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Asstract. For a Radon measure u and ¢, teR, let X;j’" and 2“1" denote the
multifractal Hausdorff measure and the multifractal packing measure introduced in
[L. Olsen, A Multifractal Formalism, Advances in Mathematics 116 (1996), 82-196].
Let re R. We study the descriptive set theoretic complexity of the maps

A RY) x MRY) xR R:(K,u,q) - H'(K),
H(RY) x MRY) xR - R: (K,u,q) > 22'(K),

and related multifractal measure and multifractal dimension maps; here # (RY) denotes
the family of non-empty compact subsets of R? equipped with the Hausdorff metric, and
M(RY) denotes the family of Radon measures on R? equipped with the weak topology.
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1. Introduction

Recently there has been a great interest in the multifractal structure of
Borel measures x4 on metric spaces. For a > 0 write

_ . loguB(x,r)
d,(a) = {x € supp u| il\IB ogr o
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where suppu denotes the topological support of x4 and B(x,r) denotes the
closed ball with center x and radius r, i.e. 4,(a) denotes the set of those x
for which uB(x,r) behaves like r* for r close to 0. The family {4,(a)|a > 0}
can be viewed as a “multifractal decomposition” of the support of x4 into a
family of (typically fractal) sets A,(x) indexed by a. The main problem in
multifractal analysis is to compute the Hausdorff dimension and the packing
dimension of 4,(«), i.e. to compute

fu(@) = dim 4,(«), F,(o) = Dim 4,(a)

where dim and Dim denote Hausdorff dimension and packing dimension
respectively. The functions f, and F, (and similar functions) are generically
known as ‘““the multifractal spectrum of x”. The function f(a) = f,(x) was
first explicitly defined by the physicists Halsey et al. in 1986 in their seminal
paper [HJKPS].

The multifractal spectra functions f, and F, have been computed for
various classes of measures, cf. e.g. [AP, CM, EM, LN, MR, Ol1, OI2, Ol3,
Pey, Ra]. However, recently Olsen [Oll], Pesin [Pes] and Peyriére [Pey]
proposed a general multifractal formalism suited for analysing the properties
of the spectra functions f, and F, for very general measures. This formalism
is based on certain multifractal generalizations of the Hausdorff measure and
the packing measure tailored for multifractal purposes, and has now been
investigated further by a large number of authors, cf. Ben Nasr [BeN], Das
[Dal, Da2|, Levy—Vehel & Vojak [LV], Olsen [O12, Ol3, Ol4, Ol5], O’Neil
[O’N1, O’N2] and Taylor [Ta]. For a Radon measure 4 on a metric space X
and g, e R, let Jfﬂ"*’ and Qﬂq” denote the multifractal Hausdorff measure and
the multifractal packing measure. For each ¢ € R, using the measures Jfﬂq”
and Wﬂq", we define, analogously to the Hausdorff dimension and the packing
dimension, a multifractal Hausdorff dimension dim/(E) and a multifractal
packing dimension Dim/(E) of subsets E of X (details will be given in the next
section). It is natural to study the “smoothness” of the multifractal decom-
position provided by the formalism in [Oll, Pes, Pey]. We do this by studying
the descriptive set theoretic complexity of the maps

A (RY) x MRY) xR —R: (K, u,q) > #P'(K), (1.1)
A RY) x MR') xR —R: (K, u,q) » 22'(K), (1.2)
A (RY) x MR?) xR — R: (K, p,q) — dim{(K), (1.3)

A (RY) x MR?) xR — R: (K, 1,q) — Dim¥(K), (1.4)
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and related multifractal maps; here % (R?) denotes the family of non-empty
compact subsets of R? equipped with the Hausdorff metric, and .#(R%) denotes
the family of Radon measures on R? equipped with the weak topology. We
prove that the multifractal Hausdorff measure map (1.1) is measurable with
respect to the g-algebra generated by the analytic sets, and that the multifractal
Hausdorff dimension map (1.3) (restricted to a suitable subspace determined by
the family of doubling measures) is of Baire class 2. The measurability of the
multifractal packing measure map (1.2) is discussed in Section 4, Remark (1),
and we prove that the multifractal packing dimension map (1.4) (restricted to
a suitable subspace determined by the family of doubling measures) is mea-
surable with respect to the o-algebra generated by the analytic sets. Some of
our results can be viewed as multifractal extensions of the results in Mattila &
Mauldin [MM]. For a Polish space X and a dimension function g, Mattila &
Mauldin study the set theoretic complexity of the maps

A (X)—R:K— #K),
A(X) - R:K— P9K),

and related measure and dimension maps; here #Y and 2Y denote the
Hausdorff measure and the packing measure generated by g, and ' (X) denote
the family of non-empty compact subsets of X.

A further reason for studying the measurability properties of the maps
defined by (1.1) through (1.4) (and related multifractal maps) is provided by
the following. The formalism based on the multifractal measures Jfﬂq" and
21! leads to a multifractal geometry for measures which is analogous to the
classical fractal geometry for sets, cf. [Ol4, OlI5, O’N2]. However, many argu-
ments in [Ol4] and [Ol5] require (in order to apply Fubini’s Theorem and
Fatou’s Lemma and other standard results from measure theory) that various
maps defined in terms of 5,7’ and #7' are (analytically) measurable. In fact,
the measurability results in §5 for slices of measures play an important part in
the study of multifractal slices and negative dimensions in [Ol5].

