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§1. Introduction

Let D={xe Rr: x;>0} where x=(x,...,x,) and p>2 and let D be the
euclidean boundary of D. If u is subharmonic in D and y € 6D, we define u(y)=
lim sup u(x), x—»y, xe D. If u<0 on 0D and if sup u(x)/x, < oo, then it is known
that

u(x)/x; >a, x>0, xeD\E, (1.1

where the exceptional set E is minimally thin at infinity (cf. J. Lelong-Ferrand [8]).
This result is best possible in the sense that the property of minimal thinness at
infinity in D completely characterizes the exceptional set in question. If p>3,
it is also known that

(u(x)—ax,)/|x]| =0, x—>o0, xeD\F, (1.2)

where the exceptional set F is rarefied at infinity in D (cf. Essén—Jackson [5b]).

In the present paper, we deduce precise descriptions of the geometrical
properties of the exceptional sets E and F which will be new when p=2 and which
will be improvements of the results of Essén and Jackson on problems (1.1) and
(1.2) when p>3. Our Theorems 1, 2 and 3 are best possible of their kind and
contain the earlier of results of this type which are due to Ahlfors and Heins
[1], Hayman [6] and Azarin [2]. (For details on earlier work, we refer the
reader to the introduction in [Sb]).

We shall say that a set EcD has a covering {t,, r,, R,} if there exists a
sequence of balls {B,} with centers in D such that E< U B, where r, is the radius
of B,, R, is the distance from the origin to the center of B, and ¢, is the distance from
the center of B, to dD.

It is known that the subharmonic function u can be uniquely decomposed as

u(x) = ax; — Gu(x) — Puy(x),

where « is defined in (1.1), Gu is the Green potential of a mass distribution u
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on D and Py, is the Poisson integral of a mass distribution u; on 0D. Thus, it
will be sufficient to find exceptional sets E and F such that

(Gu(x)+ Ppuy(x))/xy >0, x—>o0, xeD\E, (1.1)
(Gu(x)+ Pp,(x))/|x| 0, x—>o0, xeD\F. (1.2)

As examples of our results, we mention that, for each f> p—2, there exists a
covering {t,, r,, R,} of E such that

2 (ta/R)P(rf1,)P < 00. 1.3)
Furthermore, for each > p—2, there exists a covering {t,, r,, R,} of F such that
2 (t/R)P7H(ra1,)P < c0. 1.4

In both cases, we have 0<r,<t,,/p for all n.
The associated results in Essén and Jackson [5b] in the case p>3 are that
for each > p—2, there exist coverings satisfying

2 (t/R)*(ra/R,)? < 0, (1.3
2 (t/R,) (ry/R,)F < o0 (1.4)

for E and F, respectively. It is easy to check that the new results (1.3) and (1.4)
are stronger.

REMARK. In the present paper, we study directly the sets where Gu(x)+
Pu,(x) is large. An alternative approach following the main ideas in [5b] is also
possible: the starting-point is to define the exceptional sets in terms of generalized
Wiener conditions. This potential-theoretic approach has other interesting
consequences which we shall pursue in a separate paper which will also give
details on rarefied sets when p=2. We note that Theorems 1 and 2 below are
inspired by the form these results have when p=2: this follows in a natural
way from potential-theoretic considerations in the plane. It is a surprising fact
that it carries over to higher dimensions in spite of the fact that the potential
theory in higher dimensions is rather different from the potential theory in the
plane.

§2. Notation

(i) Asin §1, D denotes the half-space {x € RP: x; >0}, where p>2.

(i) By B=(t, r, R), we mean a ball of radius r, centre P=(t, x,,..., x,) where
t>0and R=|P|. We also introduce H to be the collection of all sets of the form
Bn D, where 0<r<t,/p. This means that if Q=D U dD is a closed cube with
sides parallel to the coordinate axis, then the ball B, whose centre is at the centre
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of Q and whose diameter is that of Q, is such that Bn De H.

(iii) Let S,={xeDUdD: 2"<|x|<2"*1},

(iv) Let ¢,_,(Ix])=1x|>"?, p>3, and let ¢,(|x|])= —log|x| be the fundamental
kernels on R?, p>2. We also introduce

min {(log (1/r))~ 4, 1}, r > 0,

Fo(r) = [
0, r=0.

(v) IfEcRr,welet E,=EnS,.
(vi) If x=(xq,..., X,), then X=(—xy, x,,..., x,) shall denote the reflection of
x about the Euclidean boundary éD of D.

