HIROSHIMA MATH. J.
20 (1990), 297-329

Instability of singularly perturbed Neumann layer solutions
in reaction-diffusion systems

Yasumasa NISHIURA and Tohru TSUJIKAWA
(Received May 20, 1989)

Abstract. Instability of mono-Neumann layer solutions to reaction-diffu-
sion systems is proved by using the SLEP method. Mono-Neumann layers are
singularly perturbed solutions of boundary layer type which are close to the
stable constant state except in a neighborhood of a boundary point and satisfy
the Neumann boundary conditions. We also show the dimension of the asso-
ciated unstable manifold and the asymptotic behavior of the unstable eigenvalue
when one of the diffusion coefficients tends to zero.

1. Introduction

For PDE systems of dissipative type such as reaction-diffusion systems and
the Navier-Stokes equations, it has been anticipated that the associated global
attractors are finite dimensional. Especially the recent progress of the study of
inertial manifolds guarantees that this is the case for several typical equations
(see, for example, [2]). Still so, in order to understand the precise dynamics on
it, it is quite important to know the number of unstable solutions, their profiles,
and the dimension of the unstable manifolds. We shall study such problems in
its most simplest case for the following reaction-diffusion system:

{ U= e’uy + f(u,0),

1.1
(1.12) b, = Doy, + g(u, v),

(t, x)e (0, 0) x I,

with Neumann boundary conditions
(1.1b) u,=0=vuo,, (t, x) € (0, 0) x aI .

The associated stationary problem is given by

(1 23.) gzuxx-'_f(u’ U)=O’ xel
‘ Dvxx+g(“av):0a ’

with

(1.2b) u,=0=o, xedl,

where I denotes the interval (0, 1), ¢ and D are positive diffusion coefficients.
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We assume that the nullcline of f is S-shaped, g = 0 intersects once with f =0
at U = (@, p) like Figure 1, and ¢ is sufficiently small. Note that U is a stable
constant solution of (1.1). See the end of this section for detailed assumptions.

g=0

Figure 1: Functional forms of f and g.

The system (1.2) models a variety of phenomena such as chemical reaction,
solidification, population dynamics, and so on (see, for example, [3], [12], [14]
and references therein). It is known that (1.2) displays a variety of solution
with layers, what is called the singularly perturbed solutions, as in Figure 2
when ¢ is sufficiently small. They are divided into two classes according to
whether or not they have boundary layers (i.e., sharp transition at the bound-
ary). Solutions with boundary layers like Figure 2(b)(c)(d) were constructed by
[5], and they are called the Neumann layer solutions. Loosely speaking, those
boundary layers satisfy the Neumann boundary conditions at both ends (This
explains why the name “Neumann layer” is given to those layers). Under
Dirichlet boundary conditions, boundary layers usually appear in order to fill
the gap between the outer solutions and the boundary conditions. However
boundary layers in Figure 2 are not of this type, in fact the solution without
boundary layers (see Figure 2(a)) already satisfy the boundary conditions (1.1b)
In this sense Neumann layers are essentially different from the usual ones.

Solutions which have only internal layers (see Figure 2(a)) were constructed
by [4], [13], [8] and they are proved to the stable (see [16], [17], [20]). The
important observation suggested in [6] and [15] is that Neumann layer solu-
tions play the role of separators of these stable inner layer or constant solutions.
Namely they play the similar role as that of the separatrix in ODE system.
Note that for the scalar PDE case the existence and stability of such inter-
mediate solutions has been discussed even for higher dimensional case (see, for
example, [1], [10], [9]). As for the system (1.2), the situation seems to be
much more complicated than the scalar case. One of the main reason for this
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(a) (b)

© (d)

Figure 2: Profiles of the u-component of singularly perturbed solutions
(a) Internal layer solution

(b) Mono-Neumann layer solution

(c) Neumann layer at the left end and the internal layer

(d) Neumann layers at both ends and the internal layer.

is that many stable stationary solutions coexist for suitably fixed parameters
(see [6], [17]).

Now we restate the problems more concretely:

(1) How are the stability properties of Neumann layer solutions?

(2) If they are unstable, what are the dimensions of unstable manifolds?

Especially how do they relate to the number of layers?

(3) What are the destinations of unstable manifolds?

These are fundamental to understand the global dynamics of (1.2). Note that
there is a gap between (1) and (2). More precise analysis is needed to know the
dimension of the unstable manifold.

Here we consider the most simplest case (see Figure 2(b)), i.e., the Neumann
layer solution which is close to the constant state U except in a neighborhood
of x=0 or 1. We call it the mono-Neumann layer soltuion. In this case
Figure 3 answers the above questions numerically: a monotone initial data
bigger (resp. smaller) than the mono-Neumann layer solution evolves (resp.
decays) to the internal layer solution (resp. the constant solution U).
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Figure 3: Destinations of the unstable manifold of mono-Neumann layer solution
(a) From Neumann layer to the internal layer
(b) From Neumann layer to the constant state U.

Namely this suggests that the dimension of the unstable manifold is equal
to one, and the destinations of it are the internal layer solution and the
constant state U, respectively (see Figure 4).

As the first step to solve the above problems rigorously, we intend to prove
in this paper the instability of mono-Neumann layer solution by studying the
spectral distribution of the linearized problem, and that the dimension of the
unstable manifold is equal to one. This gives us a detailed proof for the
corresponding results of [15].

Our goal is as follows.
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Figure 4: Behavior of the unstable manifold of mono-Neumann layer solution.

MAIN THEOREM. The eigenvalue problem linearized at a mono-Neumann

layer solution U® has a unique real simple positive eigenvalue 1 [g) for small ¢
which behaves like

(1.3) A(e) =& + et(e)

where (} is a positive constant and 1(¢) is continuous up to ¢ = 0. The rest of the
spectrum has strictly negative real parts for small e.

The SLEP method of [16] also works to prove this result. However, in
order to know the asymptotic order (1.3), ie., A.(¢) — (& = et(e), we need to
construct the approximate solutions more accurately than [5]. In fact it turns
out that the approximation up to order ¢ is sufficient for our purpose (see
Appendix A). Also note that in order to obtain the asymptotic behavior of the
principal eigenvalue of the singular Sturm-Liouville operator (see Lemma 2.3),
which is indispensable to show (1.3), we can not apply the same technique as in
[16] to it, since the spatial derivative of the stretched Neumann layer solution
does not converge to the principal eigenfunction of the limiting stretched
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singular Sturm-Liouville problem as ¢]0. We shall show it in Appendix B
with the aid of the approximate solutions of order e.

We close this section with the list of the assumptions for f and g and the
notation.

ASSUMPTIONS
(A-1) f and g are smooth functions of u and v defined on some open set O in R*.
(A-2) The nullcline of f is sigmoidal and consists of three continuous curves
u = h_(v), ho(v) and h,(v) defined on the intervals 1_, I, and I, respec-
tively. Let min I_ =v_ and max I, = v,, then the inequality h_(v) <
ho(v) < h,(v) holds for veI* = (v_,v,), and h,(v) (h_(v)) coincides with
ho(v) at only one point v =v, (v_), respectively. Moreover, the unique
equilibrium point U = (&, 7) satisfies it = h_(0).
(A-3) It holds that J(v) > 0, where
hi(v)
J(v) = f(s,v)ds.
h_(v)
(A-4) flg<O0andg,l,~<O.
(A-5) det (3(f, g)/0(u, v))ly > O (see Figure 1).

