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Abstract

In the present paper using the principal of subordination we obtain sharp bounds for a class
of non-Bazilevi¢ functions with complex order defined by convolution.
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1 Introduction

Denote by A the class of univalent analytic functions of the form:
f(2) :z—l—Zakzk, (z€U= {ze C : |z] < 1}). (1.1)
k=2

For two functions f(z) and g(z), analytic in U, the function f(z) is subordinate to g(z) (f(z) < g(2))
in U, if there exists a function w(z), analytic in U with w(0) = 0 and |w(z)| < 1, f(2) = g(w(z))
(z € U) and if g(z) is univalent in U, then (see for details [1], [4] and also [9] ):

f(2) < g(z) <= f(0) = g(0) and f(U) C g(U).

The Hadamard product of f(z) and g(z) given by
(oo}
g(z2) =2+ > b2", (1.2)
k=2

is defined by
(fx9)(2) =2+ arbiz" = (g% f) (2).
k=2
Let ¢(z) be an analytic function with positive real part on U with ¢(0) =1, ¢/(0) > 0 which maps

U onto a region starlike with respect to 1 and is symmetric with respect to the real axis. For
b € C* = C\{0}, Ravichandran et al. [13] defined the classes S;(¢) and C(¢) as follow:

S;(¢) = {f cA:l +% <Z}C(S) - 1) < é(2) (zeU)} (1.3)
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and

12f"(2)
Co(¢) = {feA 1+5f(2)

=< ¢(2) (zeU)} . (1.4)

We note that:

(i) S (H2) = 8*(b) (see [11);

(i) Cy(1£2) = C(b) (see [19] and [10]);

(iii) Sy (FEH=2202) = S5 (b) (see [7]) (0 < o < 1);
(iv) C <W> = Ca(b) (see [7)) (0 < a < 1);

(v) §i(9) = S*(¢) and C1(9) = C() (see [8]).
For -1< B<A<1,0<a<l,vyeC, Wang et al. [18] (see also [2]) introduced and studied
the class N(v,a; A, B) of f(z) € A satisfying

z \“ 2f(z) [ 2 \Y 1+ Az
(1+4+7) <> -y <> < . (1.5)
/() f(z) \[f(z) 1+ Bz
By making use of the convolution, b € C* and the principle of subordination between analytic
functions, we now introduce the following class of non-Bazilevi¢ functions.
Definition 1. Let ¢(z) be an univalent starlike function with respect to 1 which maps U
onto a region in the right half plane which is symmetric with respect to the real axis, ¢(0) = 1,

¢ (0) > 0,7 € Cand 0 < o < 1. A function f(z) € A is said to be in the class Ry (b, ¢) if it
satisfies the following subordination condition:

1 . @ Z( f* 5 4 . o
Hb{(Hw (7=m=) ((f*j))((z))) () —1} =< ¢(2). (1.6)

‘We note that:
(i) R (1,6) = R (6) (sce [16]);

(ii) R (1, }ig;) =RV (A,B) (-1 < B < A<1) (see [18));

(i) R (1, R ) = R () (0 < p < 1) (see [17);
(iv) Rclgl (1, i*i) = R (see [12]).

Also, we can have following new subclasses for different forms of g(z) :
(i) For

I+1+X( m
Z{*Ll)} 2 (A>0,0>0,meNg=NU{0},N={1,2,..}),
k=

the class Ry (b, ¢) reduces to the class R}, ; (b, ¢) which satisfies:

’

) (Dzmz))( Z

RTIE) pere) 1 <00,

1
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where DY, f (z) generalized multiplier operator introduced by Catas et al. (see [5]);
(ii) For

g(z) =z + kazk (m € Np),
k=2

the class Ry (b, ¢) reduces to the class Ry, ” (b, ¢) which satisfies:

1"‘2{(1""}’) (szf(Z)>a _’72(5::;((5))) (szf(z))a —1} < ¢(z),

where D™ f (z) Salagean operator (see [14] and also [3]);
(iii) For

-, e (ag)yy zk
9(z) = *Z NCARNO

gand s € Ng,q < s+1,a; € C and

_ k )
= Z*;Fk(al)z (5j¢Zo:{07—1,—2,...};3':17...73 >

the class Rg"Y (b, ¢) reduces to the class Ry, (b,#) which satisfies:

q,s,001

1 : a z (qus (a1) f (z))/ . o
1+ b {(1 +7) (m) - . (Oz1l)f(z) (qus(al)f(z)) — 1} =< ¢(2),

where Hy s (o) f () Dizok Srivastava operator (see [6]);
(iv) For b= (1 —B)cosf e~ (|0] < 5,0 < B < 1), the class R, , (b, ¢) reduces to the class

e~ s0 — isin
Ry (00,0) = { 1 s LTI o) (1.7

where

_ 2\ AU (2 T
we=u) (rhm) e ()
and also, putting v = —1 in (1.7), we have the following subclass:

—i0 2((Frg)(2)

e 2 x9)(2) (=) _ B cosH—isin0
Ryt (5,9,¢)={f: i () - <¢(z)}.

