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0. Introduction

The Virasoro algebra I is the Lie algebra over the complex number field
C of the form =), ., Cl,®Cc
with the bracket relations

[ho Ind = (k=m)ly 1 + 15 ~K)3imoc, [, 11 = {0}.

This algebra is the one-dimensional central extension of the so-called Witt algebra.
The Virasoro algebra was introduced by physicists in their string theory of the
elementary particles (cf. [6]). Mathematicians started to develop a representa-
tion theory of this algebra very recently.

Let us make a survey of the contents of this paper.

We recall the definition and some properties of the Virasoro algebra and the
highest weight modules over it in section 1. An I-module M is called a “‘highest
weight module”’ if there exists'a non-zero vector v, (the highest weight vector)
such that 1) U(l)v,=M, where U(l) is the universal enveloping algebra of I,
2) there exists Ae(Cly® Cc)* (the highest weight) such that Hv,=A(H)v, for
all He (Cl,® Cc), 3) ' l,v,=0 for all positive k. The study of such modules was
started by V. Kac ([3, 4]). He obtained the determinant formula for the matrix
of the vacuum expectation values, and gave the “formal character’’ of some
irreducible highest weight I-modules (THEOREM 1.1).

In section 2 we treat another kind of representations of I, which is called the
“Fock representations’” (cf. [6], [12]). Let a; (j€ Z) be the operators, acting
on some “Fock space’’, with the following commutation relations:

0.1) Laj, a]] = jéisj0-

Define the operators

0.2) L= % Djez i A-jAj4yt

*) Postdoctoral Fellow, Japan Society for the Promotion of Science.
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for ke Z. Here : : denotes the normal product. Then the mapping [,—
L,, c— identity, definies a representation of [. This is the original form which
was considered by physicists. More explicitly, one can construct the Fock repre-
sentation as follows(cf. [12]). Let V=C[x,, X, X3,...] and a;=0/0x;, a_;=jx;
for positive j, and ao= —p/\/2 where pe R, so that the commutation relations
(0.1) hold. The operators given by (0.2), with the normal product

=a;a; for i<j, =ajaq for i>}j,

rq,a;: ;

J

define the Fock representation on ¥V=V,. The vector space V has a positive
definite hermitian inner product

<f, 9> = f(0)g(X)lx=0

where 8=(0/0x,, 06/20x,, 0/30x5,...). One can check that (L.f, g>={f, L_,g>,
and that the space V is completely reducible. The Fock representation is irre-
ducible if and only if u& Z(CoroLLARY 2.2). We give an explicit formula of the
highest weight vectors of the irreducible components in terms of the Schur
polynomials (THEOREM 2.3), and obtain the irreducible decomposition of the Fock
representations in the case that they are reducible (COROLLARY 2.4).

We discuss in s3ction 3 the relation between the tensor product of two Fock
representations and the Hirota equations of the so-called “KP hierarchy’’.
The Kadomtsev-Petviashvili (KP) hierarchy was first introduced by M. Sato
([7, 8]). His colleagues studied the transformation groups of the solutions of
the KP hierarchy and of some subhierarchies ([1, 2]).

Let p be an indeterminate and put

n(x, p) = X =1 pIx;.
We define the polynomials p,(x) by
entn) = 3o PX)P".
The Hirota bilinear operator D is defined by
P(D)f(x)-g(x) = P(0/oy)f(x+ y)g(x— ¥)l,=0 -

The following system of differential equations with the unknown function 7=
(%, X3, X3,...) i8 called the Hirota form of the KP hierarchy:

2520 P(—2y)p;+ 1(5) exp (X i1 YiDt(x) - 1(x) = 0

for any y=(y1, Y2, ¥3,...), Wwhere D=(D,, D,/2, D4/3,...). The first two non-
trivial equations are

(D%—4D,Dy+3D3)t-7 = 0,
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(D%D2+2D2D3—3D1D4)T‘T = 0.

Following [2] the modified KP hierarchies are defined in section 3. We show that
if the Fock representation V, (0.2) of the Virasoro algebra is decomposed as
V,=Q@®Q*, where Qis the irreducible component containing 1, then the equations

P<\%ﬁ>r~t’=0 for P(x)e Q* is one of the Hirota bilinear equations of the
modified KP hierarchy, and vice versa (THEOREM 3.3).