(vii) Let, for x and y in D, G(x, y)=¢,_(Ix—y|)— ¢, »(Ix— 7|) be the Green
kernel for D, and let G,u(x)=S G(x, y)du(y) be the Green potential at x of the
Radon measure p whose suppi(;t) is S(u). Let, for xe D and yedD, P(x, y)=
x{]x—y|™? be the Poisson kernel for D and let Pyl(x)=gw P(x, y)du,(y) be

the Poisson integral of the Radon measure p, with support contained in dD.

(viii) If yedD, we define the cone I'(y)={xe D: 2x,>|x—y|}.

(ix) If f and g are positive real-valued functions on a set X, we shall say that f
is comparable to g, and write f~ g iff there exist constants 4, B, 0< A< B, such
that Ag<f<Bg on X.

(x) Coverings of the form {t,, r,, R,} were defined in the introduction. We
shall say that a set E < RP has a covering {r,, R,} if there exists a sequence of balls
{B,} in RP such that Ec U B,, where r, is the radius of B, and R, is the distance
between the origin and the centre of B,.

§3. The main results

Let h: [0, ©0)—[0, c0) be a continuous non-decreasing function such that
h(0)=0.

THEOREM 1. Let u be as in the introduction. Let h be as above and assume
furthermore that

S; h(r)ri-rdr < co. G.1)

Then the exceptional set E in (1.1) can be covered by a sequence {B,N D} in H
such

2 (t/R)Ph(ry[t,) < o0, (3.2
where Bn=(tna Fps Rn)5 n=1,2,...

THEOREM 2. Let u and h be as in Theorem 1. Then the exceptional set
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F in (1.2) can be covered by a sequence {B, N D} in H such that
2 (tu/R)P~h(r,[t,) < o0, (3.3)
where B,=(t,, r,, R,), n=1,2,....
REMARK. If h(r)r?~? is non-decreasing on [0, \/p], then for a=0, 1, we have
(t,/R,)*2h(r,/R,) < (1,/R,)P* ¥~ h(r/t,). (34)

In Theorem 5.1 in [5b], Essén and Jackson proved that when p>3, these ex-
ceptional sets have coverings {B, n D} in H such that

2 (tu/R,)**h(r,/R,) < o0,

where we have a=1 in the minimally thin case (1.1) and a=0 in the rarefied case
(1.2). Thus, assuming that (3.4) holds, we see that Theorems 1 and 2 give us a
new result when p=2 and an improvement of Theorem 5.1 in [5b], when p>3.

ReEMARK. In Section 8, we give an example showing that our results will
no longer be true if the integral in (3.1) is divergent.

We claim that the exponents p in (3.2) and p—1 in (3.3) are sharp. To see
this, we note that if p>3 if {B,} is a sequence of balls such that E= U B, and if
B,<S, for all n, the set E is minimally thin or rarefied at co in D if and only if

2 (ta/R,)P(ry[t,)P~2 < 00,
2 (ta/R)P (a1, 72 < 00,

(cf. Theorem 4.1 in [5b]). Here B,=(t,, r,, R,), n=1, 2,.... For each ¢>0,
there exists a function h satisfying (3.1) and a minimally thin set E which is such
that if E is covered by U B}, we have

2 (tr|R¥)P=eh(ry[ty) = .

We choose E=U B, where R,=2"+1, t,/R,=n"'/? and r,/t,=(log n)~2/(P=2),
n=2, 3,.... We omit the details in the remaining cases.

CoROLLARY 1. Let p>3. For each B>p—2, the exceptional set E in
Theorem 1 has a covering {B, N D} in H such that (1.3) holds and the exceptional
set F in Theorem 2 has a covering {B, N D} in H such that (1.4) holds.

ProorF. We choose h(r)=min(r%, 1), r>0. Since (3.1) holds, we have
coverings according to Theorems 1 and 2. Let >’ denote that we sum over those
indices where r,/t,<1 and let }.” denote the remaining indices. For the set E,

since r, <t,/p, we have
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2 (t/R)P(r[t)P = X (ta/Rp)PA(ro[t,)
2" (U R)P(raft)? < pPI2 37 (8a/R,)Ph(ra[1,)
and the claim follows for the set E. The set F is treated in exactly the same way.

COROLLARY 2. Let p=2. Foreach f>1, the exceptional sets E in Theorem
1 and F in Theorem 2 have coverings {B, N D} in H such that

Z (tn/Rn)zFO(rn/tn)B < oo,
Z (tn/Rn)FO(rn/tn)ﬂ < o,

respectively.

Proor. We choose h(r)=Fy(r)? which satisfies (3.1) and argue in the
same way as in the proof of Corollary 1.

We have also got a new proof of Azarin’s result [2] which says that the set F
in Theorem 2 has a covering such that Y (r,/R,)?~' <o (just choose h(r)=rr~!
in (3.3)!). We have also got a little more.