We now give a brief description of the organization of the paper. In §2
we collect the multifractal and topological (descriptive set theoretical) definitions
and preliminary results we shall need. §3 contains our analysis of the multi-
fractal Hausdorff measure map (1.1) and the multifractal Hausdorff dimension
map (1.3), and §4 contains our analysis of the multifractal packing measure
map (1.2) and the multifractal packing dimension map (1.4). Finally, in §5 we
apply the measurability results established in §3 to study the measurability of
multifractal slices.
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2. The setting
2.1. Ordinary and multifractal Hausdorff measures and packing measures

We first recall the definition of the Hausdorff measure, the centered
Hausdorff measure and the packing measure. Let X be a metric space, £ < X
and 0 > 0. A countable family # = (B(x;,r;)); of closed balls in X is called a
centered J-covering of E if E < UiB(x,-,ri), x;eE and 0 <r; < for all i.
The family % is called a centered d-packing of E if x;e E, 0 <r; <J and
B(x;,r;)NB(xj,r;) =& forall i#j. Let ESX,t>0and d >0. Now put

= inf{z diam(E,)' |E = | ) E;, diamE; < 5}.
i i=1

The t-dimensional Hausdorff measure #'(E) of E is defined by

H'(E) = sup #}(E).
>0

Next we define the centered Hausdorff measure 1ntroduced by Raymond &
Tricot in [RT]. Put

i=1

0
4(E) mf{z (2r;)"| (B(x;,r;)); is a centered d-covering of E}.

The t-dimensional centered pre-Hausdorff measure %'(E) of E is defined by

%'(E) = sup G4(E).
>0

The set function €’ is not necessarily monotone, and hence not necessarily an
outer measure, c.f. [RT, pp. 137-138]. But %’ gives rise to a Borel measure,
called the r-dimensional centered Hausdorff measure ¢'(E) of E, as follows

%'(E) = sup €'(F).
FSE

It is easily seen (c.f. [RT, Lemma 3.3]) that 27'¢’ < #' < €'. We will now
define the packing measure. Write

00
PY(E) = sup{Z(2r,~)’ | (B(xi,r:)); is a centered d-packing of E}

i=1
The t-dimensional prepacking measure 2/(E) of E is defined by

2'(E) = inf Z;(E).
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The set function 2! is not necessarily countable subadditive, and hence not
necessarily an outer measure, c.f. [TT]. But 2’ gives rise to a Borel measure,
namely the t-dimensional packing measure 2/(E) of E, as follows

P'(E)= inf P
EcUL E ;Z

The packing measure was introduced by Taylor and Tricot in [TT] using
centered J-packings of open balls, and by Raymond and Tricot in [RT] using
centered J-packings of closed balls.

Also recall that the Hausdorff dimension dim(E), the packing dimension
Dim(E) and the pre-packing dimension A(E) of E is defined by

dim(E) =sup{t > 0| #'(E) = 0}
Dim(E) = sup{t > 0| 2'(E) = oo}
A(E) = sup{t > 0|2'(E) = w}.

We refer the reader to [Tr] and [RT] for more information on the centered
Hausdorff measure, the packing measure and the packing dimension.

Olsen [Ol1] suggested that some multifractal generealizations of the centered
Hausdorff measure and the packing measure might be useful in multifractal
analysis. Let .#(X) denote the family of positive Radon measures on X. For
ueM(X), E<X, g,teR and 6 > 0 write

H,(E) = inf{ > u(B(xi,ri)) ! (2r)" | (B(xi, 72));

i

is a centered d-covering of E }, E+#J

H,15 (D) =

H1(E) = sup F 2 (E)
0>0

H,M(E) = sup #,M'(F).
FcE

We also make the dual definitions

9 —sup{Z/t (xi,ri))?(2r;) | (B(xi,ri));

is a centered J-packing of E }, E#+J
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Z0'(E) = inf 7,5/(E)
AE) = i 2 A B

It is proven in [Oll] that #,/' and 2’ are measures on the family of Borel
subsets of X. The measure #,!' is of course a multifractal generalisation of
the centered Hausdorff measure, whereas .@ﬂq" is a multifractal generalisation of
the packing measure. In fact, it is easily seen that the follwing holds for ¢ > 0,

—1 00, ¢ t 0,1 t _ 0,1t 7t _ 50,t
AN < AH <A, P =2V, P =P (2.1.1)

The next result shows that the measures %”#q” , g’ﬂ"" and the pre-measure
?7#"” in the usual way assign a dimension to each subset E of X.

ProPOSITION 2.1.1.  There exist unique extended real valued numbers
A}(E) € [~o0, 0], Dim!(E) € [~00, 0] and dim/(E) € [~c0, 0] such that

_ o  for t < 4}(E)
%E) = {o for 49(E) < 1

oo  for t <Dim/(E)
7E) = {0 for Dim4(E) < t

o  for t <dim}(E)
(E) = { :
0 for dim!(E) <t

ProoF. See [Oll, Proposition 1.1]. [

The number dim/(E) is an obvious multifractal analogue of the Hausdorff
dimension dim(E) of E whereas Dim/(E) and 4/(E) are obvious multifractal
analogues of the packing dimension Dim(E) and the pre-packing dimension 4(E)
of E respectively. In fact, it follows immediately from the definitions that

dim(E) =dim)(E),  Dim(E) = Dim)(E),  A(E)=4)(E). (2.12)

We now define the family of doubling measures and list some useful
properties of the measures 7' and 9’#‘“ (see Proposition 2.1.2 below). For
pe M (X)and a>1 write T,(u) = limsup, (supmsupp ”%> and define
the family #y(X) of doubling measures on X by #o(X)={ue #4(X)|
T,(u) < oo for some a > 1}. It follows from [Oll] that the definition of
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Mo(X) is independent of the number a > 1, ie. T,(u) < oo for all a>1 if
and only if 7,(u) < oo for some a > 1. The results in Proposition 2.1.2 below
will be used tactically in several of the proofs in §3 and §4. Let 2(X) denote
the family of subsets of X. Recall that a set function D : #(X) — [—o0, 0] is
called monotone if D(E) < D(F) for all E,F = X with E < F, and that D
is called o-stable if D(| ), _nEn) =sup,cnD(E,) for all countable families
(En),en Of subsets of X.

PRrOPOSITION 2.1.2. Let ue #(R?) and q,t€R. Then

(i) HP' < PP for pe Mo(R?), and 22" < P for pe MR?).
(ii) dim! < Dim] < 4.