After our announcement [10] of the contents of this paper had spread out,
N. Wallach [11] gave an elegant proof of Theorem 2.3. In the present paper we
give another proof of it.

The second author is grateful to Professors V. Kac and K. Ueno for their

helpful discussions on the proof of Theorem 3.3.

1. The Virasoro algebra and the highest weight modules

We first consider the Lie algebra consisting of the polynomial vector fields
on the circle. Let l,=./—1ev=1*%(d/d0) (k € Z) be the vector fields on the circle.
Then the bracket relations

Lho bnd = (kK—m)ly s,

hold. The Lie algebra [,=3,_, CI, is called the Witt algebra. The Virasoro
algebra [ is the one-dimensional central extension of [,. Namely,

[= ZkEZ Clk @ Cc

with the bracket relations
Cho L = (k=m)ly s + 15 (=KD smoc, [e, 11 = (0.

We put h= Cl,@® Cc, which is the Cartan subalgebra of I, and nt=3,., Cl.,
so that [=n"@h@n*. An [-module M is called a “highest weight module”’
if there exists a non-zero vector v,€ M such that 1) U(l)v,=M, where U(l) is
the universal enveloping algebra of [, 2) there exists 4 € h* such that Hv,=A(H)v,
for all Heb, 3) n*ty,={0}. For such a module M, Aeh* is called the “highest
weight’’ and v, € M the “highest weight vector’’. For an arbitrarily given 1 € b*,
there is a universal highest weight module M(4), the Verma module, which is
defined by M(A)=U()® yye,+)C, where the action of hn* on C is given by
(H+X)-1=AH)-1 for Heh and Xen*. Any highest weight module with
highest weight Aebh* is a quotient of the Verma module. There is a unique
irreducible [-module with highest weight A, which is denoted by L(1). If A(ly)=
¢e C and Ac)=ne C, we write A=(&, n) and M(A)=M(&, n), L(A)=L(&, n).
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Let N(A) be a highest weight module with the highest weight vector v, € N(4).
For a non-negative integer m, we put

N(A),, = linear span of {I_, 1_,,---1_, 0,;
k>0,v,~> 1, vl +V2 +“'+ Vk= m},

which is a finite dimensional vector space. The generating function
ch N(A) = X2 o dim N(4),.g™

is called the “formal character’’ of N(1). For the Verma module M(2), it is easy
to see that dim M(A),, = p(m), where p(m)=#{partition of m into positive integers}.
Hence ch M(2)=¢(q)~*, where ¢(q)=IT;=; (1—g").

Our starting point is the following theorem of V. Kac.

THeOREM 1.1 ([3, 4]). 1) The Verma module M(&, 1) is irreducible if and

only if E#£m?/4 for me Z.
2) ch L(m?/4, 1)=¢(q)"1(1 —g™*") for m=0, 1, 2,... .

2. The Fock representations of the Virasoro algebra

We prepare the infinite dimensional vector space V= C[x,, x,, X3,...] of the
polynomials of infinitely many variables. Let a; be the operators on V defined
by, for positive integer j, a;=0; (=0/0x;), a_;=jx, and ao=—y/\/§ (ueR).
Note that they have the commutation relations (0.1). Now, using a;, define the

operators
1
L¥ = 2 Ljezt A-jAjiit
for ke Z. Here : : is the normal product:

. ) aa; (<))
a4t = aa; + joi j0Y-(j) =

aa; (i>))
where Y_(j)=0 for j>0, =1 for j<O.
We write down some L{’. For example,
Lg") = p*/4 + 23’0=1jxjaj,
Lg”) = - L"‘al + Z?:ljxjaj.'.l s

NG

1 © g
Ly = 501 ‘\%52 + 2X51%0542-
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One can easily see that [L{*, a;]1= —ja, ,; and hence
LW 1®7 = (k—m)L® 1 k3—k)o
[L¥, L] = ( m) k+m+12( )k+m,o-

Therefore the mapping n,: [,—>L{*, c—> identity, defines a representation of
Ton V. Considered as the representation space of 7, the vector space V is denoted
by V,. We call (n,, V,) the “Fock representation””. This representation itself
is not necessarily a highest weight representation. However it includes the highest
weight module with highest weight vector 1€ V,. Obviously the highest weight
is (u?/4, 1). Therefore, if (n,, V,) is irreducible, then V, = L(u?/4, 1).

