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Abstract. Some oscillation criteria are given for second order nonlinear differential

equation

[Φ(w'(ί))]' + c(t)Φ(u(t)) = 0,

where c(t) is a continuous function on [0, oo) and Φ : I R - » I R is defined by

Φ(x) — |x|p~2x with p > 1 a fixed real number. If p = 2, then these results improve

earlier oscillation criteria of Wintner, Hartman, Kamenev and Philos.

1. Introduction

In the paper, we are concerned with the differential equation

(E) [*("'W)]' + c(t)Φ(u(t)) = 0, ί > ί0,

where c(i) is a continuous function on [ί0, oo) and Φ(s) is a real-valued
function defined by Φ(s) = \s\p~2s with p > 1 a fixed real number. If p = 2,
then equation (E) reduces to the linear differential equation

(EJ u"(t) + c(t)u(t) = 0.

By a solution of (E) we mean a function weC1^, oo) such that
Φ(u')εC1[to, oo) and that satisfies (E). In [5], Pino established the existence,
uniqueness and extension to [ί0, oo) of solutions to the initial value problem
for (E). We will say that a nontrivial solution u of (E) is oscillatory if it has
arbitrary large zeros, and otherwise it is nonoscillatory. Equation (E) is
oscillatory if all its solutions are oscillatory.

Wintner [6] showed that equation (Et) is oscillatory if

t o i f fί-*oo t I1 Jto Jto

c(ξ)dξds = oo.

Hartman [2] prove that the limit cannot be replaced by the upper limit
in the above assumption and that the condition
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1 f' f5 1 f' f5

— oo < lim inf — c(ξ)dξds < lim sup — c(ξ)dξds < oo
'-*" f J r o Λ o '->« tJtoJto

suffices for the oscillation of equation (EJ.
Kamenev [3] improved Wintner's result and proved that the condition

lim sup t~λ (t - s)λc(s)ds = oo for some λ > 1,
ί-»oo JΓ

is sufficient for the oscillation of (EJ. Kamenev's criterion has been extended
in various directions by Philos [4], Yan [7] and Yeh [8, 9].

In this note, we give an extension of Kamenev's criterion to equation (E)
by using a well-known inequality as stated in Lemma 1 below. We also
extend and improve the result of Philos [4].

2. Main results

In this section, we will establish some oscillation criteria for equation (E)
which generalize Philos' criteria [4].

In order to discuss our main results, we need the following well-known
inequality which is due to Hardy, Littlewood and Polya [1, Theorem 41].

LEMMA 1. If X and Y are nonnegative, then

Xy + (y- l)Yy - yXYy~l > 0, y > 1,

where equality holds if and only if X = Y.

THEOREM 2. Let D0 = {(ί, s): ί > s > ί0} and D = {(ί, s): t > s > ί0}.
Assume that HeC(D; IR) satisfies the following conditions:

(i) H(t, ί) = 0 fort>t09 H(t,s)>0 fort>s>t0',
(ii) H has a continuous and nonpositίve partial derivative on DQ with respect

to the second variable.
Suppose that h: D0 —>• IR is a continuous function such that

(t, s) = h(t, s)[H(t, s)]1/* for all (t, s)eD0

and

h"(t, s)ds < oo for all t > t0,

where (ί/p) + (l/q) = 1. //
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(CO Km sup j^~- P JH(t, s)c(s) -(- h(t, s)Y J ds = oo,

then equation (E) w oscillatory.

PROOF. Let u(t) be a nonoscillatory solution of (E). Without loss of
generality, we may assume that u(t) > 0 on [T0, oo), for some T0 > ί0. Define

(E2)
 V^ = ^Ύ^ fora11 ^ToΦ(u(t))

It follows from (E) that

t/(0 = - (p - 1) |ι?(ί)l* - c(ί) for all ί > T0.