REMARK 1.1. Note that additional assumptions are necessary besides the
above in order to guarantee the existence and stability of internal layer solu-
tions. See [16] for the details.

We use the following notation with p being a nonnegative integer and o
any nonnegative constant:
CP?(I) = the space of p-times continuously differentiable functions on I with
the usual norm,
CP(I) = the space of p-times continuously differentiable functions on I with

the norm
d k
(aa> u(x)

CEoll) = {ue C(D)| u(0)=0,u(1) =0},
CP. (1) = {ue ClDIu©0) =0, u(l) =01},
C?,(R,) = the compact uniform convergence in CP-sense in R., namely, the
uniform convergence on any compact subset of R, in CP-sense,
HP(I) = the usual Sobolev space,
HZ(I) = the space of closure of {cos (nrx)},%5 in H?(I),
P(X, Y) = the space of bounded linear operators from X into Y with the usual
norm.

B

P
lullcz = Y, max
k=0
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2. Existence theorem and preliminaries

We first show the existence theorem of mono-Neumann layer solution of
(1.2).

THEOREM 2.1. There is a positive constant €, such that (1.2) has an e-family
of the solutions U®(x) = (u(x, €), v(x, €)) € C2(I) x C*(I) for e€(0, ;). Moreover
they satisfy

lim, o u(x,e) =u uniformly on [k, 1]
and

lim, o v(x,8) =7 uniformly on I ,

for any k > 0 (see Figure 5).

u(x, ) v(x, €)

Figure S: Profile of mono-Neumann layer solution.

PrOOF. See Appendix A.

It is convenient to introduce the stretched variable s = x/e to see the
internal structure of U® near x =0. We have

LEMMA 2.2. (Behavior of the stretched solution). Let U® be the stretched
solution corresponding to U?®, i.e. U(s) = U’(es), and let ii* be the unique mono-
tone solution of ‘

{ass+f(a, )=0, seR,,
i (0) =0, #i(+o0)=1u.
Then it holds that

lim,,, U° = O* in C%, (R,)-sense,

where U* = (ii*, 7).
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Proor. This is easily seen from the construction of the solution U* (see
Appendix A).

Let us consider the following Sturm-Liouville problem at U¢,

{ L'¢ = (?d*/dx*) + fH¢p={¢ inl,

1) ¢.=0 onal.

where [ = f,(u(x, ¢), v(x, ¢)). Let {#¢},»o be the complete orthonormal set
(CONS) in L*(I) -sense and {{¢},., the associated eigenvalues of (2.1), which are
all real and simple. It is convenient to define the stretched Sturm-Liouville
problem for (2.1):

(2.2) { g=(Pds) +fHp=(p inT,

A

#=0 ondl,

where f7 is the stretched potential of £ and T is the stretched interval (0, 1/e).
Similarly, let {¢:},>o be the CONS in L?(I)-sense and{{:},o the associated real
simple eigenvalues of (2.2). Note that the set of eigenvalues {(Z},., remain the
same after stretching. On the other hand, we need \/;,-factor for the eigen-
functions ¢ = \/Eij

Next, we introduce the Sturm-Liouville problem on R, which is obtained
by taking a limit of ¢ | 0 in (2.2):

I*¢ = (d¥ds*) + f,*)p=(p inR,,
@3) {ﬁ e L*(R,),

where f~,, = f.(@*, ).

The main aim of this section is to show the spectral behavior of (2.1).
More precisely, the principal eigenvalue {§ of (2.1) has a positive limit {F as
¢ | 0, which becomes the principal eigenvalue of (2.3), and the rest of its spectrum
is strictly negative for small &. Moreover, ({§ — (¥)/e has a definite limit as
¢} 0 which can be explicitly expressed in terms of the approximations up to
order &. We see in Lemma 2.4 that the principal eigenfunction ¢ also con-
verges to that of (2.3) in an appropriate sense.

LEMMA 2.3. (Spectral behavior of Lf). (a) Let {({i},>o be the complete set
of eigenvalues of (2.1). Then we have
(6>0>—A*> > >>-,
g6 =8 +els,
where (&, A* are positive constants independent of ¢, and ff) is a continuous
function of € up to ¢ = 0 with
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£§ = lim,y4 {5

(see (44) in Appendix B for the detailed expression of (f()" in terms of O(e)-
approximation).
(b) The principal eigenfunction ¢ satisfies the following properties

(i) #(s) <éexp(—ys), sel,

where ¢ and y are positive constants independent of .
(i) It holds that

J Polx) dx = L(e)\/e,

where L(¢) is a positive continuous function of ¢ up to ¢ = 0 with

L* = lim, o L(e) = J d&(s)ds >0
R,
and 433‘ is the principal eigenfunction of (2.3) to (¥.

PrOOF. (a) We only show that the principal eigenvalue (§ is strictly
positive and the remaining spectrum is bounded away from zero. The detailed
behavior of {§ and its limiting formula is proved in Appendix B. First, we
extend the x-interval of the linearized problem from (0, 1) to (—1, 1) in an even
way and impose the Neumann boundary conditions on both ends. Note that
any eigenvalue and the associated eigenfunction of (2.1) becomes that of the
extended problem after folding over. Especially, they have common principal
eigenvalue. We distinguish the extended problem and its solutions by adding
the subscript e like (2.1), and (¢§).. The key idea lies in the behavior of the
second eigenvalue of the extended problem. More precisely, we first note that
dii*/ds satisfies (2.3), with { = 0, which has the unique zero at s = 0 (nodal one)
and decays exponentially as |s| - oo (and hence belongs to L?(R)). Namely the
second eigenvalue (§ of (2.3), with the eigenfunction dii¥/ds of nodal one is
equal to zero. A direct consequence of this is that the principal eigenvalue (&
of (2.3), is strictly positive and the spectrum (including continuous spectrum)
except {F and (¥ lies strictly in the negative real axis. The associated principal
eigenfunction (%), of (2.3), becomes an even function because of the even
symmetry of f* and the simplicity of the principal eigenvalue. Hence the half
of (433‘)8 becomes the principal eigenfunction of (2.3) with the same eigenvalue
(& In view of these observations and using similar arguments used in the
proof of Lemma 1.3 of [16], we can verify without difficulty that the principal
eigenvalue {§ of (2.1), which is a continuous function of ¢, converges to (& as
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¢} 0, and that the next eigenvalue {5, the associated eigenfunction of which has
two nodal points in the extended interval, is strictly bounded away from zero.

(b) The result (i) is a direct consequence of the potential form f, and the
proof of (ii) is quite similar to that of Corollary 1.3 of [16], so we leave the
details to the reader.

LEMMA 2.4. It holds that
lim,yo 66 (= /ed6) = & in C2, (R.)-sense,
where (33 (resp. $(’,") is the L?-normalized principal eigenfunction of (2.2) (resp.

(2.3)).