Lemma 2.1, If (m,, V,) is irreducible, then V,=M(u?/4, 1).

Proof. From the definition of the Verma module, there is a natural I-
invariant surjective homomorphism

f: M(.u2/4’ 1) — Vua I—vl"'l—vkvo - LS‘:)LS‘;)I

If we introduce the gradation on ¥V, by deg x;=j, then we see that the homomor-
phism f preserves the gradation. The space of homogeneous polynomials of
degree m is of p(m)-dimensional. This proves the lemma.

CoROLLARY 2.2. The Fock representation (m,, V,) is irreducible if and
only if u§ Z.

We introduce a positive definite hermitian inner product on V, by

<fs g> = f(g)g(x)|x=0
where d=(0;, 0,/2, 35/3,...). One checks that

<ajf, @ =< a—jg>a <Ll(c“)f’ > =<, L(—”k)g>'

It follows that ¥V, is completely reducible and is a direct sum of irreducible highest
weight modules.

Let us recall the “Schur polynomial’’ of x,, x,, x3,... for a given Young
diagram. Let Y=(f}, f5,....[,) (fi=fa>--->f,>0) be a Young diagram of
size N. For the set of non-negative integers (v, v,,..., vy) With v, +2v,+ -+
Nvy=N, let my(1':, 2%2,..., N*~) be the value of the irreducible character of
Sy, the symmetric permutation group of N letters, labeled by the Young diagram
Y, and evaluated at the conjugacy class consisting of v, cycles of size 1, v, cycles
of size 2, and so on. The Schur polynomial for Y is by definition

Vix¥2...x YN
Ao(x) = 3 7w (1ve, 2v2, ... Nvw) X1 X2 XN~
Y() Z Y( ’ ’ ’ ) Vl!Vzl"'VN!
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It is a homogeneous polynomial of degree N (deg x;=j) with rational coefficients.
We will denote by p,(x) the Schur polynomial x(x). They have the simple
generating function:

(2.1) S o p(X)p = enp),

where 7(x, p)= 3>, p’x;. It is known the following formula representing the
Schur polynomial for any Young diagram Y=(f,,..., f,):

2.2 xr(%) = det(Py,_i4 Di<ijan

where we have set p,(x)=0 for negative r.
We can describe the highest weight vectors of the irreducible components
of the Fock representations in terms of the Schur polynomials.

THEOREM 2.3. Fix a non-negative integer n. For a non-negative integer
r, let A, ,.,=(r,..., 7) be a rectangular Young diagram. Then
—r+n—

(2.3) L4, (V2X) =0

for all positive k.

Proor. The proof of the case n=0is given in [9; Prop. 6.4]. Here we give
a reduction to the case n=0. We only have to show (2.3) for k=1 and k=2.
Put K, =>'%, jx;0;. for positive k. By an easy calculation we have

(2.4 Kp(y/2%) = (r—k)p,—(y/2x) -
Hence, putting pj(x)=p,(y/2x),

’ ’
Prin **° P2r+n—1

(2.5) K,
| Pl4n " Pren

(r+n—=Dprin—y - Qr+n—2)porin—2| + -+ |Prin """ Partn-1
Prin—1 P2rin-2
Pr+n " Prin-1
Pin ' Dren np, - (r+n—=1)prny
= N|Pren-1""" Parsn-2| + "+ | Prin " Poptn—1 |+ B | Dt " Popsn—1 | +
Prin—1""" Partn-2
Pien """ Pren Patn " Pren+t

’ ! ’ ! ’ ’
Pi+n " Pren Di+n " Dr+n Dn *** Pren—1
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(r=1Dprin—1 @r=2)popin—2| + 4 | Prin = Prrtn-1
Pren-1 “** Parén—2
Pa4n " Printt
Pltn “* Prn o - (’—I)P;+n—1. .