Since

Γ'
hp(t, s)ds < oo for all t > ί0,

Jίo

then for all t > T> T0,

PI Hit sVίsWs!I Li ^l/, &J l> V /

Jr

ί
ί / a ir \ /»ί

- — (ί, s)]Ό(s)ds - (p - 1) H(ί, s)|φ)|«ds
r \ ds J JΓ

- Γ {*(ί,
JT

Γ' ί- ]*(«,.
Jr L

Γf-Λ(t , .
J τ \ P

= H(t, Γ)β(T) - {h(t, s)[H(t, s)]1/9t;(s) + (p -
r

s)\_H(t, sW v® + (p- l)H(t, s)\v(s)\

\
-Λ(t,s) ds+ -h(t,s) ds.
P

Hence, for all t > T> Γ0, we have

Γ' ί / I \")
(1) \H(t,s)c(s)-(-h(t,s)\ \ds

Jr ί V P / J

- f JΛ(t,
JT I

= H(t, Γ)r(T) - Λ(t, s)[H(ί, sJJ^ vίs) + (p -
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Since q > 1, then, by Lemma 1,

A(ί, s)[H(ί, s)^v(s) + (p- ί)H(t, s)|β(s)|« + (-h(t, s)Y > 0
\P /

for all ί > s > T0.

This implies that for every t > T0,

r< ( (\ vι
\H(t,s)c(s)-(-h(t,s)) \ds

Jτ0l \ P J )

<: H(t, Γ0MT0) z H(t, T0)\v(T0)\ < H(t, t0)\v(T0)\.

Therefore,

H(t,s)c(s)--h(t,s) ds
P ί

]jto(
Γ° ί / i \"1 Γ ί /i VI

^ H(t, s)c(s) - - h(t, s) \\ ds + \ H (t, 5)c(s) - - h(t, s)\ }
Jro (. \ P / J Jτo I \P / J

ΛΓo

, «o) I
Jίo

<H(t,

-«(,,,.){£'
for all ί > T0. This gives

i f f / i \p) Γ°
lim sup— \H(t, s)c(s) - -h(t, s)} \ds <\ \c(s)\ds + \v(T0)\,

r-oo H(t,t0)J,0 ( \ p / J J fo

which contradicts (Cj). This completes the proof of the theorem.

THEOREM 3. Let H and h be as in Theorem 2, and let

(C2) 0 < inf 4 lim inf v ' ' } <, oo
- } '-00 H(t,t0)!

1 f
— Ίp(t,
"(ί> ^θ) Jίo

(C3) lim sup hp(t, s)ds < oo.

Suppose there exists a function AeC[tQ, oo) such that

(C4)
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and

1 Γ f /I VI
(C5) lim sup <H(ί, s)c(s) — — h(t, s)\ >ds> A(T)

r-oo H(ί, T)JT [ V P / J

/or m?ry T> ί0,

wλere 4 + (s) = max {A(s)9 0}, s > ί0. Then equation (E) is oscillatory.

PROOF. Let u(t) be a nonoscillatory solution of (E). Without loss of
generality, we may assume that u(i) > 0 on [T0, oo). Define v(t) as in (E2)
for ί > T0. As in the proof of Theorem 2, (1) holds. Then

(2) —i— Γ iff(ί, s)c(s) - f i Λ(ί, s)Yj ds
H(t, T)Jrl \P 7 J

j;
for ί > T> T0. Consequently,

i P ί / i VI
lim sup < H(t, s)c(s) - ( - h(t, s)\ >ds

1 Γ ί= t (T) - lim inf < h(t, s) [H(ί, 5)]1/4ι;(s) + (p -

+ ( -Λ(ί, s)) >ds
\P / J

for all T> T0. Thus, by (C5),

1 p Γ
»(T) > A(T) -1- liminf — lh(t, s)[H(ί, 5)]1/ίι;(s) + (p - l)H(ί, s)|u(s)|4ττ(ί, Γ) JΓ (

i vi
-fc(ί,s)l ̂
P / J

for all T> T0. This shows that

(3) v(T) > A(T)

and

i— Γ ίfc(ί,
ί> )̂ J T (.

lim inf < /ι(ί, s) [H(t, s)~γlqv(s) + (p -
^« H(ί, ̂ x
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1 V)
-h(t, s)\ >ds < oo

for all T> T0. Let

and

for all ί > Γ0. Then

(4) liminf[/(ί)
-

= Έ7^ Γ fcfc^(^ ^θ)Jr 0

1— Γ {(p -
> ^θ) Jr0

!—- Γ
, IQ) J j

- ί)H(t, s)\v(s)\ + h(t,

(1 \pl+ -h(t, s) Us
\P / J

< 00.

Now, we claim that

Γ00

(5) |»(s)|«ds<oo.
v TO

Suppose to the contrary that

Γ00

(6) \v(s)\qds= oo.