(i) dim! and Dim! are monotone and o-stable, and A is monotone.

Proor. See [Oll]. O

REMARK. The main importance of the measures #7' and 27’ to
multifractal analysis is due to the following relationship between the spectra
functions f, and F,, and the dimensions dim! and Dim/. Define multifractal
dimension functions by, B,:R—[~00, o] by b,(g) = dim/(suppx) and B,(q) =
Dim/(suppu). It now follows from [Oll, Theorem 2.17] that f, <b’ and
F, < B, where b, and B; denote the Legendre transform of b, and B, respec-
tively (for a real valued function f : R — R, we define the Legendre transform
ST :R—[-w,] of f by f*(x)=inf,(xy+ f(»))). These inequalities can
be viewed as rigorous mathematical analogous of the so-called ‘“Multifractal
Formalism” in the physics literature (cf. [HJKPS]).

2.2. Topological definitions and preliminaries

The Hausdorff metric and 7' (X).

For a metric space (X,d), let #(X) denote the family of non-empty
compact subsets of X. We will always equip #'(X) with the topology
generated by the Hausdorff metric D on 2 (X),

DKK,L)= max(sup d(x,L), sup d(x, K)),
xekK xeL

where d(x, A) = inf{d(x,a)lae A} for xe X and 4 =< X. It is well-known that
A (X) is Polish if X is Polish (cf. e.g. [En, 4.5.23]). We also consider the
Hausdorff metric Dg on A4 (X)U{J},

0 if K= and L =,
Dy(K,L) = {1 if exactly one of the sets K and L is J,
D(K,L) if K# and L#
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and the space ¢ (X) U {F}will always be endowed with the topology generated
by Dg.

The weak topology and .Z(X).
The weak topology on the space .#(X) of positive Radon measures on a
metric space X is the topology generated by the functionals

%(X)—*R:ﬂ-*fr/)dﬂ,

where ¢ varies over the family of continuous non-negative functions on X with
compact support. We remark that the weak topology on .#(X) is also some-
times called the vague topology. The family .#(X) of Radon measures will
always be equipped with the weak topology. It is well-known that .#(R%) is a
Polish space (cf. e.g. [Ma2, Remark 14.15]). In particular, the space # (R?) x
A(R?) x R is Polish.

The Borel Hierarchy and Baire functions.

We will now briefly describe the Borel Hierarchy used in the classification
of the smoothness of the maps in (1.1)-(1.4). Let X be a metric space. For
an ordinal y with 1 <y < w; (where w; is the first uncountable cardinal) we
define the Baire classes Zf (X)= Ef and Hf (X) = H;’ inductively by

ZXX)={G< X|G is open}, II)(X)={F < X|F is closed},

and
2 ={Ur Bl Ere Uy, 0}, 200 ={(V2) Enl Ee U, 2200}
We then have the following diagram

x) 2 ZX)
m(x) myx) m)Xx)

b

in which any Baire class is contained in any Baire class to the right of it; this
is known as the Borel Hierarchy, cf. [Ke, p. 68]. Is is known that

Uy<w| Zyo = Uy<w1 H}? = Q(X)

where #(X) denotes the Borel g-algebra on X. The Borel hierarchy therefore
gives a ramafication of the Borel sets in (at least) w; levels. Sometimes we will
use the traditional notation, 4(X) = &, for the family of open subsets of X,
and the traditional notation, % (X) = %, for the family of closed subsets of
X. Hence,

(X)) =9,
mX)=7, N¥X)=%; MI)X

X)) =F,,  ZAUX) =%,  Z)UX)=Fwser vy
):9'—05) H;?(X)Zgﬁa(ﬂ
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A function f: X — Y between metric spaces X and Y is said to be of Baire
class ne NU{0} if fis 20 ,(X)-measurable, ie. if f~'(G) e Z?,, for every
open subset G of Y. Hence, functions of Baire class 0 are continuous,
functions of Baire class 1 are “l step away from being continuous”™, et.c. It is
well-known (see for example [Ke, Theorem 24.3]) that a function f is of Baire
class n e N if and only if f is the pointwise limit of a sequence of functions of

Baire class n — 1.

Analytic sets.

Finally we recall the definition of an analytic set. A subset 4 of a Polish
space is X is called analytic if it is the continuous image of a Polish space, i.e. if
there exist a Polish space Y and a continuous map f:Y — X such that
f(Y)= A. More generally, a subset A of a separable metric space X is called
analytic if there exist a Polish space Y with X < Y and an analytic subset B of
Y such that A=X N B (cf. [Ke, p. 197]). For a seperable metric space X, we
let o«/(X) denote the family of analytic subsets of X. It is well-known that
every Borel set is analytic, i.e.

B(X) = AX).
In particular, we see that every Borel measurable map is o(.2/(X))-measurable,
where o(o/(X)) denotes the o-algebra generated by the family, ./(X), of
analytic subsets of X.
Throughout the paper we will write R = [0, 0].

3. Analysis of the multifractal Hausdorff measure and the multifractal
Hausdorff dimension

The purpose of this section is to prove Theorem 3.4 and Theorem 3.5
regarding the set theoretic complexity of the multifractal Hausdorff measure
map (1.1) and the multifractal Hausdorff dimension map (1.3). For x e RY
and r > 0, B(x,r) denotes the closed Euclidean ball with center x and radius r,
and U(x,r) denotes the open Euclidean ball with center x and radius r.

LemMa 3.1. Let t,ceR and §>0. Then {(K,u,q)e 4 (RY)x.#(R?)xR|
H,l5(K) < c} is open.

Proor. Let
G= {(K,/l,q) e #(RY) x #M(R) x R |
there exist ne N,z1,...,z, € K,é1,...,& € (0,9)
and sp,...,8, >0 with s; 4+ ---+s, < ¢ such that

(i) K<L, Uz, &)
(i) u(U(zi,&))?(2&)" < s; for all i= 1,...,n}.
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An easy compactness argument shows that
{(K.1.q) € #'(R) x M(R) x R| £/ (K) < c} = G.

