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Abstract. Some oscillation criteria are given for second order nonlinear differential
equation

[P 1) + c®)Pu@) =0,

where c(t) is a continuous function on [0, ) and &:R—->R is defined by
®(x) = |x|P~2x with p>1 a fixed real number. If p =2, then these results improve
earlier oscillation criteria of Wintner, Hartman, Kamenev and Philos.

1. Introduction

In the paper, we are concerned with the differential equation
(E) [P (@) + c@®)Pu(®) =0, t>t,,

where c(t) is a continuous function on [t,, ©0) and ®(s) is a real-valued
function defined by @(s) = |s|P~2s with p > 1 a fixed real number. If p =2,
then equation (E) reduces to the linear differential equation

(Ey) w'(t) + c(t)u() = 0.

By a solution of (E) we mean a function ueC![ty, c0) such that
®(u')eC[t,, o) and that satisfies (E). In [5], Pino established the existence,
uniqueness and extension to [t,, c0) of solutions to the initial value problem
for (E). We will say that a nontrivial solution u of (E) is oscillatory if it has
arbitrary large zeros, and otherwise it is nonoscillatory. Equation (E) is
oscillatory if all its solutions are oscillatory.

Wintner [6] showed that equation (E,) is oscillatory if

t s
lim 1f f c(&)déds = oo.
t— oo t to to

Hartman [2] prove that the limit cannot be replaced by the upper limit
in the above assumption and that the condition
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t S t S
—0 < lim()ionf%f f c(é)déds < lim sup %J J c(é)déds < o
to JYito to v to

t— oo

suffices for the oscillation of equation (E,).
Kamenev [3] improved Wintner’s result and proved that the condition

t
lim sup t'lj (t—s)*c(s)ds= o0  for some A>1,
Ul T
is sufficient for the oscillation of (E;). Kamenev’s criterion has been extended
in various directions by Philos [4], Yan [7] and Yeh [8, 9].

In this note, we give an extension of Kamenev’s criterion to equation (E)
by using a well-known inequality as stated in Lemma 1 below. We also
extend and improve the result of Philos [4].

2. Main results

In this section, we will establish some oscillation criteria for equation (E)

which generalize Philos’ criteria [4].
In order to discuss our main results, we need the following well-known
inequality which is due to Hardy, Littlewood and Polya [1, Theorem 41].

LemMMA 1. If X and Y are nonnegative, then
X'+ (p—1)Y"—9XY"" 1 >0, y>1,
where equality holds if and only if X =Y.

THEOREM 2. Let Do={(t,s):t>s>ty} and D= {(t, s):t>s>to}.
Assume that He C(D; R) satisfies the following conditions:
(i) H(@t,t)=0 fort=>t,, H(t,s)>0 fort>s>t,,
(i) H has a continuous and nonpositive partial derivative on D, with respect
to the second variable.
Suppose that h: Dy > R is a continuous function such that

— %ﬂ (t, s) = h(t, s)[H(t, 5)]*'*  for all (t, s)eD,
s

and

t
f h?(t, s)ds < oo Sfor all t>t,,
t

V]

where (1/p)+ (1/q9)=1. If
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©) imsup o [ {6 960~ (e 9 s = e,

then equation (E) is oscillatory.

Proor. Let u(t) be a nonoscillatory solution of (E). Without loss of
generality, we may assume that u(t) > 0 on [T, o), for some T, > t,. Define
D' ()

D(u())

(Ey) v(t) = for all ¢t > T,.

It follows from (E) that
V()= —(— Do) — c(t) for all ¢t > T,.

Since

t
j hP(t, s)ds < o for all t>t,,
t

0

then for all t > T> T,,

ft H(t, s)c(s)ds
T

= H(t, T)o(T) — (fgmgywm—@—nfﬂmgmmus

= H(t, T)u(T) - t {h(t, S [H(, 91 0(s) + (p — DH(t, 5)|v(s)I?} ds

=H(, T)u(T) - {h(t, )LH(t, $)1'70(s) + (p — DH(E, 5)|v(s)|?