ProOF. Using a similar argument as in the proof of Lemma 1.3 of [16],
any sequence of {&3}90 has a convergent subsequence {&3"},,21 in C2,(R,)-
sense and its limit satisfies (2.3) with { = {&. Since {& is simple, the limit does
not depend on the choice of the sequence, and hence the conclusion follows.

3. Instability of Neumann layer solutions

Let us solve the linearized eigenvalue problem of (1.2) around U*(x):

WAAYN 250 A VA" (W
e #(2)= %)()=+()

where M*® = D(d?/dx?) + g&.
In view of Lemma 2.3, the first equation of (3.1) can be solved as
o {—fzdw .
— 7 ¥

G2 W WEATERD= 2

. UEZ’ 0 & I3 &
= <—{—¢02¢0 + (L= D(=fr2).
{o— A
Here we introduce the reduced resolvent (L* — A)' defined by
e SO .
63) L-i)= ¥ g
n>1 C,. - l

Substituting (3.2) into the second equation of (3.1), we have
(% 867
{o— 4

We shall show the existence of real positive eigenvalue A* which converges to (&
(the limiting value of the principal eigenvalue of L?) as ¢ | 0, namely

(3.4) Dz, + it + giL* — H(=f;2) + (g5 — Nz =0.

(3.5a) A ={§+ (),
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where 7 is a continuous function of & with lim,;,7(¢) = 0. The asymptotic
order of 7 as €| 0 is not a priori known, however it turns out later (see Lemma
3.5) that 7 is at least of O(¢), i.e. T can be written in the following form

(3.5b) 1(e) = ef(e),

where £ is a bounded continuous function of ¢ up to ¢ =0. Let us proceed
further under the assumption (3.5b) and defer its justification till Lemma 3.5.
Although A* and {§ have the same limiting value (¥ as ¢ ] 0, A° is not equal to {§
for small positive ¢&. In fact it holds that

LEMMA 3.1.
(8 ¢ o(£L%) for small positive ¢ .

Proor. See Appendix 2 in [16].

When A° belongs to o(#*), this lemma guarantees that (& — A°# 0 for
small positive &. It follows from Lemma 2.3(a) and (3.5) that the second term
of (3.4) becomes

([ 8 o Sz 88> . <5 —fi /o>, b
(3.6) ﬁgu% = " 9ubo = " Gu—F -
&~ e — 1) fe—t e

Hence (3.4) becomes

(z, —ff ¢3/Jé>g£ 3
gy — ¢ Ve

The second term of (3.7) is called the critical part, since it behaves in a singular
way as ¢ 0 in the sense of Lemma 3.3 below. The rest of (3.7) is called the
noncritical part. To proceed further, we need the following three lemmas. The
first two lemmas concern about the asymptotic characterization of the second
and third terms of (3.7). The third one shows the existence of inverse operator
of the noncritical part of (3.7). We leave the proof of them to the reader, since
they are obvious modifications of those of Lemmas 2.3, 2.4 and 3.1 in [16].

(B.7) Dz + +guL* = N(=f2) + (95— 2)z=0.

LeEMMA 3.2. Let F(u,v) be a smooth function of u and v. Then it holds
that

lim, o (L* — A)T(F°h) = F*h/(f* — 1)  strongly in L*-sense,

for any function he L*(I)nL*(I) and AeC,, where F®= F(u(x,¢), v(x, ¢)),
F*=F(u,v), f*=/fu,v) (see Theorem 2.1), p=min {4* —f*} and C,=
{Ae C|Re A > —u}. Moreover, if h belongs to H'(I), the above convergence is
also uniform on a bounded set in H'(I).
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LeEmMA 3.3.
() lim,yo (—f@5/\/e) = 20y in (Hy(I)* -sense,
(i) lim,yo (9i06/5/6) = c3o  in (HA(D)* -sense,

where 8, is the Dirac’s 6-function at x =0, (H}(I))* means the dual space of
Hi(I) and c¥ (i = 1, 2) are positive constants defined by

+oo -~ A
—j Jro8 ds
0

+o
c3 =j gids ds.

0
Here f* = £,(ii*(s), 0), §¥ = g.(i*(s), 7).

LEMMA 3.4. The differential operator T**:HY(I)— (Hi(I))* defined by
T*%*z = —D(d?*/dx*)z — gi(L* — )N (—=fz) — (g — A)z has a uniform bounded
inverse K®*:(Hy(I))* — Hy(I) for 0 < ¢ <&, and 4 € C, with &, being an appro-
priate positive constant. K** depends continuously (resp. analytically) on & (resp.

A) in operator norm sense.
!

Let us solve (3.7) in Hi(I). Applying K** to (3.7, we have z=
{z, —ﬁ,‘(;ié/\/;)K"”{gjqﬁé/\/g }((& —1). Hence z is a constant multiple of
K“*{gids/\/e}, ie.

z=aK**{gigs/\/¢e} .

Substituting this into (3.7), we see that a nontrivial z satisfying (3.7) exists if and
only if 7 satisfies the following equation

. pe 4 ) o 96 95
(3.8) 9’"(t,8)548—f—<1<“{ } = > ,
Ve Ve

where A° = (¥ + ¢f (see (3.5)). It follows directly from Lemmas 3.1-3.4 that &
is continuous with respect to ¢ up to ¢ =0, and holomorphic with respect to
t e A, where A is an arbitrary compact subset of C. Hence & is well-defined
at ¢ = 0 with the limiting value

A

(3.9 F(1,0) =% — ¢t — c*cX(K*% {50}, 50D

Now we are ready to apply the implicit function theorem to (3.8) at (%, ¢) =
(t*,0). Here £* is defined by

(3.10) = (& — cFc3(K% {30}, 30
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In fact, it is clear from (3.9) that #(t*, 0) = 0, and it holds that

O0F e on_ 4. d sae) o 96 e 96
%(T ’0)_ 1 8(-1?[<K l{gu\/;}’ _f;) $>j|

= 1.

£=0

Thus, using the implicit function theorem, we see that there exists a unique
continuous function = t%(¢) with £%(0) = t* for small positive ¢ satisfying

F(t"(e), e =0.

Note that £* is real-valued, since & is real-valued when £ is real. The simplic-
ity of this unstable eigenvalue can be verified in an analogous way as [16]. So
we leave it to the reader.

Now let us return to the justification of asymptotic order (3.5b).

LEMMA 3.5. Suppose that there exists an eigenvalue A = A* of (3.1) which
approaches (§ as €| 0, then it must have the asymptotic form (3.5b).

Proor. We prove this by contradiction. Suppose |t(¢)| tends to zero
strictly slower than e¢. Then we can find a sequence ¢, for n>1 with
lim,_ ¢, =0 such that %(g,) (= t(¢,)/e,) is a solution of (3.8) for n > 1 with
lim,_, , |t(¢,)] = co. However this is not possible since we see from Lemmas 3.3
and 3.4 that the rest of &, that is, {§ — (K""‘{gﬁ¢(§/\/}; }s —f,fq)f,/\/} >, remains
bounded as ¢ (= ¢,) | 0.

We conclude that

THEOREM 3.6. There exists a positive constant ¢, such that the linearized
eigenvalue problem (3.1) has a unique real simple positive eigenvalue A = A*(¢) for
0 <eé&<egy, which tends to (§ as €¢]0 where (§ =lim, ,(§ (see Lemma 2.3).
Moreover, it has the asymptotic form

At(e) = { + et*(e),
where £"(¢) is a real continuous function of ¢ for 0 < ¢ < g, with t*(0) = t* being

given by (3.10).

