — 150A4,a} = 60e,,
(3.15) mgbs + 2pga, — po = 105esg,
(3.16) m,bg — 105a8 + 120r,al — 140r,a$ + 168ryai + 210r,a¢
— 280rsa3 = 105¢¢5.
The choice a;=0.40672 and u =10 yields

(3.17) a, = 0.8657843991, b, = 30.98333961, d, = 1.016093933,
Cao = —3.838607752, c,y = —18.57698904, c,, = —9.134128108,
Cas = 2.034997901, e,, = —1.88,

(3.18) bs = —0.1204316125, cgo = 0.01514095607, c5, = 0.07018877773,
csp = 0.1881115637, cs5 = 0.5157103308, c5, = 0.3312799843,
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ess = —0.0412,

(3.19) by = —21.90884112, cgp = 2.667191773, cgy = 13.47599688,
Cep = 6.458007992, cq; = 0.5064857425, cqp = —2.111264358,
Ces = 2.319143086, €gg = “‘5.15,

(3.20) v, = —1.233009566, v, = —6.079604056, v, = —3.163209656,
vy = 0.5612643282, v, = —0.1284989354, vy = 0.04305788532,

U, = —0.547.

4. Methods with two starting values

We shall show examples of methods (1.4), (1.5) and (2.1) for r=4, 5.

4.1. Case r=4
Choosing e3;=U;=0(i=1,2,3,4),e,;=0(j=1,2,..., 5),d3=0, v=(6—\/5)/5
and u= —4, we have
(4.1) b; = 17777670546, c;, = —1.884916221, c;; = —9.252172127,
032 = 4.112204206, 835 = _2.06

(42) b, =0, c4o=0.008771516898, c,, = — 0.2363723741,
c4z = 0.6293739900, c,43 = 0.5982268672, e, = —0.184,

(4.3) v, = 0.9866804749, v, = 4.487884326, v, = —1.602285618,
vy = 0.1277208178, Us = 1.22.

4.2, Caser=S5
Setting e;;=0 (i=,1,2,3,4),e,;=U;=0(j=1,2,...,5), e5,=0(k=1,2,..., 6),
¢s3=d3;=d,=0, a;=1 and u=0.5, we have

(4.4) by = 16.35731965, cao = —4.120588739, ¢y, = —20.80685171,
¢35, = 9.570120798, es5 = —5.49,

(4.5) a, =0.7809341293, b, = 1.872205855, c4o = —0.4177985443,
€4y = —3.260557343, c4, = 2.478127554, c43 = 0.1089566073,
e46 = 1.07
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(4.6) bs = 0.2974663081, c,o = —0.05882026395, c,, = —0.7654544608,
Cep = 0.9861380498, c,, = 0.5406703668, e,; = —0.256,

(4.7) v, = —0.1141782932, v, = —0.7877301552, v, = 0.4668968977,
vy = 0.06394703330, v, = —0.1289354826, U, = 0.346.

5. Numerical examples
The following six problems are tested:
Problem 1. y'=y, y(0)=1. y(x)=exp (x).
Problem 2. y'=2xy, y(0)=1. y(x)=exp (x2).
Problem 3. y'=-—5y, y(0)=1. y(x)=exp(—>5x).
Problem 4. y'=—y2, y(0)=1. y(x)=1/1+x).
Problem 5. y'=y-2x[y, y(0)=1. y(x)=(1+2x)1/2.
Problem 6. y'=1-—y2, y(0)=0. y(x)=tanh (x).

Computation by methods (3.6) and (3.17) is carried out by the following
program.

(i) Compute y;, y;4,, f; anf fi4, (i=0, 1).

(ii) Compute y,, f, and t,.

(iii) If |t,|>emax (1, |y,]), then halve the stepsize and go to (i).

(iv) If |t;|<e, max (1, |t;]), then replace y,, f, and h by y,, f, and 2h re-

spectively and go to (i).

(v) Compute y,., and f,+,, replace y;, yi+,, fi and fi., (i=0, 1) by y;4q,
Yit1+v Ji+1 and fi. 44, respectively and go to (ii).
Here e=10""3/2 and ¢, =2""%¢ (r=4,5). Nystrom formula, Butcher (6, 8)
formula [1] and Shanks (7, 9) formula [2] are used for computing starting values
for methods of order 5, 6 and 7 respectively.

Computation by methods (4.1) and (4.4) is carried out in an analogous
manner. The errors at x=3 are listed in Table 1.

Table 1.
Prob
1 2 3 4 5 6
Meth
(3.6) —431E—-8 —1.58E-5 1.07E—-9 —8.04E-9 243E-17 1.16E—8
3.17) 2.14E-9 4.07E-5 3.62E—10 —8.03E—11 346E—8 —147E—-11
@.1) —8.05E—6 —6.58E—3 —1.57TE—8 —161E—8 —8.27E-7 4.55E—8

4.4 5.68E—8 —2.59E—5 —8.38E—10 —342E—-10 —2.75E-8 1.27E-8




116

(1]
[2]
[31]
(4]
[51]

Hisayoshi SHINTANI

References

L. Lapidus and J. H. Seinfeld, Numerical solution of ordinary differential equations,
Academic Press, New York and London, 1971.

E. B. Shanks, Solution of differential equations by evaluations of functions, Math,
Comp., 20 (1966), 21-38.

H. Shintani, On pseudo-Runge-Kutta methods of the third kind, Hiroshima Math. J.,
11 (1981), 247-254.

H. Shintani, 7wo-step methods with one off-step node, Hiroshima Math. J., 14 (1984),
479-487.

H. Shintani, Convergence, consistency and stability of step-by-step methods for ordinary
differential equations, Hiroshima Math. J. (To appear.)

Department of Mathematics,
Faculty of School Education,
Hiroshima University