JT
+ (l h(t, s))p} ds + jt (l h(t, s))lJ ds.
p T \P

Hence, for all t > T> T, we have

1) J‘t {H(t, s)c(s) — (% h(t, s))p}ds

=Hmnmn—f

T

{h(t, s)[H(t, 5)1""%0(s) + (p — DH(t, 5)|v(s)|*

+ (l h(t, s))p}ds
p
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Since g > 1, then, by Lemma 1,
1 p
h(t, s)[H(, 5)1'%0(s) + (p — DH(Z, 5)|v(s)|* + (— h(t, S)> >0
14

for all t>s>T,.

This implies that for every t > T,

f' {H(t, s)c(s) — (l h(t, s))p} ds
To p

< H(t, To)o(To) < H(t, To) [o(To)l < H(E, o) [0(To)l-

Therefore,

Jl {H(t, s)c(s) — (l h(t, s))p} ds

to 14
To 1 14 t 1 14

= f {H(t, s)c(s) — <— h(t, s)) }ds + J {H(t, s)c(s) — <— h(t, s)) }ds
to p To p

To
< H(t, to)J le(s)lds + H(z, to) |v(To)|

To
_HG, to){ f le(s)1ds + Iv(To)l}

0

for all t > T,. This gives

lim sup H(tl . t {H(t, s)c(s) — (% h(t, s))p}ds < Jvo le(s)| ds + |v(Tp)l,
t= s o) Jto to

which contradicts (C;). This completes the proof of the theorem.

THEOREM 3. Let H and h be as in Theorem 2, and let

(C,) 0 < inf {lim infM} <
s2to t— o H(t, tO)
and
t
(Cs) lim sup h?(t, s)ds < oo.

t— o H(t, to) to

Suppose there exists a function AeC[t,, o) such that

(Cy) r A% (s)ds = ©

0
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and

(Cy) lim sup H(tl ) '[t {H(t, s)c(s) — (% h(t, s))p} ds > A(T)
t— o s T

for every T >t,,
where A, (s) = max {A(s), 0}, s >t,. Then equation (E) is oscillatory.

Proor. Let u(t) be a nonoscillatory solution of (E). Without loss of
generality, we may assume that u(t) >0 on [T, ). Define v(t) as in (E,)
for t > T,. As in the proof of Theorem 2, (1) holds. Then

) H(t{ ) J; {H (t, s)c(s) — <% h(t, s))p} ds

= _ 1 t 1/q — q
=u(T) G, T)L {h(t, S)[H(2, 5)1%v(s) + (p — DH(, s)|v(s)]

+ (1 h(t, s))p} ds
p

for t > T> T,. Consequently,

lim sup H(tl o f‘ {H (t, s)c(s) — <% h(t, s))p} ds
t— o , T

H(tl, T) ﬁ {h(t, ) [H(t, $)1"/0(s) + (p — DH(, 5)|v(s)I*

+ (l h(t, s))p} ds
p

f‘ {h(t, s)[H(t, 5)]'/%0(s) + (p — DH(, 5)|v(s)/?

T

1 p
+ (—h(t, s)) }ds
p
for all T> T,. This shows that

3 v(T) > A(T)

and

=v(T) — limi)nf

for all T> T,. Thus, by (Cs),

o(T) = A(T) + lim lan(t’ 5

lim inf
> H(, T)

J’ {h(t, )LH(t, 9)1'9u(s) + (p — DH(, 5)[v(s)|*

T
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+ <l h(t, s))p} ds < ©
p

R [ q
f@)= HE Ty) )r, H(t, s)|v(s)|*ds

for all T>T,. Let

and

t

HG Ty ), h(t, s)[H(t, 5)]/9v(s)ds

g(t) =
for all ¢t > T,. Then

@ Tminf[f()+9()]

= limjoan(t, T ;0 {(p — VH(, s)|v(s)| + h(t, s)[H(t, 5)1*/9v(s)} ds

< lim inf
t=o H(t, Tp) J 1,

{(P — DH(, s)[v(s)|* + h(t, s) (H(t, 5)1'70(s)

+ <1 h(t, s))p} ds
14

< 0.

Now, we claim that

B) f |v(s)|4ds < o0.
To
Suppose to the contrary that
6) f |v(s)[?ds = oo.
To
By (C,), there is a positive constant ¢ satisfying
t
inf {limian( ’ s)} >¢>0.
s2to t— o0 t’ tO

Let u be any arbitrary positive number. Then it follows from (6) that there
exists a T, > T, such that

t
f |v(s)|"d32§ for all ¢ > T,.