Write F = (A4 (R?) x .#(R?) x R)\G. We must now prove that F is closed.
Let (K,u,q) € #' (R?) x #(R?) x R and let (K, f4,n,qm),, be a sequence in F
with (K, ttyn,qm) — (K, 1t,q). We must prove that (K,u,q) e F. Fix ne N,
z1,...,zn€ K, €1,...,6,€(0,0) and s1,...,8, >0 with sy +---+5,<c. We
must now show that

K¢\, Uz,e) (3.1)
or
w(U(z1,6))?(2¢) =s;  for some ie{l,...,n}. (3.2)

If (3.1) is satisfied, then we are done. We may therefore assume that (3.1)
is not satisfied, i.e. we are assuming that

K c Ui U(Z,‘,E,‘) (33)
Since K is compact, (3.3) implies that there is an #, > 0 such that
K<, U(zi,ei—n)  for 0<n<np. (3.4)

We now prove the following claim.
Claim(x). For each 0 < 7 < 7, there exists an i(y) € {1,...,n} such that

o {ﬂ(U(zi(q),ﬁi(q) =) (2 —3m)"  for ¢<0
i(n) = :
#(U (zigg) €in)) ? (2(&im) — 31))" for 0 <gq

Proof of Claim (). Fix 0 <5 <mny. It follows from (3.4) and the fact that
K,, — K that we can choose an integer M such that

Kn<s U, U(zi,ei — 1) for m> M, (3.5)

and
KnNU(zi,5n) # & for m> M and i€ {l,...,n}.

Now fix m > M and choose zm,,»eK,,,ﬂU(zi,ﬁn) for i=1,...,n. Observe
that

U(ziei = 1) S U(zm,i & —31) < Ulzi, e — 1n). (3.6)
In particular,

Km = U,‘ U(Zm,iaai _%’7) (37)
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We infer from (3.7) and the fact that (K, u,,, gm) € F that
Hin(U (2 imy s €16m) = 7)™ (2(&igm) — 31))" = Sim) ~ for some
i(m)e{l,...,n}. (3.8)

Next choose i=i(n) e {l,...,n} such that there exists a strictly increasing
sequence (my), of positive integers with i(my) =i for all k.
Since u,, — u weakly, (3.6) implies that

WU 21y =) < liminf g, (U(zs,6i = 1)) < iinf o, (U(zmg i1 = 7))
= limkinf B (U (Zy (i) > Eimy) — %77)) (3.9)
and
w(U(zi,8)) = u(B(zi, e — 31))
> limksup,umk(B(Zi,Ei —in) = limksup Fom (U g, 1,81 = 31))
= limksupymk(U(zmk,i(mk),81(mk) - %'7))- (3.10)

For k write ux = pi,, (U (Zm,, i(my)» €i(me) — 31)), and observe that (3.9) and (3.10)
imply that (ux), is a bounded sequence, whence uZ_q'"" — 1 as k — 0. Hence,

if ¢ <0, then inequalities (3.8) and (3.9) imply that
w(U(zi & — 1)) (2 — 3n))' > lim sup w™uy "™ (2(e —3n))'
= limksup ™ (2(eime) — 2m))"
> limksup Si(mg) = Sis
and if 0 < g, then equations (3.8) and (3.10) imply that
u(U(zi,0)" (26 = 3m)" = Timsup ™ ™™ (2(e: — )
= limksup uZ’"“ (2(&igm) — %ﬂ))t
> limksup Si(my) = Si-
This completes the proof of Claim (x).

It follows from Claim (*) that there exist a sequence (7,,),, of positive reals
and an i€ {l,...,n} such that #,, — 0 and i(y,) =i for all m, i.e.
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u(U(ziyei = 1,,))*(2(6i = 31))"  for g <0
§i < .
1(U (ziye))*(2(e0 = 31m))" for 0<gq
Letting m — oo yields (3.2). O

Lemma 3.2. Let ue #(RY) and q,teR.
(i) #0i(E) < #2/(E) for E SR
(i) #2(K)= sup HL(L) for compact subsets K = R%.

Lcompact
Proor. (i) Let ¢,6 > 0 and let (B(x;,r;)); be a centered d-covering of E.
Since B(x;,ri +n) \, B(x;,r;) as 5\, 0, there exists 0 <z <J such that
ri+n; <6 and

a?(2b)" < u(B(x;, 1)) (2r;)" +% for all a,b € R satisfying

U(B(xi,ri)) <a < u(B(xj,ri+mn;)) and r,<b<r+n,: (3.11)

Now pick x/ eB(xi,ri - )OE and observe that (3.11) implies that

21

y(B(x{, ri+ %m))q <2 <r,~ + %n,))t < u(B(x;,r))4(2r)" + % (3.12)

Since (B(x],ri 217,)),. is a centered ¢ covering of E, (3.12) shows that
H(E)< Z,u(B( ri+ S 2(ri+ 3m) < 3 w(B(xi, 7)) Y(2r;) +¢. Hence,
HL(E) < HL(E) +¢ Letting 6,6\, 0 now yields the desired result.

(i) Thxs follows easily from (i). [

LEmMMA 3.3. Let pe #(R%) and g,t € R.