By (C2), there is a positive constant ξ satisfying

inf < lim ii
s>ίo H(ί,ί0

Let μ be any arbitrary positive number. Then it follows from (6) that there
exists a 7\ > T0 such that

I \v(s)\qds>- for all ί> T,.
JT0 ζ
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Therefore,

/(*) = - — H(t, s)d \υ(τ)\qdτ= -̂  — H(t,
H(t,T0)jTo

H(t, Γ 0 ) Γ o r o

ζH(t,T0)Tί

for all ί > Tt. By (7), there is a Γ2 > 7\ such that

> ξ for all t > Γ2,
, t0)

which implies

f(i)>(p- l)μ for all ί > T2.

Since μ is arbitrary, then

(8)

Next, let us consider a sequence {ίπ}^°=ι in (ί0, oo) with lim,,^ tn = oo satisfying

lim [/(O + flfίίj] = lim inf [/(ί) +

It follows from (4) that there exists a constant M such that

(9) f(tJ + g(tJ^M for n = l , 2, 3, .

Furthermore, (8) guarantees that

(10) lim /(ί_) = oo
n->oo

and hence (9) gives

(11) lir
n~*

Then, by (9) and (10),
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1 H — < < — for n large enough.
/(*„) /(O 2

Thus,

/(O 2

This and (11) imply that

(11)

π < for n large enough.

— /ω
On the other hand, by the Holder inequality, we have

\9(tn)\q =
1 f<"

h(tn,
,,Γ0)JΓ o

1 I 1 Γ'» y-1! p-1 p" s)|ι;(s)|«ώl
^TU(ίπ, τ0)JΓo

 ίn's SJ U(ίπ, τ0)JΓo

 ίn's vs J

p-lH(tn,T0)to

for any positive integer n. Consequently,

1 ί 1 Ctn }q~1

—Γ 1 777—^TT ^(^^ 5)rfs> for n large enough.
— 1 C/i(ίw, IQ) Jίo J

But, (7) guarantees that

. ΛΛ^, Λ O / .,
l immf— — > ξ

and hence there exists a Γ3 > T0 such that

ί, T0)

H(t, ί0)

Thus,

π, ί0)

and therefore

> ξ for every ί > T3.

for n large enough

< ^ I hp(tn, s)ds}' for n large enough.
/ω ~P-^- j r
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It follows from (12) that

1 p"
(13) lim hp(tn, s)ds = oo.

M^°° Hit ίn)n \Ln> 1Q) Jto

This gives

which contradicts (C3). Then (5) holds. Hence, by (3),

1 p
lim sup r τ / I hp(t, s)ds = oo,

t->oo

Λoo /*oo

Aq

+(s)ds< \v(s)\qds< oo,
J To J Γ0

which contradicts (C4). This completes the proof of the theorem.

THEOREM 4. Let H and h be as in Theorem 2 and suppose that

1 Γ
(C6) liminf H(t, s)c(s)ds < oo

1 P

" \Λ5 ^O/ J to

and (C2) hold. If there exists a continuous function A on [ί0, oo) such that
(C4) and

(C7) lim inf —1— Γ jfl(ί, 5)c(s) - f - fc(ί, s)Y}ds > >1(T)
°̂° /ί(ί, T)JT( \p / J

hold for every T>tθ9 then equation (E) w oscillatory.

PROOF. Without loss of generality, we may assume that (E) has a solution
u(t) such that w(ί) > 0 on [Γ0, oo) for some T0 > ί0. Define v(t) as in (E2)
for ί > T0. As in the proof of Theorem 3, we see that (2) holds. Then

. »(T) - lim sup —1— Γ {*((, s)[H(l, s)]'"ιι(ί) + (P - 1)H((,
"^^ " l*j •* J Jr t

,P

for all T> Γ0. It follows from (C7) that

— 1— Γ ih(t,
W(t, Γ) JΓ (.

v(T) > A(T) + lim sup— — h(t, s)[H(ί, s)]1/'^^ + (p - \)H(t, s)|»(s)|
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for all T> T0. Hence, (3) holds and

I f flim sup <h(t, s) [H(t, s ) ] i / q v ( s ) + (p -
* ΎΎ / * m\ I I v 7 ' *- v 7 ' J ^ ' *̂

1 VI-fc(f, s) >ds< oo
P

for all T> T0. This implies that

(14) lim sup [/(f)

= lim sup—?— Γ {(p _ 1)ff(ίί 5)Nsψ + Λ(ί>

r->αo /ί(r, jf0 > | JΓo

< lim sup — L- Γ {(p - l)H(ί, s)|ι;(s)|« + Λ(ί,
ί^oo /ί(ί, l o ) J T o (

P

< 00,

where f ( i ) and 0(ί) are defined as in the proof of Theorem 3. By (C7),

A(t0) < lim inf — i— Γ JH(ί, s)c(s) - (-h(t, s)\\ds

i f / 1 V i Γ
< lim inf - H(t, s)c(s)ds - - lim inf - hp(t, s)ds.