COROLLARY 3. The exceptional set E in Theorem 1 has a covering {r,, R,}
such that ¥ (r,/R,)? < 0.

Proor. Choose h(r)=r? in (3.2).

ReMARk. These coverings are interesting only for the parts of the exceptional
sets which are close to dD.

Theorem 2 is a direct consequence of the following somewhat more precise
result.

THEOREM 3. Let u and u; be non-negative measures on D and 0D,
respectively, which are such that Gu+ Pu, is a superharmonic function in D.
Let h be as in Theorem 1. Let

F = {xeD: Gu(x)+ Pu,(x)>|x|}. 3.5)

Then there exist sets F, and F, such that FcF,UF,, and F, and F, can be
described as follows:
a) There exists an open set O =0D such that

So(l+|x|)1‘l’dx < o, (3.6)

and Fy=D\(\U,copo'(y)). F; can be covered by a union of p-dimensional
balls {r,, R,} with centres on 0D such that
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2 (r/RYP < 0. 3.7

b) F,cD is an open set such that
SF XTU(|x| + 1)=rdx < oo, (3.8)

and can be covered by balls {B, N D} in H such that
2 (t/R)P~h(r,[t,) < oo, (3.9
where B,=(t,, r,, R,), n=1, 2,....

REMARK. In the proof of Theorem 1, we use a result of B. Dahlberg [4]
in a form given by P. Sjégren [10] (also cf. Sjégren [11] for the notion of “con-
volution set’’ used in [10]): Let

E = {xeD: Gu(x)+Pu(x)>x,}, (3.10)

where we use the notation of Theorem 3. Then we have
SE(1+Ix|)‘de < . G.11)

The corresponding property of the set F defined by (3.5) is (3.8). Sj6gren gives
an ingenious proof of Dahlberg’s result and we use his ideas in the proof of
Theorem 3.

§4. A potential-theoretic lemma

When deducing covering results, we can work either with balls or with dyadic
cubes with sides parallel to the axis: the results are equivalent (cf. Section 5 in
Essén and Jackson [5b]).

In this section, it is convenient to work with cubes. Let us say that a cube
in RP is half-open if it is of the form {xe RP; a;<x<a;+b,i=1,2,..., p}.
Let G, be a net of half-open cubes in D similar to those constructed in Carleson
([3], pp. 6-7) and let G=\U,G,. We recall that all cubes have their sides parallel
to the coordinate axis and that the length of a side of each cube in G, is 27",
Furthermore, the cubes in G, are obtained by dividing each side of every cube
in G,_, into halves so that every cube in G,_,; will be divided into 27 equal
subcubes. In addition, we arrange each net G, so that the first coordinate of
any vertex of each member of G, is either 0 or of the form m2=" (me N, ne N).

Let h:[0, c0)—[0, 0) be a non-decreasing continuous function such that
h(0)=0. For each cube Q € G we define the premeasure

o3(Q) = 0,(Q) = t°h(r/D),
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where 2r is the side-length of Q and ¢ is the distance from the centre of Q to dD
and ais por p—1. Whenitis clear from the context what value of a we are using,
a will be suppressed.

Next, for each bounded subset E of D U D, we define

Li(E) = Ly(E) = inf (X tzh(r/1y) ,

where the infimum is taken over all coverings of E with cubes from G. (For
details, we refer to a similar discussion in Essén and Jackson [5b], Section S.)
Using the same argument as in the proof of Lemma 5.1 in [5b], we deduce

LeMMA 1. Let h and a be as above and let F be a compact subset of D N
{xe RP: |x|<8}. Then, there exists a mass distribution v=v, supported by F
and constants C, and C, only depending on the dimension p such that

1 <6, | xdw, (4.1)

SQ x,dv(x) < C,08(Q)  forall QeG. 4.2)

§5. Proof of Theorem 1

Let us assume that, for each ¢>0, we can find a covering of the set E,=
{xeD: Gu(x)+ Pu,(x)>ex,} such that (3.2) holds. Then it is easy to see that
we can find a set E which has a covering satisfying (3.2) and for which (1.1)
holds, i.e., Theorem 1 is proved.

Thus, it is sufficient to study the covering problem for the set E,. Normal-
izing, we see that we can restrict ourselves to the study of the set E=E,; defined
by (3.10).