(i) If ¢ <0, then there exists a constant ¢ >0 such that #}' < céf or,

(ii) If 0 < q and ue #Mo(R?), then there exists a constant ¢ > 0 such that
HP< AP

(i) If ¢<0, then diml(E)=inf{se R]Jf‘l S(E) =0} =sup{seR|
Jf‘”( = o} for E<R?,

(iv) IfO < q and p e My(R?), then dlmq(E) inf{s e R| ##*(E) = 0} =
sup{seRlJﬁll‘”( ) = oo} for ECR

Proor. (ii) Since u satisfies the doubling condition, there exists a constant
¢; > 0 such that

B(x,3r))\?
clg('u(—’> <c for xeR? and r > 0.
b=\ u(B(x,r) ‘

Let ¢ =2'. Fix ECR? and let F<E. Let 6 >0 and let (B(x;,r)); be
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a centered J-covering of E. Write I = {i|B(x;,r;)NF # J}. For each ie
I choose y; € B(x;,r;)NF, and observe that B(y;,2r;) < B(x;,3r;), whence
w(B(yi,2r:))? < u(B(x;,3r:))? (because 0 < g). Also observe that (B(y;,2r));c;
is a centered 20-covering of F. We therefore infer that

ZZYQZ(F) < Z ,u(B(y,,Zr,)) 2- 2)‘, < 2 Z xz,3"; 2",)

iel

<cz B(x:;,r))4(2r)". (3.13)

t follows from (3.13) that #%;(F) < c#,/5(E). Letting 6\, 0 now yields
J?q (F) < c#p'(E) for all F < E, whence #,'(E) < c#,2'(E).
(i) The proof of (i) is very similar to the proof of (ii).
(iii)—(iv) Follows immediately from (i) and (ii) since 17#‘1*’ <#r. 0O

We are now ready to state and prove the main results in this section.

THEOREM 3.4. Let teR and 6 > 0.
(i) The map

H(RY) x MR xR - R: (K, u,q) —» #L(K)
is upper semi-continuous; in particular of Baire class 1.
(ii) The map
A (R) x MR') xR — R (K, 1,q9) = H2'(K)
is of Baire class 2.
(i) The map
H(RY) x MRY) xR —R: (K, pu,q) = #5"(K)

is o(of)-measurable where (/) denotes the c-algebra generated by
the family o of analytic subsets of A (RY) x .#(R%) x R.
Proor. (i) This follows immediately from Lemma 3.1.
(i) Follows from (i) since #'(K) = lim, #, ’l/n)(K) for all (K,u,q) €
A (RY) x M(R?) x R.
(i) We must prove that {(K,x, q)e%(Rd)XJ/l(Rd)xR|%ﬂq*’(K)>c} is
analytic for all ce R. Fix ce R. Define the projection 7 : # (RY) x .4 (R?) x
R x A (R?) — A (R?) x M(RY) xR by

n(K,p,q,L) = (K, 1, q).

It now follows from Lemma 3.2 that
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{(K,u,q) € X (R?) x MR?) x R| #F"(K) > c}
= {(K,u,9) € #*(R") x #M(R’) x R|
there exists a compact subset L of K with #,'(L) > c}
=n({(K,u,q,L) € X (R?) x #(R?) xR x #(R?)|L = K}
N{(K,u,q,L) € #(R))x M(R))xRx A (R?) | #L'(L) > c}). (3.14)

Since the set {(K,u,q,L) e A (RY) x #(R?) xR x #(R?)|L = K} clearly is
closed and the set {(K,u,q,L) e # (R?) x #(RY) x R x # (RY) |,}?#‘7"(L) >c}
is Borel (by (ii)), (3.14) shows that {(K,u q)eX (R?) x #(RY) xR]|
H]'(K) > c} is analytic. [J

THEOREM 3.5.
(i) The map

H'(RY) x MRY) xR - R: (K, u,q) — dim!(K)

is o(of )-measurable where a(2f) denotes the g-algebra generated by the
family o/ of analytic subsets of A" (R?) x .#(R?) x R.

(i) Write I' = (A (R?) x M(RY) x (—00,0]) U (#'(R?) x Mo(R?) x R).
The map

I —R: (K pq) - dimf(K)
is of Baire class 2 and not of Baire class 1.

Proor. (i) Follows from Theorem 3.4.(iii).
(ii) It follows from Lemma 3.3 and Theorem 3.4.(ii) that if s, € R, then

{(K,u,q) € T'|'s < dim{(K) < 1}

=In (Un{(K,u, q) € A (RY) x .M(R?) x R|1 < F2+1M(K)}

N U {(K,1,9) € #(RY) x MR?) x R| A2 "(K) < 1})
€ Yso(I') (3.15)

It follows from (3.15) that the map I — R : (K,u,q) — dim/(K) is of Baire
class 2.

We will now prove that the map I — R : (K, u,q) — dim!(K) is not of
Baire class 1. Since dim2 =dim (cf. (2.1.2)), it suffices to show that dim :
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A (RY) - R is not of Baire class 1. Let X = {M|M <R is finite} and
Y = {LUM|L is a compact line segment in R? of positive length, M = R? is
finite}. Since X and Y are dense in #'(R?) and dimM =0 for M € X and
dimM =1 for M € Y, dim is everywhere discontinuous and hence not of Baire
class 1 by [Ke, Theorem 24.15]. [J

REMARKS. (1) In Theorem 3.5.(ii) we found the exact Baire class of the
multifractal Hausdorff dimension map I"—R : (K, u, g)—dim!(K). However,
we have not been able to determine the exact set theoretic complexity of the
multifractal Hausdorff measure map #'(R?) x #(RY) xR — R : (K,u,q) —
HP'(K). Theorem 3.4.(iii) shows that the multifractal Hausdorff measure
map is measurable with respect to the the g-algebra generated by the family of
analytic subsets of #"(R?) x .#(R?) x R. It is natural to ask if this result can
be improved. We do not believe that this is the case and make the following
conjecture.

Conjecture 3.6. The map A (R?) x #(R‘)xR—R : (K, u,q) = #'(K) is,
in general, not Borel measurable.

It is instructive to consider the fractal counterpart of the multifractal Con-
jecture 3.6. For >0, Jf/?" = @' where €' denotes the ¢-dimensional centered
Hausdorff measure. Hence, for ¢ > 0, Theorem 3.4.(iii) shows that the map
A (R?) — R: K — %'(K) is measurable with respect to the o-algebra generated
by the family of analytic subsets of 2#"(R?). It is natural to ask if this result is
the best possible. We believe that this is the case and make the following
conjecture.