— H(ί,ί0)Jίo \pj -oc H(t,t0)J f o

This and (C6) imply that

1 f'
lim inf - hp(t, s)ds < oo.

Then there exists a sequence (ίH}^°=ι in (t0, oo) with lim,,..̂  tn = oo satisfying

1 f" 1 Γ
(15) lim h"(tn, s)ds = lim inf hp(t, s)ds < oo.

"-«fl(t.,to)J,0 — H(t,ί0)J10

Now, suppose that (6) holds. Using the procedure of the proof of
Theorem 3, we conclude that (8) is satisfied. It follows from (14) that there
exists a constant M such that (9) is fulfilled. Then, as in the proof of Theorem
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3, we see that (13) holds, which contradicts (15). This contradiction proves
that (6) fails. The remainder of the proof proceeds as in the proof of Theorem
3, we omit the detail.

Now, define

H(t, s) = (t- s)\ t > s > ί0,

where λ > p — 1 is a constant. Then H(t, s) is continuous on D = { ( t , s ) :
t>s>t0} and satisfies

H(t, t) = 0 for t > ί0, H(t9 s) > 0 for t > s > t0.

Moreover, H has a continuous and nonpositive partial derivative on
DO = {(f, 5): t > s > t0} with respect to the second variable. Furthermore,
the function

h(t,s) = λ(t-S)
(λ!p-1\ t>S>t09

is continuous and satisfies

- ̂  (ί, s) = h(t, s)[tf (f, s)]1/' for all (t, s)eD0.
OS

We have that (C2) and (C3) hold, since for every s > ί0

t, to)

and

f' / -1
(t-s)λ-pds = limt-λ( (t-s)λ-p+1

r-^oo V _ n _L 1 v 7

Jίo \Λ p -h 1

t~λ

(t - t0)
λ~p+l = 0.

Thus, Theorem 3 leads to the following corollary.

COROLLARY 5. Let λ > p — 1 be a constant. Suppose that there exists a
function AeC[_t09 oo) such that (C4) holds and

λ (t -
JΓ

(C8) lim sup t~λ (t - s)λc(s)ds > A(T) for all T> ί0.
ί-^c» JΓ

Then equation (E) M oscillatory.

REMARK 1. Let λ > p — 1 is a constant and suppose that
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Plim sup t λ \ (t — s)λc(s)ds = oo.
f *00 ΛO

Then we can easily verify that

lim sup t~λ (t — s)λc(s)ds = oo for every T> ί0.
f->oo Jτ

Hence, we choose A(T) = 1 on [ί0, oo). Then (C4) and (C5) hold. Thus,
Kamenev's criterion [3] is contained in Corollary 5 with p = 2. Moreover,
we note that Corollary 5 improves the oscillation result of Van [7].

REMARK 2. We can apply Theorems 2, 3 and 4 by taking

/ p i V
H(t,s) = [ I -77-^dx\ , ί>5>ί 0 ,

where λ > p — 1 is a constant and ψ(x) is a positive continuous function on
[ί0, oo) such that

1
00 ]

dx = oo.
ι///vΛ

ίo

For example, if {//(x) = x for x > ί0 > 0, then

/ ίV
H(t, s) = [ log- , ί>s>ί 0 .

We see that H is a continuous function satisfying

H(t, t) = 0 for £ > ί0, fί(ί, s) > 0 for ί > s > ί0

and H has a continuous and nonpositive partial derivative on D0 with respect
to the second variable. Moreover, the function

λ (
h ( t 9 s ) = -{ log

s V

is a continuous function with

- ̂  (ί, 5) = Λ(t, 5) [H(ί, s)]1/9 for ί > 5 > ί0.ds

Hence, by applying Theorems 2, 3 and 4 in the special case considered, we
derive three new oscillation criteria for equation (E).
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