In the first part of the proof, we shall work with a collection {Q,} of disjoint
half-open cubes (which we shall call Whitney cubes) with sides parallel to the
axis which are such that if Q € {Q,}, we have

d(Q) = dist. (Q, &D) > 2 diam. Q//7, (5.1)

(cf. e.g. Stein [12], p. 16). Furthermore, we have the following property: If
J is the double of Q (i.e., 0={xe Rr: x—Xxg=2(y—xp) for some ye Q}, where
Xg is the centre of Q), Q<D and there is a constant A only depending on the
dimension p such that § meets at most A cubes in the collection {J,}. We also
assume that

diam. § ~ d(Q) for Qe {Q,}. 5.2
We define,
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169 = | Gx, y)du(y), x Qs
- k=1,2,3,..

1= G, ) + P, x€ Qu

The functions I(x) and J(x) are defined everywhere in D and we put U(x)=
I(x)+J(x). Thus, if

E, = {xeQ,: |x|>1, I(x)>x,/2},
F,={xe€Q: |x|>1, J(x)>x,/2},

we have En {x: |x|>1} <= U(E, U F)).
By Harnack’s inequality (cf. e.g. Hayman-Kennedy [7], p. 35) we have for
any k

J(X)feo < J(y) < ¢ J(x), X, yeQy

where ¢, depends only on the dimension p. It follows that if F,#@, we have
J(x)>x,/(2cq)=c"xy, x€Q;. We obtain, with constants depending only on the
dimension p,

oo th(1+R)? < ¢ (L+|x])~rdx

{J(¥)2c"x1}

< c”S (14 |x|)"Pdx < c0.
(U(x)>c’xy}

Here t, is the distance from the centre of Q, to D and R, is the distance of this

centre from the origin. In the last step, we used the Dahlberg-Sjogren result

quoted in (3.10) and (3.11). Since we have (5.2), we have obtained a covering

.of the set U F, which satisfies (3.2).

We now turn to U E,. Let E;=E,/R,, Q;,=0,/R, and t;=1,/R,. From(5.1),
it is clear that E,c{xeD: [x|<c(p)}. Here c(p) is a constant which depends
only on the dimension p. For a while, we shall consider a fixed k and we put
0,=Wand t,=t. Changing variables in I(x), we see that

IR)R=1') = | G, DREPdu(R) = (G, aw) > x,2,  xeEy
We claim that

L,(E;) < Const. gW x,dp/(x) = Const. Ry Sgkxldu(x), (5.3)
where L,=L? is the “Hausdorff measure’’ defined in Section 4 and the constant

depends only on p and the value of the integral in (3.1).
To prove (5.3), it is sufficient to consider the case when F is a compact subset
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of the open set E; such that I'(x)>x,/2 on F and deduce that
L,(F) < Const. S XA (x). (5.4)
w

According to Lemma 1, there exists a measure v supported by F such that (4.1)
holds. We obtain

LR < ¢ | xdn <26, {66 paw(s
F w
=2¢,{ 6w o). 5.5
To estimate Gv(y) on W, we need the following fact:
S‘ ¥ < Coh@s], 0<s < diam. W< t/p, yeW.  (56)
x—y|<s

To prove (5.6), we let I(W) be the sidelength of the cube W. The distance
from the centre of Wto 0D is t. We know that (cf. (5.1))

(W) < 41/S, d(W, D) < 3t/5.

There are two cases to discuss:

a) 0<s<t/20. We cover {x:|x—y|<s} by at most 2? dyadic cubes from G,
all with side 2d, s<d<2s. For each such cube X, the distance from the centre
of X to 0D is at least t/2. Thus we have (cf. (4.2))

Sxxldv(x) < C,1°h(2d]i) < C,t*h(4s[t).

In this case, the left hand member of (5.6) is at most C,27tPh(4s/t).

b) t/20<s<t\/}. We cover {x:|x—y|<s} by dyadic cubes from G, all with
side 2d, where t/20<d <t. For each such cube X, we have (cf. (4.2))

Sx x,dv(x) < C,tPh(2).

The number of such dyadic cubes has an upper bound only depending on p.
We have proved (5.6). The constant C5 depends only on p and on the function
h. We note that we have worked with dyadic cubes from G and not with the
Whitney cubes from the first part of the proof.

We define H(s)=1log (5t/s) if p=2 and H(s)=s2>"?, p>2,s>0. We have

(;(x’ Y) < If(lx'_'y|)3 Y€ L’; X 65(2;'

Using these estimates, we obtain in a standard way that
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G < | Hlx—yav(x) < @Cof) | H&)hcasfo)

— 4./
< C4y1{h(r\/p)+ go ps“"h(s)ds} =Csy,;, YyeW

where the constants C;, 1 <i<5, depend only on the dimension p and the function
h. Inserting this estimate into (5.5), we obtain (5.4) and thus also (5.3).
Since u(x) is not identically infinite in D, we must have

B= SDx1(1+|x|)“’du(x) < 0.