So far we only focus on the eigenvalue converging to (% as ¢]0 (ie,
the unstable eigenvalue), however we can show much stronger result if we
reconsider the above discussions. Namely we can prove the following

PrOPOSITION 3.7. Any eigenvalue A = A® of (3.1) which stays in the region
C, for any small &€ must converge to {§ when ¢ | 0.
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PrOOF. We prove this by contradiction. Suppose that A = A° remains in
C, and away from (§ uniformly for small &. In view of (3.7), we see that there
exists a nontrivial z° satisfying

<z =185

e — a° 9i#6 + gi(L® — A (=f52°) + (95 — 29)2° = 0.
]

(3.11) Dz%, +

Using the same procedure as before (see (3.8) and (3.9)), this is equivalent to say
that A® satisfies this equation

(312) 37(/15, 8) — CS — )= 8<K£J.‘{g:\¢/0é}’ _f;)8<¢/oé> =0,

In view of Lemmas 2.3, 3.3 and 3.4, we see that A°* must remain bounded, since

both {§ and <KE'”{g,ij5}}, _ﬁ\qi}> are bounded for small ¢&. Hence A°
€ €
converges to some value A* in C, different from (¥ (if necessary, we take a
subsequence of it).
Thus we have in the limit of ¢ | 0

FA0=(§—-1*=0,

which is a contradiction since A* # (§.
Combining Proposition 3.7 and Theorem 3.6, we have

THEOREM 3.8. The unstable eigenvalue A = A“(¢) is a unique eigenvalue of
(3.1) in C,, and hence the rest of the spectrum has strictly negative real parts
uniformly for small e.

This apparently shows that the mono-Neumann layer solution is unstable
and the dimension of the unstable manifold of it is equal to one. Also it
is clear that Main Theorem in Section 1 is contained in the statements of
Theorems 3.6 and 3.8.

4. Concluding remarks

(a) Instability of spike solutions. Folding over even times the mono-
Neumann layer solution and normalizing the length of the interval to 1, we
obtain the solutions of (1.2) with sharp peaks as in Figure 6. We call these the
spike solutions. All these spike solutions are unstable, since, by folding over the
unstable eigenfunction for mono-Neumann layer, we see that the resulting one
automatically becomes an eigenfunction of the linearized problem with keeping
the same unstable eigenvalue.
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|
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(a) mono-spike solution (b) double-spike solution

Figure 6: Profiles of spike solutions.

(b) Singularity of dipole type. For simplicity we only consider the mono-
spike solution like Figure 6(a), which is obtained by even extension of mono-
Neumann layer. As we saw in Lemma 3.3, the scaled principal eigenfunction
of L* was characterized as a convergent sequence to Dirac’s J-function when
¢|0. An interesting phenomenon for the spike solution is that a new type of
singularity appears for the second eigenfunction of L® as &]0, namely the
dipole singularity. Loosely speaking, this can be observed by differentiating the
u-component of the spike solution with respect to x, although it does not satisfy
the Neumann boundary conditions, but Dirichlet ones. See Figure 7. One
can prove that the appropriately scaled second eigenfunction of L® at the
mono-spike solution, which has nodal one, is close to Figure 7 and converges
to a constant multiple of the derivative of Dirac’s d-function at x = 1/2 (ie.,
dipole) as ¢ | 0. The detailed discussions will be reported elsewhere.

|
!
!
|
I
!
1
|

|
dipole singularity

Figure 7: Profile of the derivative of the u-component of mono-spike solution.
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(c) Instability of general Neumann layer solutions. Our approach and the
instability result seem to be valid for more general Neumann layer solutions
with internal transition layers like Figure 2(c)(d). We shall discuss more about
this in a future paper.

(d) The destination of the unstable manifold for the shadow system. When
the second diffusion coefficient D goes to infinity, we have the following limiting
system, what is called the shadow system (see [14] and [16])

ut:82uxx+f(u5£)’ er’

(4.1) &= J g(u, &) dx
I

ux=0, xef)I,

where v = £ is a constant function with respect to x. This could be regarded
to be an intermediate system between the full system (1.2) and the scalar
reaction-diffusion equation. In fact, it can be proved that (4.1) has both mono-
Neumann layer solution and mono-internal transition layer solution which are
unstable and stable, respectively (see [6]), and at the same time, (4.1) has a
Lyapounov function when g is a linear function of u and &£ Using these
properties, we can determine the destinations of the one-dimensional unstable
manifold of mono-Neumann layer solution, namely the stable internal transition
layer solution and the stable constant state U like Figure 3. More precise
discussions will appear in [18].

(e) Stability and instability of standing pulse solutions. When the interval
I becomes infinite, Ermentrout, Hastings and Troy [3] showed the existence
of two different standing pulse solutions of (1.2a) with boundary conditions
lim oo, (4, V) (x) = U by using a shooting method. Singular perturbation
method also works to obtain similar solutions, moreover the SLEP method
clarifies the stability properties of them. Namely the large pulse solution is
stable and the small pulse solution, which is an extension of mono-spike
solution to the whole line, is unstable. The proofs of these results can be
obtained by the combination of those of [15], [16], [19] and this paper. Note
that, because of translation invariance, zero is always a known critical
eigenvalue for this case. Hence the analysis of asymptotic behavior of critical
eigenvalues becomes slightly easier than the finite interval case. Finally the
instability of the small pulse solution is also obtained by Mimura and Ikede
[11] independently.

Appendix A (Construction of the mono-Neumann layer solution up to

O(¢)).

We shall prove Theorem 2.1 which is a finer version of Fujii and Hosono
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[5] showing the existence of the Neumann layer solution by using the approxi-
mate solution of O(1) with respect to &.
First, we shall construct the solutions (u., v,) of the following two problems:

{sz(u-)xx +flu_,v)=0,
D(v-)ux +glu-,v-) =0,

(1a) x € (0, ex) ,

with the boundary conditions

{(u_)x(O) =0,  u_(ex) = ho(v),
(1b)
)0 =0, v_(ex)=a,
and
{82(u+)xx + f(u-l-’ v-{-) = 0 >
(2a) x € (ex, 1),
D(U+)xx + g(u+9 v+) = 0 ]

with the boundary conditions

{(u+)x(1) =0,  uy(ex) = ho(?),
(2b)
(D=0, v,(er)=0.

Next, we obtain o and x to be the functions of ¢ such that u, and v,
satisfy

{(u_)x(sk) = (u4)x(ex)
(v-):(ex) = (v4)4(ex) ,
that is, they are classical solutions of (1.2).

A.1l. Construction of solutions on (0, zx).

Using the stretched variable ¢ = x/ex, (1) can be converted to the problem
onl=(01)as

{(u—)g + k% f(u_,v_)=0,
(3a) el
D(v_)s + e*k*g(u_,v_) =0,
with
{(u~)§(0) =0, u_(1) = ho(v),
(3b)
(v-):(0) =0, v_(l)=a.