Conjecture 3.7. The map A (RY) — R:K — %'(K) is, in general, not
Borel measurable.

Observe that the truth of Conjecture 3.7 implies the truth of Conjecture 3.6.
The (conjectured) complicated set theoretic behaviour of the centered Hausdorff
measure %’ is in sharp contrast to the simple set theoretic behaviour of the
usual Hausdorff measure: for any Polish space X and any dimension function g,
the map 4 (X) — R: K — #9(K) is of Baire class 2 [MM, Theorem 2.2]. In
connection with Conjecture 3.7 we would like ask a slightly different question
regarding the “‘smoothness” of %’.

Question 3.8. Is the centered Hausdorff measure, €', Borel regular, i.e.
does the centered Hausdorff measure satisfy the following condition: For each
E = R?, there exists a Borel set B < RY such that E = B and %'(E) = ¢'(B).
(It is a well-known fact that the ordinary Hausdorff measure #"' is Borel regular,
cf. [Ma2].)
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Question 3.8 has been asked several times during the last 3 years by the author.
The question also appears in [Ed, p. 64, Question 1.8.1]. See Note Added in
Proof at the end of this paper.

(2) Theorem 3.5 shows that the multifractal Hausdorff dimension map
restricted to the set I” of doubling measures is of Baire class 2. It is natural to
ask if the doubling conditon can be omitted. We therefore pose the following
question.

Question 3.9. Is the map # (RY)x #(R*)xR—R: (K, , q) —dim/(K) of
Baire class 2?

4. Analysis of the multifractal packing measure and the multifractal
packing dimension

The purpose of this section is to prove Theorem 4.7 and Theorem 4.8
regarding the set theoretic complexity of the multifractal packing measure map
(1.2) and the multifractal packing dimension map (1.4). Recall that if x € R?
and r > 0, then B(x,r) denotes the closed Euclidean ball with center x and
radius r, and U(x,r) denotes the open Euclidean ball with center x and radius r.

LEMMA 4.1. Let t,ceR and §>0. Then {(K,u,q)e A (R?)x.#(R?)xR
|21(K) > ¢} is open.

ProOF. Let
G ={(K,u,q) € #(R?) x MR’) xR |
there exist ne N, zy,...,2, € K,¢1,...,6, € (0,0)
and s;,...,5, >0 with s; +---+ 35, > ¢ such that
(i) B(zi &) NB(zj,¢) = for i # j
(i) u(B(zi,e))?(2¢;) > s; for all i=1,...,n}.
Is is easily seen that
{(K,u,q) € A (RY) x MR) x R| PL{(K) > ¢} = G.

The rest of the proof of Lemma 4.1 is very similar to the proof of Lemma 3.1
and is therefore omitted. []

LEmMMA 4.2. Let ESRY ue #(RY) and q€eR.

(i) Diml(E) = infEEU{ZIEf sup; f’Z(E")'

(i) If <0, then AY(E) = 44(E). B
(i) If 0<q and pe Mo(R?), then A4(E) = A4(E).
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Proor. See [O13, Lemma 6.5.1 and Lemma 6.5.2]. [

LemMA 4.3. Let Ke #'(RY), pe M(R?) and geR. If either: q <0 or:
0<gq and pe MyR?), then
Dim/(K) = inf sup 44(K;).

KeUZ Ki i
K; compact

Proor. Follows easily from Lemma 4.2. [

LEMMA 4.4. Let acR, Ke A (RY), uc #(RY) and qeR with 2r4(K)>0
(this holds, in particular, if DimZ(K) > a). Then there exists a subset L =< K
such that

(i) L is compact and non-empty.

(i) If U<R? is open and LNU # &, then Dim/!(LNU) > a, in par-

ticular AYLNU) 2 a

Proor. Let v be the restriction of #/“ to K and put L = suppv. Then
clearly L = K and L is therefore compact. Since v(L) = v(RY) = 2r4(K) > 0,
we deduce that L # ¢J. Finally, if U <R“ is open with U ﬂL # &, then

v(U) >0 whence Z24(UNL)=v(UNL)=v(U)>0, which implies that
Dim{(UNL) > a. (Incidentally, the set L = suppv is the largest subset L of
K satisfying (i) and (ii).) O

Lemma 4.5. Let ceR and let T be defined as in Theorem 3.5.(i). Then
{(K,u,q) € I' | Dim(K) > c}
={(K,u,q) € I'|for all a < c there exists a subset L = K such that
(i) L is compact and non-empty

(i) if U<R? is open and LNU # &, then AYLNT) > a}.

13

Proor. “<” Follows from the previous lemma.

“2” Let (K,u,q) € I' and assume that if a < ¢, then there exists a non-
empty subset L < K such that L is compact and 47(LN U) > a for all open
subsets U =< R? with LN U # @&. We must now prove that Dim/(K) > c.
Assume, in order to reach a contradiction, that Dim/(K) <¢. Now pick a
such that Dim!(K) < a < c. Since a < c, there exists a non empty subset L = K
such that L is compact and 47(LN U) > a for all open subsets U = RY with
LNU # . Also, since Dlmq(K) < a, Lemma 4.3 shows that there exist com-
pact sets Ki,K>,... such that K <|J,Kn and

41(Ky) <a for all n. (4.1)
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The equation L = () (LNK,) and Baire’s Category Theorem now imply that
there is an open set U and an integer m with & # LN U < LNK,,. We may
clearly choose an open set ¥ such that LNV # @ and ¥V < U. It now follows
from (4.1) that a < AX(LNV) < 4(LNU) < 4J(LNKp) < 47(K,) < a, which
yields the desired contradiction. []

PROPOSITION 4.6. Let C e A (RY). The map

AR L ARHU{Z): K - KNC
is Borel measurable.