Recalling the constant A giving an upper bound for the multiple coverings of
the doubled cubes {J,}, we deduce from (5.3) that

3 L(E}) < Const. 3" SQ x,(1+ |x])Pdu(x) < Const. AB < oo,

where we sum (5.3) over all k such that R,>1. This gives the desired covering
of the set U E, by (not necessarily dyadic) cubes (for a similar discussion, see
p.- 260 in [5b]). Dividing each of these cubes into 2¥7 identical cubes and taking
balls containing these smaller cubes we obtain the desired covering by sets from
Hif N is the smallest integer such that 2¥ > 2\/5. Theorem 1 is now proved.

§6. Proof of Theorems 2 and 3

Arguing as in the beginning of the proof of Theorem 1, we see that it is. suf-
ficient to study the set F defined by (3.5). Since Gu+ Pp, is not identically infinite,
we have

[ a+lahrdi@ + | i+ rdu) < o 6.1)

We have Fc{xeD: Gu(x)>|x|/2} U {xeD: Pu,(x)>|x|/2}. We first study
Pu,. Let u; be the restriction of u, to {zedD: |z|>L,} where L, is a large
number to be chosen below. If xe S, and zedD n S;, where |k—n|>1, we have

|Ix—z| > |x|/4, k<n, |x—z|>|z|/4, k> n.

Let y, be the restriction of uj to S;, k>2. We now choose L, so large that

Siionios Pie() < 405, [ Jz i) < 161/10, xeS,  (62)

Let u=p, —u;. It is easy to see that there exists a number L, > 16 such that

Pui(x) = gwxllx—zl‘l’d,u’{(z) < [xI/10, |x| > L,. (6.3)
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From (6.2) and (6.3) we see that the set {x e D: Pu,(x)>|x|/2>L,/2} is contained
in

Un{x€S,: (Phty—y+ P+ Pl 1)(x)>3]x]/10, |x| > L, > 16}

Let us put dA,(z)=2""P(du,_+du,+dp,.1)(2"z). If x=2"x" and z=2"2’,
we see that the subset of S, which we study, divided by 2", is contained in

{x'eD: PA(x)>3/10, 1< x| <2},

where supp 4,={zedD: 1/2<|z| <4}.

From (6.1), we see that Y ||4,|| <oco, where ||-|| denotes the total mass of the
measure. Let us for a while drop the n: s and the ": s. Thus 4 is a non-negative
measure on {zedD: 1/2<|z|<4}. Consider the maximal function

NA(z) = sup PA(x), xeIl(z).

Let G={zedD: NA(z)>3/10}. G is an open set. Let Q=\U,.p\¢l(2).
To each z € Q, there exists ze dD \ G such that x e I'(z) and we have

PA(x) < NA(z) < 3/10.

We conclude that the set {x € D: PA(x)>3/10} is contained in D\ Q.
It is well-known that there exists an absolute constant C such that

1G] < C|4]

where | - | denotes (p — 1)-dimensional measure (cf. Theorem 1, p. 197 and Theorem
1, p. 5 in Stein [12]). We can cover G by (p—1)-dimensional Whitney balls
with raddi {r;} in such a way that

Xritt < )4l

This terminology means that we have r;~d(B;, 0G) for all i (cf. [12], p. 16).
(By C(p), we mean a constant which depends on p only. C(p) may have different
values in different formulas.) If (x{, z)eD\ Q and z e G belongs to a Whitney
ball of radius r, we have d(z, 0G)< C(p)r and thus x,<./3C(p)r. Hence the
p-dimensional balls with centres at the centres of the Whitney balls and with
radii {\/3C(p)r;} will cover D\ Q. Returning to S, and summing over n, we
find an open set O, = U (2"G,) which has a covering {r;, R;} by (p— 1)-dimensional
balls such that

2 (ri/R)1 < C(p) X 1 4,]l < 0. 64

Elementary calculations indicate that with the exception of finitely many indices
the centres of the Whitney balls used in the covering of G will have distance at
least 1/4 to the origin. In particular, (3.6) holds with O replaced by 0,. Further-
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more, we see that the set {xeD: Pu,(x)>|x|/2>L,/2} is contained in U (D\ Q,),
where D\ (£,/2") is the exceptional set for PA,. (We note that the associated
p-dimensional balls will cover U (D\ @2,) and that (6.4) holds for this covering.)
This concludes the first part of the proof.
To study the set {x € D: Gu(x)>|x|/2}, we use the Whitney cubes of Section 5
and the decomposition

16 = | GCx (), x<Qu
’ k=1,2,...