The first (r—1) terms are equal to zero. The r-th term is equal to

!
n_0 p.r+n "'p12r+n—1

:/_5 0x4
Pi+n " Prn
We put X,=p;,.,. The right hand side of (2.5) is equal to

n L p;+n '"p12r+n—1 +

ﬁaxl

pi+n "'p:-+n
r=DX,_1 - Qr=2)X5, 5 |+ +| X, - X4
Xr—l XZr—Z
X; o Xy
X1 oo X,. 0 "'(r—l)X_l .
On the other hand, from the case n=0, we have
0 =L p; - phr—y
Pi Pr
=|(r=1)pr-y - @r—=2)py—2|+-+ |pr = Por—1
Pr-1 “* Par—2
P2 """ Pre1
)21 Py 0 - (r—1)pr-1|-

By the algebraic independence of pj, p;,..., we obtain

n 0 =~ _
(K1~ T30 Farire V20 = L4, (2) =0.
Since the proof for L{® is similar, we omit it here.

REMARK. If we modify the definition of a; so that a} =./20;, a_; =
(1/{/2)jx;, and ap=—n/,/2, then, defining L{™' =33 ;. z:a’;a).x:, we have
L™ x4, .. (x)=0 for all positive k.
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Applying 3°%-, jx;0; to a homogeneous polynomial, we get the homogeneous
degree as the eigenvalue. Hence
L% 4, .. .(2x) = Gn2+r(r+n)) 24,,,.,.(J2%)
= 3(n+2r)2y4,,..(2x).
This equation shows that the Schur polynomial y, ., (/2x) is the highest
weight vector of highest weight 2(n+2r)2. Therefore, for a non-negative integer

n, V,o@®%o L(:(n+2r)?,1). We compute the sum of the formal characters
of the right-hand side:

2, ch L(+(n+2r)2, 1)gr¢+m

n+2r+ l)qr(r+n) —

-1
(g
CoROLLARY 2.4. For a non-negative integer n, the Fock representation
(n,, V,) is decomposed as

—vyo 1 g
_Zr=0¢(q)(1 q

Vo = @720 L(3(n+2r)% 1).

3. The Virasoro algebra and the modified KP hierarchies

In this section we discuss the relation between the Virasoro algebra and the
modified KP (Kadomtsev-Petviashvili) hierarchies. The main tool is the Fock
representation of the Lie algebra gl(oo), which was introduced by Date, Jimbo,
Kashiwara and Miwa (cf. [1, 2]).

Fix a non-negative integer n, and put V(n)=C[x,, X,, X3,...]. Let p and g
be the indeterminates. Set

0

n(x, p) = X% pix;, 10, p7Y) = X%, jpi -,
ax,

and

(B.1)  I(p, q) = exp (n(x, p) — n(x, g)) exp (= (3, p~*) — n(&, g~1))).
The “n-th modified vertex operator’’ for the KP hierarchy is defined as follows:

62 x99 =L ()T ))~1)= iz XP g

Here we denote

We define Y, (i)=1-Y_(i).
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It is proved in [1, 2] that (3.2) defines a representation of the Lie algebra gl(co)
on V(n). That is, the commutation relations

(3.3 [ng), X = 51kX(") 5;1X(") + 0 0u(Y ()= Y. (3)

hold. This representation is called the Fock representation (the vertex repre-
sentation) of gl(c0).
We define the Heisenberg Lie algebra s by

$ = Ykez, k0 Chi @ Cc
with the bracket relations
LAy, b, = kéHm,oc, [c, s] = {0}.
Lemma 3.1. Put H”=Y, , X, for ke Z. Then

o (k > 0)
H® ={0 (k = 0)
—kx_, (k<0).

Namely, the mapping h,—H", c— identity, defines a representation of s.

ProOOF. By an easy calculation, we obtain

_ (on(x, p) 8n(5 p")
= —p< dp

q=p

— ¢ 9L(p,9)
X (p, =g 1\P,9)
P =93

= Z‘}o=1 jijj + Zj’o=1 ajP—j-

On the other hand, we have
X(")(p’ q)|q=p = Zi,jez X(")Pi_j = EkeZ(ZiEZ i, u+k)P—k
The lemma is proved by comparing the coefficients of p~*.

From this lemma, we deduce that the Fock representation on V(n)
is irreducible.