Proor. For each positive integer & let Bf = B(0,k) and define the map I
by #'(BY) % 4 (BY)U{D}: K — KNC. It follows from [En, 3.12.28] that I
is upper semi-continuous (see [Ku, §43, I] for the definition of an upper semi-
continuous set valued map), and since Bf is compact, we now deduce from
[Ku, §43, VII, Theorem 1] that [, is Borel measurable (in fact, of Baire
class 1) Hence if % is an open subset of X (R?)U{}, then I (%) =
Uk | A (Bf)U{@})) is a Borel subset of ' (R?). This shows that I
is Borel measurable. O

We are now ready to state and prove the main results in this section.

THEOREM 4.7. Let teR and 6 > 0.
(i) The map

H(RY) x MR xR R: (K, p1,9) > P (K)

is lower semi-continuous; in particular of Baire class 1.
(i) The map

A (RY) x M(R?) x R = R: (K, 1,9) — $(K)
is of Baire class 2 and, in general, not of Baire class 1.

Proor. (i) This follows immediately from Lemma 4.1.
(ii) Since Z2'(K)=lim, 2/, (K) for all (K,u,q)e A (RY)x.#(R?) xR,
part (i) shows that the map # (R?) x #(R’) x R — R : (K, p,q) — 22'(K) is
of Baire class 2.

We will now prove that the map # (RY) x #(R?) xR — R : (K, u,q) —
#2'(K) is not of Baire class 1. Since 20'/2= #'/2 (cf. (2.1.1)), it suffices to
show that 21/2 : s (R?) — R is not of Balre class 1. Let X and Y be as in the
proof of Theorem 3.5.(ii). Since #'/2(M) =0 for M € X and #'/2(M) =
for M e Y, #'/2 is everywhere discontinuous and hence not of Baire class 1 by
[Ke, Theorem 24.15]. [



Measurability of multifractal measure functions and multifractal dimension functions 453

THEOREM 4.8. (i) The map
A (RY) x MR xR = R: (K, 1,q) — 4%(K)

is of Baire class 2 and not of Baire class 1.
(i) Write I' = (A (R?) x M(R?) x (—00,0]) U (# (R?) x Mo(R?) x R).
The map

I —R: (K,uq) — Dim{(K)

is a(f (I'))-measurable where a(o/ (I')) denotes the a-algebra generated
by the family o/(I') of analytic subsets of T .

Proor. (i) It follows from Theorem 4.7.(ii) that if s,7€ R, then
{(K,1,q) € #'(R?) x M(R?) x R|s < 44(K) < 1}
= U (K, 1,9) € ¥ (RY) x MRY) x R|1 < 22/ (K)}
N UK 1,9) € £ (RY) x MRY) x R|Z2~UD(K) < 1}
€ g,;g (42)

It follows from (4.2) that the map 4 (RY) x .#(RY) xR —R: (K,uq) —
44(K) is of Baire class 2. ’

The proof of the fact that the map #'(R?) x #(R?) xR — R: (K,u,q) —
4%(K) is not of Baire class 1 is similar to the proof of Theorem 3.5.(ii) and
Theorem 4.7.(ii) and is therefore omitted.

(i) Fix ceR. Let (x;), be a countable dense subset of R? and let
(r;); be an enumeration of the positive rationals. For positive integers i,j,m
write

F={(K,u,q,L)e #(R?) x #M(RY) xR x A (RY)| L = K},

Bj={(K,pq,L) e #'(R?) x #4(R?) xR x #(R) | U(x;,r;) N L = &},
Cmijj = {(K,y,q,L)eJi’(Rd)x ,/%(Rd) x R x X(Rd) [AZ(LﬂB(x,-,rj))Zc—%},

and define the projection 7 : # (RY) x #(R?*) xRx A" (R?) — A (R?) x M (R?) x
R by
n(K,p,q,L) = (K, u, q)-

It now follows from Lemma 4.5 that
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(K, 1,4) € I'| Dim?(K) > c}
=0, {(K,/z, q) € I' | there exists a subset L = K such that

(i) L is compact and non-empty

(ii) if U< RY is open and LNU # &,

— 1
then 4}(LN V) Zc—;n—}

= ﬂmn({(K,u,q,L) elx #(RY)|L < K}

ﬂ{(K,y,q,L)eFxf(Rd)lif i,jeN with U(x;,r;)NL # &,

m

then 47(LN B(x;,1j)) = ¢ — 1 })

=0 (N, 7(FN Ny (B3 U C)
=InA4,
where
A=, 7(FN (), (ByUCuy)) = # (RY) x M(R?) xR

The sets F and B are clearly closed, and it follows from Proposition 4.6 and
part (i) of the theorem that the set C,,; is Borel. Hence, 4 is an analytic
subset of # (R?) x .#(R?) x R, and we therefore deduce that {(K,u,q) e I|
Dim/(K) = ¢} =I'N4 is an analytic subset of I". [J

REMARKS. (1) We have not been able to determine the complexity of the
multifractal packing measure map

HRY) x MR xR - R: (K, p1,q9) > PP(K). (4.3)

Mattila & Mauldin [MM] have recently shown that if X is a Polish space and g
is a dimension function satisfying the doubling condition (i.e. there exists ¢ > 0
such that g(2f) < cg(¢) for all ¢ > 0), then the map

H(X)—R:K— 2K) (4.4)

is o(o/ (A (X)))-measurable where o(o/(#'(X))) denotes the g-algebra generated
by the family o/(#'(X)) of analytic subsets of /' (X). Moreover, Mattila &
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Mauldin also provide an example showing that the map in (4.4) is not neces-
sarily Borel measurable. However, the ideas in [MM] do not apply to the
multifractal case. In order to prove that the map in (4.4) is o( (A (X)))-
measurable, Mattila & Mauldin use the fact that if g satisfies the doubling
condition then 29 has “the subset of finite measure” property, i.e. if 4 is an
analytic subset of X with 2#9(4) = oo, then there exists a compact subset C of
A with 0 < 29(C) < oo. It is not difficult to see that the multifractal packing
measure 2/’ does not in general have “the subset of finite measure” property,
and the method used in [MM] does therefore not work in the multifractal case.
However, we do believe that the multifractal packing measure map in (4.3) is
analytically measurable, and we therefore make the following conjecture.