I = G »du). xes

We have Gu(x)=I(x)+J(x). As usual, we see that the exceptional set for Gu
is contained in the union of the two sets

{xeD: I(x)>|x|/4} and {xeD: J(x)>|x|/4}.

Let H,={xe Q,: I(x)>|x|/4}. If |H,| is the Lebesgue measure of H,, we have
|H,||x] < Const. gak I(x)dx < Const. x2u(Q,), for xeQ,.
In the last step, we used (5.6). If F,=(U Hy) n {|x|>1}, it follows from (6.1) that
SF x71(1+ |x])*-?dx < Const. SDx1(1+ Ix)Pdu(x) < oo,

and we have proved (3.8).

To obtain the covering (3.9) fo F,, we use the same argument as in the proof
of (3.2) in Theorem 1. The only difference is that, when we apply Lemma 1,
we use the premeasure ¢}~ 1(Q)=1t?"1h(r/t) and the ‘“Hausdorff measure’> LZ-1,
We omit the details. .

It remains to study {xeD: J(x)>|x|/4}. We shall use a trick of Sjogren
which will reduce the problem to a study of a Poisson integral which we can
handle by the first part of the proof. This idea of Sjogren can be found in his
proof of Dahlberg’s result (3.11) (cf. p. 280 in [10]).

Let ¢ : D—0D be a measurable mapping such that

[x—e@(x)| < 2x,, xeD, (6.5)
x| = |p(x)l, xeD. (6.6)
If x,<|x|/2, we can let ¢ be orthogonal projection onto dD. If x;>|x|/2, we
can take @(x)=(0, x,,..., X,—1, X,+X; sgnx,). There are, of course, many

other possibilities to choose ¢.
Let & be the class of continuous functions on 6D which is such that
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IF1 = sup,p (1+12]7) | f(2)] < co.

Consider the linear functional

L = f@uNydu), fes.

According to (6.6) and (6.1), we have

L) < Const. |71 | yi(1+1y)du(y) < co.

We conclude in a standard way that there exists a measure v on 0D such that
Lp =, f@ana), fes, (67)
g (1+2])~7dw(z) < o.
oD

We are going to compare J(x) to the Poisson integral Pv(x). If ¢>0is given
and |x—y|>cx,, we have, according to (6.5), that

[x—eW)| < lx—y| +2y; < 3|x—y| +2x; < B+2c7H[x—y].

According to the definition of the Whitney cubes, we can find ¢>0 such that

J(x)gg GG, y)dy(y)chmst.SI

lx=ylzc

X yqlx—=yl~Pdu(y) <

x=y|=cx

< Const. x, SDyI}x——<p(y)|‘Pdu(y) = Const. x; SbD |x —z|~Pdv(z).

In the last step, we applied the representation formula (6.7) to the function f(z)=
x,|x—z|"P, ze D, where xe D is fixed. Thus, we have proved that

J(x) < CPv(x), xeD, (6.8)
where the constant C depends only on the dimension p. We have
{xeD: J(x)>|x|/4} = {xeD: Pv(x)>|x|/4C}.

Arguing as in the discussion of the set {x e D: Pu,(x)>L,/2}, we find an open
set 0,<0D such that (3.6) holds with O replaced by O, and such that the set
{xeD: Pv(x)>|x|/AC} is contained in D\(\J,csp\0,1(z)) which has a covering
{r., R,} such that (3.7) holds. Defining O0=0,;U O, and taking the union of
the exceptional sets, we obtain Theorem 3.
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§7. Examples

In this section, we give examples of potentials and associated minimally thin

or rarefied sets (cf. (3.10) or (3.5)).
In the plane, we take a sequence of closed disks B(z,, r,)={z: |z—z,| <1},
n=1, 2,..., which are such that 2r,< x, and

2 (x4/124))*(log (x,/r)) ™! < 00.
Here z,=x,+iy,, z,~> 0. If y,=x,(log(x,/r,))~!, then
u(z) = X pplog|(z+2,)/(z - z,)|
is a convergent Green potential in D and
u(z) > u,log|(z+2,)/r,| = x,, zeB(z,1,).
Hence there exists a constant ¢ € (0, 1) such that
u(z) >cx, ze U B(z,, 1,),

and so U B(z,, r,) is minimally thin at infinity in D.
In the rarefied case, we take a sequence of disks such that

2 (xa/|z,))(log (x,/r,))~" < o0,

and use the same argument with u,=|z,|(log (x,/r,))~L.
When p>3, we need the following estimate (cf. Essén and Jackson [Sb],

formula (2.3)):
G(x, y) & X,y |x—y[>PI£=y|™%, x, yeD. (7.1)
In the minimally thin case, we take a sequence of closed balls
B(P,, r,) ={xeRr: |[x—P,|<r,}, n=1,2...