We take the tensor product of the Fock representations of gl(c0):
V() ® V(n) = C[x{V, x{V,...] ® C[x{?, xP,...]
= C[xy, X35.-.3 V1> V25e--]

where we have set

x; = (xV+x2)//2, y; = (x§ —x2)[/2.
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This space is decomposed as V(1)@ V(n),,,, where V(n),,, is the irreducible
component containing 1®1, and V(n),, is the orthogonal complement of
V(n)yn with respect to the inner product ¢, >, which is defined naturally on
V(©O)®V(n). We set 3(n)=V(n)yg N Cyy, y2»---]1 and G(n)* =V (1), n CLy;,
¥2,--.]. An element of the latter space is called a “Hirota polynomial’’.

The Heisenberg subalgebra s acts on V(0)®V(n) as h;—8/0x\!) +0/0x? =
2 0/0x; and h_;—jx{P +jx@ =./2 jx; for positive j. We denote by I'')(p, q)
(resp. I'®(p, q)) the operator which is obtained from I'(p, q) (3.1) with x; replaced
by x{ (resp. x{¥). The homogeneous parts of I'V)(p, g)+I'®(p, q) act on the
space V(0)® V(n).

Any element fo(x")® f(x?) € V(n),,, satisfies the orthogonal relations
described by the system of differential equations

<P, fo(xV) ® f(x@)) =0
for all P(y) € §3(n)*. These equations are equivalent to
(3-4) P(3,/\/2) fox+)Fu(x—y) = 0
for all P(y) e Q(n)*.
Now we introduce the Hirota bilinear operators by

P(D)f(x)-g(x) = P(-2-, 2, ) f(x+9)g(x =)y mpamrcor
0y, 0y,

Put D=(D,, D,/2, D,/3,...). The orthogonal relations (3.4) are written simply as
P(D|\/2)fo- f,=0 for all P(y)e(n):. This system of non-linear differential
equations is called the “n-th modified KP hierarchy’’. The generating function
representation of the n-th modified KP hierarchy is known as

3.5 Py pj(_zz)pj+n+ 1(5) exp(2iz1 2D fo - fu =0

for any z=(z,, z,, 23,...). The first two non-trivial equations of the (0-th modi-
fied) KP hierarchy are

(3.6) (D1_4D1D3+ 3D3) fo fo=0,
(3.7) (D%Dz +2D2D3_3D1D4)f0 ‘fo = 0.

If we put u=(0/0x,)?log f,, and x=x,, y=x,, t=x,, then we see that the equation
(3.6) takes the form

3 1
Tl = <u,— 3““::_-4_ u’”‘">x

which is the original KP equation.
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Denote by Q(n),, (resp Q(n)L) the subspace of @(n) (resp. 3(n)*) consisting
of the polynomials of degree m, so that Q(n)=®%-, @(n), (resp. Z(n)*=
®®_, G(n)L). The following proposition is important to the theory of universal
Grassmann manifold ([7, 8]).

ProposITION 3.2 ([1]). dim @(n)i=p(m—n—1).
By using this proposition, we have
S dim B(mpg" = gl (1=g"*).

This is exactly the formal character of L(n2/4, 1) for the Virasoro algebra.

Now let us return to the Virasoro algebra. As we have seen in the previous
section, the Fock representation (z,, V,) is decomposed as V,=Q,®Q2}, where
Q, is the subrepresentation isomorphic to L(n2/4, 1), and Q} is the orthogonal
complement of Q, with respect to (, >. The proof of the following theorem
for the case n=0 was obtained jointly with V. Kac and K. Ueno.

THEOREM 3.3. For any P(x)e Qj}, the equation P(ﬁ/\/i)fo -f,=0 is one of
the Hirota bilinear equations of the n-th modified KP hierarchy. Conversely,
any Hirota bilinear equation of the n-th modified KP hierarchy corresponds to
some P(x) e Qf.