Let k = ko + ¢k, and o = o, + &x,, Where ko (>0), k, 2, and o, will be deter-
mined later. We seek the solution of (3) in the following form:
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u_(&) = Uo-(&) + el -(S) + ep-(&)
)

v_(&) = Vo-(&) + eV;-(&) + e2V,_(&) + e%9_ (%),
where p_ and q_ are remainder terms. Substituting (4) into (3), we have
(Uo-)ez + &(Uy-)ee + &(P-)ee
+ (ko + ek, )2 f(Uo— + eU,_ + ep_, Vo_ + eVi_ + e?V,_ + e2q_) =0,

(5a) cel,
D(Vo_)ee + De(Vy-)s: + De?(Vy_)ge + De*(q-)e:

+ &2(ko + ex;)?g(Up— + €U, + ep_, Vo_ + &V,_ + &*V,_ +&%q_) =0,
with
(Up-)e0) + &(U, -)¢(0) + &(p-):(0) =0,
Uo-(1) + eU;_(1) + ep_(1) = ho(v),
(Vo-)£(0) + &(V;-)¢(0) + &*(V;-)¢(0) + ¢*(g-);(0) = O,
Vo_(1) + eV,_(1) + e*V,_(1) + e2q_(1) = a + €0ty .

(5b)

Equating like power of £°, we have V,_(&) = «,, and (5) is reduced to the scalar
problem of U,_:

tel.

(Up-)ee + k5 f(Up-, 29) =0,
(6)

(Uo-)e(0) =0,  Up-(1) = ho(v),

By using a phase plane analysis and assumption (A-3), we have the following
two lemmas.

LEMMA 1. Let ay =7v. Then, for some positive constant k¥, there exists a
unique monotone decreasing solution U,_(&) defined on R, such that U,_(&)
satisfies (6) and U,_(+o0) = u, that is, U,_(&) = a*(x§&) (see Lemma 2.2).

LEMMA 2. There is a positive constant c, such that for any oqe€
@—c,0+c¢;) and kg€ (k§ —cy, k§ + 1), there exists a unique monotone
decreasing solution U,_(¢, ag, kq) of (6).

Using Lemma 2 and equating like power of ¢ in (5), we have V,_(¢) = a,
and the following problem for U, _:

(Ui-)ee + K%{fu(Uo—a o) Ui - + f,(Us-, oco)"‘l}
(7 + 2Kk f(Up-, %) =0, Cel.
(U;-):(00=0, Uu-(1)=0,
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Since it follows from (6) that ¢_(&) = (Uy-):(&, o, ko) < 0 is a nontrivial solu-
tion of the differential operator acting on U;_, we can construct the Green
function G(&, #) by using it, namely, setting y/(¢) = ¢_(¢) [§ dn/p_(n)* and §(¢) =
é_(&) — ¢_(0)y(&)/Y'(0), we have the Green function defined by

YOI  for 0<n<¢

¢ for {<n<1.

Therefore, a solution U, _(&, 4) of (7) is given by

G = {

1

3) U - 4) = _J G(S, ’1){"(2)“1fv(U0—, o) + 2koKy f(Us-, “o)} dn,

0

where 4 = (a, a4, Ko, ;). It follows from (8) that

LEMMA 3. For any del,={4deR*aye(®—c,0+c;), Ko€ (K& —cy,
k§ +c,) and oy, k, €(—cy, c,)}, there exists a unique solution U, _(&, 4) of (7).

Equating like power of &2 in (5), we have the following problem of V,_:

{D(Vz—).:g + K(Z)Q(Uo—, %) =0,

. Eel.
(V22)(0)=0, ¥, (1)=0,

The solution V,_ is given by

k3 [t [¢
V,_(&, a9, Ko) = D g(Uy_, ap) dt d{ .
4

0o

From (5b) and lemmas 2, 3, p_ and q_ satisfy the boundary conditions
{(p_)g(O) =0, p-()=0,

(q-)0)=0, q¢-(1)=0. )
Therefore, we look for the solution (p_,q_) which belongs to X = CZ,(I) x
CZo(). Lett=(p_,q_)and Y= C°(I) x C°(I). Dividing the left hand side of
(5a) by ¢ and putting it to T(t, ¢, 4), we find that T is the operator from X to Y
and continuously differentiable of ¢ for (¢, 4). Analogously as in Lemma 9 of
[12], we have the following lemma.

LEMMA 4. There exists a positive constant &, such that the following
estimates hold for (¢, 4) € (0, &) x I;:

(1) 1T, ¢ My < Kog,

(i) IT0, & 4 Il v, < K1

(ii)) [ T(ty, & 4) — Ti(t2, & Al ox,vy < Kallty — t2]x,
where K; (i=0, 1,2) are positive constants independent of (¢, 4) and T, is the
Fréchet derivative of T with respect to t.
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Applying the generalized implicit function theorem in [4] to T =0, we
have

THEOREM 5. There exist solutions t(e, 4) = (p_(, 4), q_(¢, 4)) of T =0 for
(e, 4) € (0, &,) x I such that t(e, A) depends continuously on (g, 4) in X-topology,
and satisfies lim, q ||t(¢, 4)||x = O uniformly in (0, ¢,) x I3.

Thus, we obtain solutions of (1) of the form
u_(x, g, 4) = Uy_(x/eK, 0y, ko) + €U, _(x/ex, 4) + ep_(x/ek, &, A)
)

v_(x, & A) = ag + ey + &2V,_(x/ek, oy, ko) + £2q_(x/eK, €, A4) .

A.2. Construction of solutions on (zx, 1).
By using the transformation y = (x — ex)/(1 — ek), (2) can be written as

{ B0,y + (1 — 892wy 0,) = 0,
(10a) vel,
D(v+)yy + (1 - 8K)2g(u+’ U+) =0 s
with
{(“+)y(1) =0,  u(0)=ho(v),
(10b)
(v+)y(1) =0 ’ v+(0) =a.

We first construct outer approximations of (10) in the following form:

U (y) = o+ (¥) + uy.(y)

{v+(y) = 0o4+(y) + &v1..(y) .
Substituting this into (10), we have
(11a) {52(u0+)yy + & uyy),y + (1 — ) f(uos + €y 4, Voy + €014) =0, vel.

D(vo+)yy + De(vy4)yy + (1 — eK)?g(uos + €Uy, Vo4 + €0,4) =0,
with
oo {(uo+)y(1) +e)y(D=0, 1o, (0) + euy,(0) = ho(®)
(vo4),(1) + &(v44),(1) =0, 00+(0) + &v,,(0) = g + &4 .

Equating like power of ¢°, we have f(ugy, vo;) = 0. Letting uy, = h_(vo4)s v+
must satisfy

{D(DO+)yy + G—(UO+) =0 ’ ye€ 1 ’
(Uo+)y(1) =0, 09+(0) =
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where G_(v) = g(h_(v), v). It turns out later that when ¢ tends to zero, vy,
must satisfy the Neumann boundary condition at x =0 from the matching
condition of v. Hence in view of the above equations and the monotonicity of
G_(v), we see that the only solution, which meets the matching condition, is 7,
that is, oy = 0.