such that 2r,<t,, R,— 0, and

> 12r272R;? < 0. (7.2)
If p,=t,r2=2, then

u(x) = 2 1,G(x, P,)
is a convergent Green potential in D and

u(x) > u,G(x, P,) > cxy, x€B(P,, 1),

and so U B(P,, r,) is minimally thin at infinity in D.
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In the rarefied case, (7.2) is replaced by

S 1,78 72RE? < oo, (7.3)

and we choose u,=R,r22.
When p>3, the results that a sequence of balls satisfying (7.2) or (7.3) is
minimally thin or rarefied at infinity in D can be found in Theorems 4.3 or 1.1

in Essén and Jackson [5b]. There are also weak converse statements which
illustrate the precision of Corollaries 1 and 2.

§8. A counterexample

It remains to show that condition (3.1) is best possible for Theorems 1 and 2.
This is almost a consequence of a general result in Taylor (Theorem 3 in [13]).
Before stating Taylor’s result, we need some notation. If h: [0, c0)—[0, o) is
continuous and non-decreasing and such that h(0)=0, we let

M) = inf 3 h(r;),

the infimum being taken over families of open balls which cover E.

If we only allow balls with radii at most r in this covering and then let r—»0+,
the limit of the infima will be the classical Hausdorff measure A,(E) (cf. [3, p. 6]).
Cap (-) will denote logarithmic capacity if p=2 and newtonian capacity if p>2.
Taylor’s result, specialized to our situation, can be stated as

THEOREM A. Let h be as above. Suppose that
1
S h(P)ri-rdr = oo. ®.1)
0
If E is a bounded Borel set with 0< A,(E)< oo and if at every point of E the lower
spherical density D(x, E) with respect to h is positive, then Cap (E)=0.
ReMARK. D(x, E)=liminf, ., 4, (En{y: |y—x|<r})/hQ2r).

The point of Lemma 2 below is to construct a set of Cantor type which
satisfies the requirements in Theorem A. Once we have this set, it is easy to find
examples which show that condition (3.1) is sharp. For simplicity, we shall
restrict ourselves to exceptional sets contained in a Stolz domain K< D.

THEOREM 4. Let h:[0, c0)—[0, c0) be continuous and strictly increasing
with h(0)=0, and suppose that (8.1) holds and that

h(r)r'=? is strictly decreasing in (0, 1]. 8.2)

Then, there is a polar set Ec K< D which has no covering in H satisfying (3.2)
or (3.3).
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REMARK. A special example of this type is given in Remark 10 in [5a].

Since any polar set in D is both rarefied and minimally thin at infinity in D,
this is the required example.

LEMMA 2. Let h be as in Theorem 4. Then there is a Cantor set F in RP™!
such that Cap (F)=0 but M (F)>0.

This result is certainly not new. For p=2, such a set was constructed by
R. Nevanlinna [9, Theorem 6, p. 157] and the procedure is similar if p>2 (cf.
[3, p. 35]). However, the details are not quite obvious and we give the proof of
Lemma 2 in full.

1
First, note that (8.1) is equivalent to S @o(r)dh(r)= oo, where ¢, was defined
0
in Section 2. Now, put g(f)=h"1(t?"1), 0< P~ < h(1), so that
1 g-1(1) s
[, @o)an) = =1 " potgtper2ar.
If &,=g(27"), n>n,, where ng is the smallest integer such that 2-mo(r=1) < h(1),

we deduce that
2o Po(€)27"P™D = o0, (8.3)

Also, for n>n,, h(e,)=27"1h(¢, ) and so, by (8.2),
Enr1 < &2, n = nyg. 8.49)

We shall construct the Cantor set using the numbers I,=¢, ;,, n=0, 1, 2,....

Let F, be a closed cube in R?~! of sidelength I, and let F, be the subset of F,
which consists of 277! closed cubes of sidelength I, each having a vertex in common
with F,. Note that F; is a proper subset of F, by (8.4). We can continue in
this way to construct a sequence of compact sets FopoF;>F,>---, where F,
consists of 27(P~1 closed cubes of sidelength I,, each of which has a vertex in
common with some cube in F,_;. If F=N\2,F,, then it follows from (8.3) and
[3, p. 31] that Cap (F)=0.

The proof that M,(F)>0 depends on the following easily verified geometric
fact about the sets {F,}: any ball of radius at most [, can meet at most 57 of the
cubes in F,.