Conjecture 4.10. The map A (R?) x M(R?) x R — R:(K, u,q) — 28'(K)
is measurable with respect to the o-algebra generated by the analytic subsets of
A (RY) x MRY) x R.

(2) Theorem 4.9 shows that the multifractal packing dimension map
restricted to the set I” of doubling measures is measurable with respect to the
o-algebra generated by the analytic subsets of I'. It is natural to ask if the
doubling conditon can be omitted. We therefore pose the following question.

Question 4.11. Is the map 4" (RY) x #(RY) x R—R:(K, u, q) — Dim/(K)
measurable with respect to the ag-algebra generated by the analytic subsets of
A (RY) x M(RY) x R?

5. An example: Measurability of multifractal slices

We will now apply the results in §3 to study the measurability of multi-
fractal slices. The results in this section play an important part in the study of
multifractal slices and negative dimensions in [Ol5].

Fix positive integers n» and m with m <n. Let G(n,m) denote the
Grassmannian manifold of m-dimensional linear subspaces of R". For IT €
G(n,m), let IT* denote the orthogonal complement of 17, and let 77 denote the
orthogonal projection onto /7. Furthermore, for /T € G(n,m), x e R" and § >
0 write B(IT+x,0) = {zeR"|dist(z,IT+x)<d}. For a measure space (X, &, u)
and E € &, let uL E denote the restriction of u to E, i.e. (uLE)(F) =u(ENF)
for all Fe&. Now we define the slices of a Radon measure x in R" by
m-dimensional planes. Fix ue #(R") and IT € G(n,m). For #"™™ almost
all x e IT* the following limit Radon measure exists

U7, x = weak-lims o (26)~ "™, B(IT + x,0),

where weak-lim denotes limit with respect to the weak topology, cf. [Ma2,
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Chapter 10]. If /7€ G(n,m) and xeR" are such that u; , exists for y =
npe(x), then we write 7 . = p . The measure py , is the slice of u by the
plane IT + x. We are now ready to state and prove the main result in this
section. Recall that #(R") denotes the family of closed subsets of R”.

THEOREM 5.1. Let teR, ue #(R") and F € #(R"). The maps
G(n,m) xR" xR = R: (I1,x,q)

B {jf#"l;fx(Fﬂ (IT + x)) if . exists | 65.1)
0 if up  does not exist
G(n,m) xR" xR = R : (I, x,q)
B {dimZH.X(Fﬂ (IT + x)) if up , exists | 52)
0 if upg . does not exist

are o(of)-measurable where o(of) denotes the a-algebra generated by the family
o of analytic subsets of G(n,m) x R" x R.

Proor. If X is a Polish space, we write /(X ) for the family of analytic
subsets of X. Let & denote the map in (5.1) and let d denote the map in (5.2).
Write X' = {(I1,x) € G(n,m) x R" | uy; , exists} and observe that it follows from
[Mal] that X is Borel. Fix ke N and J > 0 and define maps by

A (R") x MR") xR D R: (K,v,q) — #8(K),
H(R") x MR") xR 2R (K,v,q) — dim(K),
G(n,m) x R" 2 #°(R") : (IT,x) — F N (IT + x) N B(0, k),

G(n,m) x R" 2 /(R : (I, x) — (20)" "™ uL B(IT + x,9),

Uyp,x = weak-lims o S5(11,x) if ([1,x)eX

n S ny.
G(n,m)xR" 5 #(R ).(H,x)—»{fn if (I1,x)¢Z"

The map L is clearly Borel, and since S; is Borel, S is Borel. It therefore
follows from [Ke, 37.3] that the map

G(n,m) x R" x R 35 o4 (R") x .#(R") x R : (I, x,q) — (Le(11,x), ST, %), q)

is o((G(n,m) x R" x R))-o(L (A (R") x #(R") x R))-measurable, and The-
orem 3.4 and Theorem 3.5 therefore show that the maps 7 = 1s4g sup, H o T
and d = 1gxrsupy D o Ty are o(/(G(n,m) x R” x R))-measurable. []
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ReMark. For >0, Jfl?” =%" where %' denotes the t-dimensional centered
Hausdorff measure (cf. (2.1.1)). Hence, for 1 >0, Theorem 5.1 shows that
f Fe%(R"), then the map G(n,m) x R" — R : (I1,x) — €'(FN (Il + x)) is
measurable with respect to the g-algebra generated by the family of analytic
subsets of G(n,m) x R". It is natural to ask if this result is the best possible.
We believe that this is the case and make the following conjecture.

Conjecture 5.2. Let Fe #(R"). The map G(n,m) x R" = R: (I1,x) —
¢'(FN (I + x)) is, in general, not Borel measurable.

Dellacherie [De] proved that if T and X are compact metric spaces, B is an
wnalytic subset of 7 x X and s > 0, then the map T — R : t — #°(B,), where
B, = {x e X|(¢,x) € B}, is measurable with respect to the os-algebra generated
sy the family of analytic subsets 7. Theorem 5.1 can thus be viewed as a
1atural multifractal extension of classical measurability results for sections of sets.

Note Added in Proof. Question 3.8 has recently been answered affirmatively
sy A. Schechter [On the centred Hausdorff measure, Bull. of the Lond. Math.
Soc., to appear]. In fact, A. Schechter proved that if x is a Radon measure on
R? satisfying the doubling condition, then the multifractal Hausdorff measure
7(;;’” is Borel regular for all ¢, t e R. Moreover, he also constructed a Radon
neasure v in the plane not satisfying the doubling condition for which S/KVI/ 20 is
10t Borel regular.
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