Equating like power of ¢ in (11), we have f*u,, + f*v,. = 2k, f(&, D),
that is, f,*u,, + f*v,, = 0, where f,* = f,(u,7) and f* = f (4, v). Therefore,
v, 4+ must satisfy

frax
D(v,.) +(93‘— ~ v =0,
1+)yy f,.,* 1+ yeI

(Ul+)y(1) =0, 0,+:0) =2y,

where g¥ = ¢,(#, V) and g¥ = g,(, 7). Let a* = g¥ — f*g¥/f.¥ (<0, see assump-
tion (A-5)(b)) and 6, = + ./ — a*/D. Then the solution v,,(y, ;) of (12) and
u,, are obtained by

(12)

B

v1+(y, ay) = Clea+(1—Y) + Czedf(l_y) s

(13) *
Uy, oq) = _FUH()’, @),
where C;, = a,0_J/(c_e°* —o,e’)and C, = —0,C,/o_.
Next, we construct inner approximations of (10). By using n = y(1 — &x)/
ek, (10) can be rewritten as

{(u+)rm + Kzf(u+’ U+) =0,
(14a)

D(U+)m, + e2g(uy,v,.) =0,
with

(14b) ur(0)=ho(®), v4(0)=uc.

We seek approximations of the form

(15) {u+(’7) =+ euy () + Up(n) + eUy 1 (m) ,
v, () =T+ evy () + 2Var(n) + V3. (n).
Substituting (15) into (14), we have
£3K2(u1+)yy + (1 - 8K)2[(U0+)'m + 8(U1+)7m]
+ 12(1 — ex)* f(uy, 04) =0,
(16a)
D8K2(01+)yy + DEZ(I - £K)2[(V2+)m1 + 8(V3+)ym]

+ (1 - EK)szg(u+7 U+) =0 ’
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with
{ﬁ+ ety +(0) + Uy1(0) + eUy 1 (0) = ho(D) ,
(16b)

v+ e0,,(0) + £2V,,(0) + 3V5,(0) = a..
Equating like power of ¢°, we have the equation of U, as follows:

) {(U0+),,,, + x5 + Uoy,0) =0,
i+ Up+(0) = ho(?) .
It follows from Lemma 1 that there exists a unique monotone decreasing
solution Uy, (n, ko) of (17) with the boundary condition U, (+o0) =0 for any
positive constant k.
Using this result and equating like power of ¢ in (16), we have

(18) {(UH)W + K(z)fu(‘7 + Ups,0)Uyy =F,

Ui+0) = —uy,(0),
where F = *K(Z){fu(l7 + Ups, Du4(0) + fi@ + Uy, D)014(0)) —

2Kk, f(u + Upy, D). Letting (Upy),(mn, ko) = ¢4+(n), we obtain a solution
U, .+, o1, Ko, K,) of (18) with the boundary condition U, ,(+0o0) =0 by

~ m e 4 (1) #.(n)
19) U,.(m, ay, Ko K1) = — P4 (1) JO J" ¢+(0_)2 F(t)dt do — u1+(0)m .

Next, equating like powers of ¢2 and &* in (16), we have the problem of V,,
and V;, as follows:

{D(V2+),,,, + k29 + Uy,,0) =0,
V24+(0) =0,
Dicg(v1+)y,(0) + D(V34)gy + K5{gu(@ + Up s, ) (u1+(0) + Uy4)
+ g, + Uy, 0)0,4(0)} + 2Kk, g + Uy, ) =0,
V3:(0)=0.
The solutions V,, and V;, bounded on R, are given by

Vai(n, ko) = I7'2(’7, Ko) — I72(0, Ko)

_ K(Z) +o0 (*+oo B 3
Va(n, ko) = D g+ Uy,,0)dt do,
n c



Instability of Neumann layer solutions 319
and
Vai(n, ay, Ko, k1) = V3(1, 4, Ko, k1) = V3(0, &y, Ko, K1),
_ 1 +o00 +o0
Vii(m, oy, Ko, 1) = D j J‘ {—DK(z)(UH.)"(O) — 2Kk, 9(@ + Uy, 0)
n o

— ko [gu(@ + Upy, 7)(u1(0) + Uy )
+ g,(@ + Uy, 0)v4(0)]} dt do .

We seek the solution of (10) in the following form:

u, =u+eu, + Uy, +6U; )0 + ep, + eh_(D)q.,
(20)

v, =0+ ev,, +&2(Voy +eV3,)0 + ¢q., ,
where 6(y) is a C*-cutoff function defined by

1 for ye[O0,1/4],

0(y) = {0 for ye[1/2,1].

Substituting (20) into (10) and dividing it by ¢, we have for t = (p., q.)

-

P(t’ &, %o, Ko, Kl) = {82(u1+)yy + szeyy(U0+ + 8U1+)
€
+20, (1 — &) [(Uo+)y + &(Us+), ]

0
+ F(l - EK)Z[(UO+)ym + £(U1+)ﬂ']}
+ E(ps)yy + EH_(0)G+)yy

+ (1 — e fw,, v+)} / £=0,
Q(ta & 0y, Ko, Kl) = {Dg(vl+)yy + Dezoyy(V2+ + 8V3+)
+2D6,~ (1 — 6 [(Va4), + 6(V3.),]

Do
+ ;’2‘(1 - GK)Z[(V2+)rm + 8(V3+)rm] + De(q+)yy

+ (1 — ex)*g(us, v+)}/s =0.

-
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Then, the boundary conditions of (p,, q.) are given by
{(p+)y(1) =0’ P+(0)=0,
(q+)(1) =0, 4¢,(0)=0.

Letting T(s, & n) = (P, Q), © = (xy, Ko, k) and X*® = C2,(I) x C} (I), we find
that T is the operator from X® to Y and differentiable of ¢ for (¢, 7). Analog-
ously as in Lemma 4.3 of [8] and Lemma 4.3 of [13], we have the following

lemma.

LEMMA 6. There exist positive constants c, and &, such that for any
nel, = {neR3|ko€ (k§ — c,, k& + ;) and o;, K, €(—cy,¢;)} and e€(0, ¢,),
the following estimates hold:

(i) T, & nlly < Ksé,

(i) 1T & D) log.xy < Kas

(iii) for any t,, t, € X5,

| (¢, &, ) — Ti(t2, & M)l oxe, vy < Kslity — tallxe s

where K; (i = 3, 4, 5) are positive constants independent of (e, 7).
Applying the generalized implicit function theorem to T = 0, we have

THEOREM 7. There exist solutions t(g, ) = (p4 (g, ), g, (e, @) of T =0 for
(&, ) € (0, &,) x I, such that t(e, m) depends continuously on (g, m) in X°*-topology,
and satisfies lim, ¢ ||t(g, 7)| x. = O uniformly in (0, &,) x I5.