Let {B,} be open balls which together cover F. Choose a finite subcover
B,,..., B, with radii ry,...,r, and, whenever r;<l,, put n;=max {n: r<I,}.
If r;>1y, we put n;=0. For j=1,..., k, the ball B; can then meet at most 57 of
the cubes in F,. Also

h(r) > h(l, 1) = 2-(otn D=0 j = 1,2, k. 8.5

If N=max {n;: j=1,..., k} and N; denotes the number of cubes in Fy which meet
B;, then
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Nj < SP2(N=nj)(p=1), (8.6)
since each cube in E,; contains exactly 2(N-")®~1) cubes in Ey. Also
Sk N, 2 2N, 87

since \U%_, B; covers F.
Combining (8.5), (8.6) and (8.7), we obtain

Skhoyh(ry) > Xk, 27 (ot tDG-D) = ¢(p, p)27NED) T k_ | 2(N=n)(@-1)
> c(p, H27NPTD K N; = c(p, ).
It follows that M,(F)>c(p, h)>0 and the proof of Lemma 2 is complete.

REMARK. We do not use Theorem A in the proof of Lemma 2. The reason
is that Theorem A deals with 4, while Lemma 2 deals with M,. It is shorter to
use a result from [3] than to modify Theorem A to a statement involving M,.

To construct the set E described in Theorem 4, we position a copy of F in
the hyperplane {x, =1} with its centre at (1, 0,..., 0). Call this set E, and define
E,={2"x: xe€Ey}, m=1, 2,... and E=\Ug_oE,. Let {B,}={t,, r,, R,} be any
covering of E which consists of sets from H, and suppose that B,NE#Q, n=
1, 2,.... Itis clear from the definition of H that

t,/R, = c(p) >0, n=1,2,..,
and so, if (3.2) or (3.3) holds, we deduce that

2:0=1 h(rn/tn) < .

In particular, r,/t,—0 as n— oo, which implies that all but a finite number of sets
from the cover meet exactly one of the sets E,,. It is easy to check that

Ea,.nEmata h(r,/t) = c(p)My(F), m=1,2,...,

and so we obtain a contradiction. Since E is a polar set, this proves Theorem 4.

References

[1] L. Ahlfors and M. Heins, Questions of regularity connected with the Phragmén-Lindel6f
principle. Ann. of Math. 50 (1949), 341-346.

[2] V. Azarin, Generalization of a theorem of Hayman on subharmonic functions in an
m-dimensional cone. Mat. Sb. 66 (108), (1965), 248-264; AMS Transl. (2) 80 (1969),
119-138.

[3] L. Carleson, Selected problems on exceptional sets. Van Nostrand, 1967.

[4] B. Dahlberg, A minimum principle for positive harmonic functions. Proc. London
Math. Soc. 33 (1976), 238-250.

[Sa] M. Essén and H. L. Jackson, A comparison between thin sets and generalized Azarin



410

[5b]
[6]
[71
[81]
{91
[10]
[11]
[12]

[13]

M. EssEn, H. L. JacksoN and P. J. RippoN

sets. Canad. Math. Bull. 18 (1975), 335-346.

M. Essén and H. L. Jackson, On the covering properties of certain exceptional sets in a
half-space. Hiroshima Math. Journal 10 (1980), 233-262.

W. K. Hayman, Questions of regularity connected with the Phragmén-Lindel6f principle.
J. Math. Pures Appl. (9) 35 (1956), 115-126.

W. K. Hayman and P. B. Kennedy, Subharmonic functions. Vol. 1, Academic Press,
1976.

J. Lelong-Ferrand, Etude au voisinage de la frontiére des fonctions surharmoniques
positives dans un demi-espace. Ann. Sci. Ecole Norm. Sup. (3) 66 (1949), 125-159.

R. Nevanlinna, Analytic functions. Springer-Verlag, 1970.

P. Sjogren, Une propriété des fonctions harmoniques positives d’aprés Dahlberg,
Séminaire de théorie du potentiel. Lecture Notes in Mathematics 563, Springer-Verlag,
1976, 275-282.

P. Sjogren, Weak L, characterizations of Poisson integrals, Green potentials, and H?
spaces. Trans. Amer. Math. Soc. 233 (1977), 179-196.

E. M. Stein, Singular integrals and differentiability properties of functions. Princeton
University Press, 1970.

S. J. Taylor, On the connexion between Hausdorff measures and generalized capacity.
Proc. Cambrdige Philos. Soc. 57 (1961), 524-531.

Department of Mathematics,
University of Uppsala,
Thunbergsvdgen 3,
S-752 38 Uppsala,
Sweden

Department of Mathematics,
McMaster University,
Hamilton, Ontario L8S 4K1,
Canada

and

Department of Mathematics,
The Open University,
Walton Hall,

Milton Keynes MK7 6AA,
England