Proor. Define the operator
Z0(p, @) =52 gy {exp (= 5 (v, ) =, 00)
(@) 0.0+ (2 ro0n0)
exp <:/1—§ 0@, P — (s, q“)))—2} :

We can see that the homogeneous parts of Z(")(p, g) act on V(0)®@V(n). By
an easy calculation such as

exp ( - f}"z‘ n(x, p)) exp (n(x“’, p))
= exp (73105 ») exp (31 2+ 10, 2) = exp (570 ).

we see that
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Z™(p, q) = ﬁ)T {<§>_"/2 exp (j—z (n(y, p) —n(y, q)))
exp(— \/% (3, p1)—n(3,, q“))) + (5)“2
exp ( —J% n(y, p)—n(y, q))> exp <\/L§ (n(d,, p1) —n(3,, q“))) —2} :
Hence the homogeneous parts of Z("(p, q) act both on @(n) and @(n)*. Put
e = exp (ﬁ ((y, p) — n(y, q))>,
e, = eXP< - 715('7(3” P — 1, q“))),
ey = exp(—ﬁ(n(y, p) — n(y, q))>,
eq = exp <\%2- 10y, p~*) — (3, q“))>,
and

-n/2 n/2
re = <%> eje;, I'P = <-g‘> €sey,

so that

Z(")(P, q) )2 (F(n)+1"(n) 2)

(pq

We differentiate I'{" with respect to g. Then

or™ _/nN\/p\ "2 _ p\ 2 an(y, q)
3q =<7><7> qleser = \/2( ) T ag  ©

\/2< >"‘/2 a'1(5» ),

=(5)G)(§) e - g (5)(5) e MG e
1

) e M 58 i
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2_< )«n/z azn(y q9) eies +_§_<£>—n/2<6n(ayq, 9) >2 crcs

Jr ) g ( )2 "t e, 2™

Nl

-2 (¢
< )"’/2 6n(y, D) ;e 6'7(5y21 Y s < )“"’2 <6n(5y, “))
+ ﬁ<%)—n/zele262n(g;,zq" )

Taking the limit g— p, we have

N|

62F‘") _ ( )( ) 2 m Oy p) o 91y p7Y
2 V2 op V2 op
10%n(y,p) L 10 n(5y, ) _ on(y, p) 9n(8y, pY)
T2 0p? 2 op? dap op
1 (on(y, p)\* , 1 (on(y, p~1)\?
) op ) + 7( 51) ) )

By a similar calculation, we obtain

621“") _ no (. p) - By, p7h)
L =(3)(G+1)e = o G R gy H
1 2*n(p, p) _ 1 3*n(0y, pY) _ On(y, p) n(3y, p)
\/2 o TJ2 op? op op
+ L 2 on(y, p)) + 1 (371(5y, ‘))
Hence
Z0p, p) = 5o TP+TE =2,
1, 2y, p) , n _ @y, ph)
4np2 \/2_p1—6_’5__+\/_2—p1——_a—p—‘_
_ 0n(y, p) on(dy, p~Y) 6n(y p) 011(5y, 1)
op op 2( >+ < )

If we set Z(p, @)=Y 4z LW p~**2), then we see that the operators L{"’
are nothing but the Virasoro operators

—jYjtk

L(n)’ 2 Z;ez b(n)b(n)

where b =0/0y;, b")=jy; for j>1, and b§» = —n/,/2. This proves that the
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spaces {(n) and ((n)* are invariant under the Fock representation m,®mn, of

the Virasoro algebra.
Using Proposition 3.2, we see that 3(n)={P(y); P(x)e®,}. Thus the

theorem is proved.
We give some examples. The polynomial x4, ,(1/2x) is one of the highest
weight vectors of Q§. One has
=L ps
(3.8) XAz,z(ﬁx)lx=D/./7 =12 (Dt —4D D3 +3D3).
Next, take L9y 4, ,(:/2x) of Q4. Then

(3.9) L% 4, ,(20)|s=ryz = 5 (DID,+2D,D3—3D,D,).

We see that (3.8) and (3.9) are proportional to the operators in (3.6) and (3.7)
respectively. The polynomial pz(\/fx) is one of the highest weight vectors of
Q4. One has

(3.10) P2(2%) lsmpyyz = + (D3 +D).
2
Take LY)p,(/2x) of @f. Then
(1) A — 1 3
(3.11) LOpy(\/2X))x=pjyz = — 4 (D}—3D4D,~4Dy).

We see that (3.10) is proportional to the constant term of (3.5) (n=1), and (3.11)
to the coefficient of z,. The equations corresponding to them are the ‘“Miura
transformation’’ and the original modified KP equation respectively (cf. [2]).
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