Thus, we obtain solutions of (10) of the form

(U (x, & m) =i + euy  ((x — ex)/(1 — eK), ay)

+ O[Uy,(x/ex — 1, ko) + €U, (x/ex — 1, )]
+ ep((x — ex)/(1 — ¢x), &, )

21 3 + eh_(0)q.((x — ex)/(1 — ex), &, 7)

vi(x, 61 =0+ evy ((x — ex)/(1 — ek), o)

+ 20[V,.(x/ex — 1, 1) + Vs, (x/ex — 1, m)]

\ + 6q.((x — ex)/(1 — ex), &, 7).
A.3. Construction of solutions on /.
We seek solutions on the whole interval I. Putting «q =7 and k, = &,
we see from (9) and (21) that u, and v, constructed in the above subsections
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satisfy the C'-matching conditions up to O(1) as £}0. Taking «, and k,
appropriately, we match the derivatives up to O(g) as follows:

-

d _
D, ay,K,) = [au_(x, & U, 00y, K, Ky)
d u, (x, ¢ 0, KE, Ky =0
J dx + s Gy 1> 0> 1 e - )
(22
1| d _ *
Y, ay,k)= A Ev_(x, & 7,0, KS, Ky)
d *
i _EU+(X, &, (Xl, Ko, Kl) . =0,

where u, and v, are given in (9) and (21). By Theorems 5 and 7, it holds that
@ and ¥ are uniformly continuous in (¢, «,, k,), that is, they are extended
continuously to ¢ = 0. Setting ¢ = 0 in (22) and using (8), (13), (19), we have

d
D0, 0, k) = l:df U -(1,7 0y, k3, k1) — dC U1+(0 oy, K3, ’Cx):|

d xg +o0 _
Y0, oy, k1) = _;l;uu(oa “1)_3 g(Uy-, v) d¢
)

ea+ _ ea- K* +o00
=a,0_0, (6—)——°J g(Up-, ) d¢ .
+

e’- —o_e’* D J,

* +o0
Putting af = %f g(Uy_,0) déj(0,e° — o_e°*)[o_o, (e’ —e°~), we have
0

(0, af, k) = 0 and (9/0ct;) P(0, &y, K1)ja,=ar # 0. Next, we seek k; such that
®(0, a¥, k) = 0. From (8) and (19), it follows that

D0, af, xy) = s (1){ [f Yo (Uo-, v) d&
+ L ; ¢, (Uo+, 0) dﬂ] + 2%, L ¢ — 9/ (U,-, ) df}-

We find that &(0, af,x¥) = 0, where k¥ = —a’{‘xg[j(l,x//(i)f,,(Uo_,ﬁ) aé +
T d(n)f,(uo—> 7) d11]/2j(‘,(|// — @)f(Uy_,v)dE. Applying the implicit function
theorem to @ = ¥ =0, we can show that there is a positive constant &, such
that for any ¢e€(0,¢,), there exist two functions a;(¢) and «k,(¢) satisfying
D(e, a1 (e), x1(e)) = P, a4 (e), k1 (e)) = 0, limyoy(e) = af and lim, o k,(e) = 7.
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Therefore, U®(x) = (u(x, ¢), v(x, ¢)) defined by

) _ { u—(x, &, 55 al(s), Kga Kl(s)) fOl' X € (0’ 8K(8)) ’
WO =\ Uk, 6,800(0) kE () for x e (ex(e), 1),

and
_ { v_(x, &, U, o (e), k¥, K, (€)) for xe(0, ex(e)),
) o6 B @ k@) for xe (k@) 1),

becomes an e-family of solutions to (1.2). This completes the proof of Theorem
2.1.

Appendix B (Asymptotic behavior of the principal eigenvalue and its

eigenfunction).
We shall prove the remaining part of Lemma 2.3 by constructing the

principal eigenvalue { and its eigenfunction w such that

2
(23a) azd—2w+(f,f—é’)w=0, xel,
dx
with
(23b) w,(0) =0, w()=0, wiek(e)) =1,

where k(g) = k¢ + x4 (¢).
In order to solve (23), we shall construct the solutions w, of the following
problems for any { belonging to some real interval:

(24a) & dd—zw_ +(ff—=0w_ =0, x € (0, ex(g))
with

(24b) w-)(0)=0, w_(k(e)) =1,

and

d2

(25a) d Wy +(F—0Owy =0,  xel(ex(e), 1)
with

(25b) W )(1) =0,  wy(ek(e))=1.

Next, we determine { to be a function of & such that w, satisfy

(w-)x(ex(e)) = (W, )x(ex(e)) -
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B.1. Construction of solutions on (0, ¢x(¢)).
By using the transformation & = x/ek(g), (24) can be written as

{(W-)gg + rc(s)z(f,f —Ow_=0, ¢el,
w-)(0)=0, w(1)=1.

(26)

We seek the solution of (26) in the following form:
{W-(ﬁ) = Wo-() + eW_(§) +er_(£),
{=Co+ebo,

where r_ is a remainder term. Substituting (27) into (26), we have

27

(Woo)ee + 8(W;2)ge + &(r-)e
+ k@[S — Qo + elo)](Wo— + eW,_ +er)=0,  Eel,

(Wo-)0) + &(W;)(0) + &(r—)¢(0) =0,

Wo (D) +eW,_()+er_(1)=1.

(28)

Equating like power of ¢, we have the following problem of W,_ and (,:

{(Wo—)g + (kL0 = LWo- =0, e,
(W-)0)=0, Wo_()=1.

(29)

LEMMA 8. There exists a unique positive constant (¥ with which (29) has a
unique bounded solution Wy(&) on R,

PrOOF. (29) is the linearized eigenvalue problem of the following problem:

{(Uo)gg‘*'f(Uo,ﬁ):O, teR,,
(Uo)(0) =0,  Up(+0) =1,

where the solution Uy(¢) is given in Lemma 1. Therefore, (29) has a real
positive eigenvalue and the corresponding eigenfunction has a definite sign (for

example, see [7]). Without loss of generality, we can assume that W,(¢) >0
for £ e R, Wy_(&) = Wy(E)/Wy(1) is a solution of (29) with {, = (&.

ReEMARK 1. Since we showed in the proof of Lemma 2.3 that (23a) has a
unique positive eigenvalue, the eigenpair of (27) corresponding to (¥ must be
the principal one.

Equating like power of ¢ in (28), we have the following problem of {, and
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Wi_:

Wy e + (L0 — LW, = F_ + Lok Wo_, &€,
(30)

(W )0)=0, W, _(1)=0
where F_ = —[(k3)* /Uy~ + (k§)*fiot + 281 (10 — (8T Wo-.

LEMMA 9. For any fo € R, (30) has a solution W, _(&, fo).

PROOF. Set ¢(&) = Wo_(&) [{dn/W,_(n)>. (30) has the Green function
_ G(&, n) defined by

PEWo-(n) for 0<n<¢
Wo-(&)p(m) for {<n<1.

Therefore, a solution W, _(&, fo) of (30) is given by

GG n) = {

B W& )= fo G(& n)F_(n) dn + Co(xcd)? L G(& mW,_(n) dn .

From (28) and Lemmas 8, 9, it follows that r_ satisfies the boundary
conditions (r-):(0) = 0, »_(1) = 0. Dividing the left hand side of the equation in
(28) by ¢ and putting it to T(r_, ¢, {,), we find that T is the operator from
C? o(I) to C°(I) and continuously differentiable of r_ for &. Then, we have the
following lemma for T.