To
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Therefore,

I 1 ’ q
/0= H(t, To) Jr, He S)d<fro el dr)

B 1 * q _ 6_H
T HG To) ), (J ! d’)( 5 s)> &
p—1 [* s . 0H
S
ZMJ‘I <_6_H(t’ s))ds
éH(t, To) T, Js
ﬂH(t’ Tl)

=0 Dok 1)

for all t > T,. By (7), there is a T, > T, such that

H(, T,
( 1)26 for all t>T,,
H(t’ tO)

which implies
f®O=@-u for all t > T,.
Since p is arbitrary, then

@®) lim f(t) = co.

t—
Next, let us consider a sequence {t,};%, in (o, o) with lim,, , t, = oo satisfying
lim [f(z,) + g(2,)] = lim inf [ £ (2) + g()].
It follows from (4) that there exists a constant M such that
(9) f(tn)+g(tn)SM for n=1, 2, 35"'-
Furthermore, (8) guarantees that
(10) lim f(t,) = oo
and hence (9) gives

(11) Jlim ¢(z,) = — oo.

Then, by (9) and (10),
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1
1+ 9(t) < M < —  for n large enough.
fe) f@) 2
Thus,
1
M < - = for n large enough.
f(t) 2

This and (11) imply that

q

nre f(t)
On the other hand, by the Holder inequality, we have

(11

lg(t)|* = m :} h(t,, s)[H(t,, s) [H(t,, $)]"*v(s)ds ’
1 1 [ =i p_q [o \
= p—1 {H(tm To) ), Wl S)ds} {H(tm To) Jr, Hitw ot dS}

< M {é " ke (t,, s)ds}q_l
p—1{HE, To) ),

for any positive integer n. Consequently,

q th q-1
lg ()l < 1 { 1 he(t,, s)ds} for n large enough.
f(tn) pP— 1 H(tm TO) to

But, (7) guarantees that

and hence there exists a T3 > T, such that

H(, To) > ¢ for every t > T;.
H(ts tO)
Thus,
M >¢ for n large enough
H(tm tO)
and therefore
q tn q-1
l9(t.)] < 1 { : h(t,, s)ds} for n large enough.
f(tn) p— 1 éH(tn’ tO) to
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It follows from (12) that

tn
(13) lim Ko (t,, s)ds = co.
n= o H(tm to) to

This gives

t

lim sup h?(t, s)ds = o0,

t> o H(t, to) to

which contradicts (C;). Then (5) holds. Hence, by (3),

fw A% (s)ds < fw |v(s)|?ds < oo,

To To

which contradicts (C,). This completes the proof of the theorem.

THEOREM 4. Let H and h be as in Theorem 2 and suppose that

t
(Ce) llm gonf Hi 1) )., H(t, s)c(s)ds < o0

and (C,) hold. If there exists a continuous function A on [t,, o) such that
(C,) and

(C,) lim i)“fH(tl, n f T {H(t, s)e(s) — (; h(t, s)),,} ds > A(T)

hold for every T > t,, then equation (E) is oscillatory.

Proor. Without loss of generality, we may assume that (E) has a solution
u(t) such that u(¢) >0 on [T,, o) for some T, >t,. Define v(t) as in (E,)
for t > T,. As in the proof of Theorem 3, we see that (2) holds. Then

ligr_{ oionf H(tl, ) ﬁ {H (t, s)c(s) — (i h(t, s))p} ds

1
H(t T)

f ' {h(t, ILH(E 91790 + (¢ — DHE, 5)[o()]"
T

+ (1 h(t, s))p}ds
p

for all T> T,. It follows from (C,) that

=u(T) — lirtrl'sup

1
v(T) = A(T) + lim sup

t 1/q _ q
o H(t, T)L{h(t,S)[H(t,s)] v(s) + (p — DH(, 9)|v(s)]
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1 p
+ <— h(z, s)) }ds
p

Jt {h(t, S)LH(t, )1 v(s) + (p — DH(, 5)|v(s))

+ <1 h(t, s))p} ds <
p

for all T> T,. Hence, (3) holds and

lim sup 1
t-o H(t, T)

for all T> T,. This implies that

(14) ﬁr,’l sup [f(2) +9(1)]