LEMMA 10. For any bounded interval B in R, there exists a positive constant
€5 such that the following estimates hold for (¢, {,) € (0, €5) x B:

(i) 17O, & Lo)llcoy < Kee,

(il) 1T(0, & (o)™ ||.7(c0(1),cf‘0(1)) <K,

(i) T (ry, & fo) = To(ry, ¢ fo)||.<f(c}_ou),c°(1)) < Kglry — 1, ||c§‘0(1),
where K; (i = 6, 7, 8) are positive constants independent of (e, fo).

Proor. Since (i) and (iii) are obvious, we only consider (ii). Noting that
T(0, ¢ Co) = d?/dE* + (k&)*(f° — (%) + O(e) as €10 and using the Green func-
tion in Lemma 9, we can prove (ii).

Applying the generalized implicit function theorem to T = 0, we have

THEOREM 11. There exist solutions r_(g, Co) of T =0 for (e, CO) €(0,e3) x B
such that r_(e, £,) depends contmuously on (g, £,) with respect to the topology of
C? o(I), and satisfies lim, ¢ [|[r_(e, Co)"C%,om = 0 uniformly in (e, Co) € (0, ¢3) x B.
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Thus, we obtain solutions of (24) of the form
52 { w_(ai, & o) = WoA.<x/ex(a)) + eW, _(x/ex(e), o) + er_(x/exc(e), & {o) »
(e Co) = L& + el .
B.2. Construction of solutions on (zx(¢), 1).

By using the transformation y = (x — ex(g))/(1 — &x(€)), (25) can be written

as
2

d
& 1w + (L= ex@P(f — (8 +elo)w, =0, yel,
(33) y
w)y(D=0, w,©0=1.
We first construct outer approximations of (33) in the following form:

(34) wi () = wor(y) + ewi4(y).
Substituting (34) into (33), we have

2 A
o+ ewr) + (1 — e @) — (8 + o) (o + wes)
Y =0, yel,
B39 o)1) + (ewya), (1) = 0,
Wo+(0) + wi,(0)=1.

Equating like power of ¢°, we have (f° — {¥)wy, = 0. Because f,° — (¥ # 0 for
y € (0, 1], it holds that wy,, = 0. Using this result and equating like power of ¢
in (35), we have (f,° — (¥)w,, = 0, that is, w,, = 0.

Next, we consider inner approximations of the form

(36) wa (1) = Wo.(n) + eWy.(n)
by using 7 = x/(ex(¢)) — 1. Substituting (36) into (33), we have
- {(Wo+ + eWy gy + K@ (i — (& + elo) (Wor +eW4) =0,
W+ (0) + W, (0)=1.
Equating like power of £°, we have the equation of W, as follows:
{(WM)W + (k8 () — (§)Wor =0,
Wy (0)=1.

(38

Then, it follows from Lemma 8 that the bounded solution of (38) is given by
Wo+(n) = Wo(n + 1)/Wo(1).
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Using this result and equating like power of ¢ in (37), we have
{(WH),," + (3 (L0 = YWy — Lo(3)* W + F, =0,
W1.+(0) =0

(39)

where F, =2xk8Kt(f, — (5)Wos + k8’ [/iw14+(0, 0) + Uy40) + fi201.4(0, 00 TWo,.
By using W, a bounded solution W, (1, {,) of (39) is given by the form

“0)  Wou(nbo) = Wou(n) f f °*(?2(F+(r) (32 Wo. (1)) di do .

We seek the solution of (33) in the following form:
(41) wy = (Woy + eW;,)0 +er,

where r, is a remainder term and 6 is the cutoff function. Substituting (41)
into (33) and dividing it by ¢, we have

T(r+, &, 60) = {[(W0+)m] + S(VVl+)m,]0 + 820‘\r‘v(I/V()+ + 8W1+)
+ 260,[(Wp), + e(Wy),] + 3(ry),, + (1 — ex(e))?
x [fE = (& + elo))([Wor +eW;.10 + er,)}/e =0

The boundary conditions of r, are given by (r,),(1) =0 and r,.(0) = 0. There-
fore, we find that the operator T from C?(I) to C°(I) is continuously differenti-
able of r, for (¢, (). Then we have the following lemma for T.

LEMMA 12. There exists a positive constant &, such that for (e, fo) €
0, &,) x B, the followmg estimates hold:

(i) 1ITQO,e¢, Co)”cﬂu) < Ko,

(i1) [ T(0, ¢ Co)_ I 2ccowy. c2,an < Kio»

(i) | Tp(ry, & Co) Ti(ry, &, fo)“_z’(cz (m.coay < Kyqllry — rzucl (D>
where K; (i =9, 10, 11) are positive constants independent of (e, Co)

Proor. Since (i) and (iii) are obvious, we only consider (ii). Note that
T0, ¢, £o) = e2d?/dy* + f° — (¥ + O(¢) as £ 0. Analogously as in Lemma 3.2
in [4], we can prove (ii).

Applying the generalized implicit function theorem to T = 0, we have

THEOREM 13. There exist solutions r. (¢, {,) of T =0 for (¢,,) €(0,&,) X B
with respect to the topology of CZ(I), and it holds that lim,, r. (e 60)”021(1) =0
uniformly in (0, ¢,) X B.
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Thus, we obtain solutions of (25) of the form
@) wilx 8 o) = [Wou((x — ex(e))/ex(e))
+ Wy ((x — exc(e))/ex(e), £o)10((x — ex(@)/(1 — ex(e))
+ er((x — ex (@)1 — ex(e)), &, o)

B.3. Construction of solutions on /.

We seek solutions of (23) on I. From (32) and (42), it follows that w,
satisfy the C'-matching condition up to O(1) as £ 0. So, we consider that up
to O(e) as follows:

d
(43) o, {o) = K(S)[d w_(x, 8 {o) — I 8 fo)]

x=gK(€)

By Theorems 11 and 13, it holds that @ is uniformly continuous in ¢ and fo,
that is, it is extended continuously to ¢ =0. Setting ¢ =0 in (43) and using
(31), (32), (40) and (42), we have

@0, {,) = (W,2)el1, &) — (W1.4),00, o)

R 1 2 :{: +o0
+ co(x:,f)ZJ (Wo)2(&) dé —i*f [(Wp), ()1 dn
0 Ko Jo
—(xz)ZU [F3U; - + fOaX1(Wo)*(&) d&
0

+j " L7001 (0) + Uy_) + 7ot ] (We)2(n) dn}

1

Putting

(“44) (3= [2'61 f i (Woly(m))* dn + (K8‘)3{f [faUi- + f2eX1(Wo)*(§) dE
0 (o

+J w[fu‘:(ul(o)+ Uy-) + £5vi1(Wo)* () dn}] / (k3 L (Wo(8))? d¢,
1
we have @(0,{%) =0. Noting that (3/0l,)®(0, {¥) = (k&) [T (W,)*(&) dé >0

and applying the implicit function theorem to (e, Co) 0 we obtain that there
is a positive constant &5 such that for any ¢ e (0, ¢5), there exists a function
Co(e) satisfying ®(e, {o(¢) = 0 and lim, o {o(e) = £&.  Therefore, (w(x,e), {o(e))
defined by

) wox fo(e)) for x € (0, ex(e))
wix, &) = wi(x, & Coe))  for x e (ex(e), 1)
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and
L) = (& + eli(e),

becomes an e-family of solutions to (23) with { ={(¢). This completes the
proof of Lemma 2.3.
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