= limsup - {(p — DH(, 90 + h(t, ) [H(, 5)10(s)} ds

t

{(P — 1H(, 5)|o(s)l + h(t, s) [H(2, )10 (s)
()]
+{ —h(, s)) pds
p

where f(t) and g(t) are defined as in the proof of Theorem 3. By (C,),

< lim sup
t»w H(t, Ty) J 1,

< o0,

Aty) < lim:'oan(tl, = ; {H(t, s)c(s) — <% h(t, s))”} ds

t 1 P t
< lim inf H(t, s)c(s)ds — (—) lim inf h?(t, s)ds.
= H(t, to) Jop p = H(t, to) Jio

This and (C¢) imply that

lim inf
t=o  H(t, to)

t
f hP(t, s)ds < oo.
t

0

Then there exists a sequence {t,};2, in (o, c0) with lim,_, ¢, = co satisfying

. 1 th . . t

(15) lim h?(t,, s)ds = lim inf ! J hP(t, s)ds < oo.
n= o H(tn’ tO) to 1= H(t’ tO) to

Now, suppose that (6) holds. Using the procedure of the proof of

Theorem 3, we conclude that (8) is satisfied. It follows from (14) that there

exists a constant M such that (9) is fulfilled. Then, as in the proof of Theorem
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3, we see that (13) holds, which contradicts (15). This contradiction proves
that (6) fails. The remainder of the proof proceeds as in the proof of Theorem
3, we omit the detail.

Now, define
Ht,s)=@t—s)t, t>s>t,,

where A>p—1 is a constant. Then H(t, s) is continuous on D = {(t, s):
t>s>t,} and satisfies

H(t,t)=0 for t>t,, H(t,s)>0 for t>s>t,.

Moreover, H has a continuous and nonpositive partial derivative on
Do ={(t,s): t >s>1t,} with respect to the second variable. Furthermore,
the function

h(t,s) = At —s)A?~ D t>5>t,,

is continuous and satisfies
0H )
~ (¢, s) = h(t, s)[H(t, 5)]'/* for all (t, s)eD,.
S

We have that (C,) and (C;) hold, since for every s > ¢,

fim 2GS _ g €9
2o H(t, tg) 1 (8 — to)

and

t _1 t
lim ¢=* | (¢t — s)*~7ds = lim ‘_1<—(t - s)“”+1>
t— o0 t— o A’ _ p + 1

to to

. t*
=lim ———(t —t,)* " ?P*1 =0.
2o —p+1
Thus, Theorem 3 leads to the following corollary.

COROLLARY 5. Let A>p — 1 be a constant. Suppose that there exists a
Sfunction AeC[t,, ) such that (C,) holds and

(Cs) lim sup t"j (t —s)c(s)ds > A(T)  for all T>t,.
T

t— o0
Then equation (E) is oscillatory.

ReMArRk 1. Let A>p—1 is a constant and suppose that
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t—= o

t
lim sup t"J (t — s)*c(s)ds = co.
to
Then we can easily verify that
t
lim sup t“f (t—s)c(s)ds= o0  for every T>t,.
t— oo T

Hence, we choose A(T)=1 on [ty, ). Then (C,) and (Cs) hold. Thus,
Kamenev’s criterion [3] is contained in Corollary 5 with p =2. Moreover,
we note that Corollary 5 improves the oscillation result of Yan [7].

REMARK 2. We can apply Theorems 2, 3 and 4 by taking
t 1 A
H(t,s)=< w—dx), t>s2>tg,
s ¥(x)

where 4 > p — 1 is a constant and ¥(x) is a positive continuous function on
[to, o) such that

© 1
——dx = o0.

w0 Y(x)

For example, if y(x) = x for x > t, > 0, then
£ \A
H(t, s)=<log—) , t=>s2>tg.
s

We see that H is a continuous function satisfying
H(t,t)=0 for t>t,, H(t,s)>0 fort>s>t,

and H has a continuous and nonpositive partial derivative on D, with respect
to the second variable. Moreover, the function

A t (A/p)—1
h(t, s)=—<log—> R t>s>tg,
s s
is a continuous function with
0H
~ o (t, s)=h(t, s)[H(t s)]Y7  for t>s>t,.
s

Hence, by applying Theorems 2, 3 and 4 in the special case considered, we
derive three new oscillation criteria for equation (E).
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