In order to prove our results, we need the following lemmas.
Lemma 1 [8]. If p(z) = 1+ c12 + 22 + ... is a function with positive real part in U and p is a
complex number, then
|c2 — pei| < 2max {1;2p — 1]}

The result is sharp for the function

1+ 22 142

1—22 ndp() 1—2"

p(z) =
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Lemma 2 [8]. If p(z) =1+ c12 + 222 + ... is an analytic function with a positive real part in U,

then
—4v + 2 if v <0,

|02—vcf|§ 2 if0<wv<1,
4v — 2 ifvo>1,

when v < 0 or v > 1, the equality holds if and only if p(z) is %fi or one of its rotations. If 0 < v < 1,
then the equality holds if and only if p(z) is }J_rjz or one of its rotations. If v = 0, the equality
holds if and only if
142\ 1+z2 1-A\1-=z
_ <A<1
p(2) ( 2 >lz+( 2 )HZ (0=A=1),

or one of its rotations. If v = 1, the equality holds if and only if p is the reciprocal of one of the
functions such that equality holds in the case of v = 0. Also the above upper bound is sharp, and
it can be improved as follows when 0 < v < 1.

1
|02—vcﬂ+v\cl\2 <2 (0§v§ 2>

and .
|02—Uc?‘+(1—v)|cl|2§2 <2§v§1).

2 Main results

Unless otherwise mentioned, we assume throughout this paper that ¢(0) = 1,¢ (0) > 0,7 € C,
0 < a <1 and g(z) is given by (1.2) with bg, b3 > 0.

Theorem 1. Let ¢(z) =1+ Byz + Boz? + ... with By > 0. If f(2) given by (1.1) belongs to the
class RS (b, ¢) with o+~ # 0 and a + 27y # 0, then

|a3 7ﬂag| < |b| By maX{1; ’32 (a+1)(a+27)bB; 4 pb(a+2v)bs By } (2.1)

[a+27[b3 B 2(at+7)? (a+)?b3

The result is sharp.

Proof. 1f f(z) € Ry7 (b, ¢), then there is a Schwarz function w, analytic in U with w(0) = 0 and
|w(2)] <1 in U such that

’

1+ 4 {(1 +7) ((f*;)(z))a — 2 (((J{:gg))((j))) (U*;)(Z))a — 1} = ¢(w(2)). (2.2)

Define the function p(z) by

1+ w(z)

=_—""=1 24 2.3
1= w(2) +c1z+cz” + (2.3)

p(2)



Fekete-Szego results 153

Since w(z) is a function, we see that Re {p(z)} > 0 and p(0) = 1. Therefore,

bw(z) = ¢(””1)

p(z) +1
1 A cf
= ¢{2 [cler <¢:2 — 21) 22 4 <036162+41) z3+..}}
1 1 i
= 1+ §C1B1Z + 531 €2 = % *0132 24 (24)

Now by substituting (2.4) in (2.2), we have

! a2 N AU (2 N
1+b{(1+7)((f*g)(z)> T (fr9) (2) ((f*g)(Z)) 1}

1 1 c?
= 1+501B12+ 531 Cop — — 70132 Z =+ ..

2
So, we obtain

1
— (a4 7) baaz = §bC1B17

—(a+27) [b3a3 - % (a+1) anQ}

1 c?
= ibBl <CQ — 21) -+ bBQCl,

or, equivalenty,

@ — —bClBl
2= 2 (a + ’Y) b2 ’
—bB; 1 B (a+1)(a+27)bB
-’ _ 1B M} 2|
=9 (v +27v) b3 {C2 2 { B T a(ata)” “
Therefore,
—bB
2 1 2
_ - = — 2.5
a3z — (asg 2 (a i 2,}/) b3 [02 Ucl] ) ( )
where 1
_ 32 (a+1)(o¢+2'y)bBl _ pb(at2y)b3 By
75 [1 T e (o) } (26)

Our result now follows by using Lemma 1. The result is sharp for the functions

1 N2 (2 N e
1+b{“+”<q*mu0 e () %‘ﬁ()

! N\ 2((F*9) @) RN U
1+b{(1+7)((f*9)(2)> 7 (f*g)(2) ((f*g)(z)) 1}—¢( )-

This completes the proof of Theorem 1. |

and
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z
—z

Putting g(z) = 1% in Theorem 1, we obtain the following result.

Corollary 1. Let ¢(z) = 1+ Byz + Baz? + ... with By > 0. If f(2) given by (1.1) belongs to the
class R*7 (b, ¢) with o+ # 0 and a+ 2y # 0 , then
The result is sharp.

Putting v = —1 and o = 0 in Corollary 1. We obtain the following result which modifies the
result obtained by Ravichandran et al. [13, Theorem 4.1].

_ 2 ‘blBl
‘ag ,ua2| < [at2y] ax

1. | B2 _ (e+l)(a+27)bBy + pb(a+2y) By
| B 2(a+v)? (a+7)?

Corollary 2. Let ¢(2) = 1+ Byz + Baz? + ... with By > 0. If f(2) given by (1.1) belongs to the
class S§(¢), then

‘ag—uag‘ < wl%max{l; g—f—s—(l—Q,u)bBl‘}.

The result is sharp.
Putting b = (1 — ) cosf e (|§] <%,0< 8 <1) in Theorem 1. We obtain the following
result.

Corollary 3. Let ¢(z) = 1+ Byz + Baz? + ... with By > 0. If f(2) given by (1.1) belongs to the
class RS (0, B, ¢) with o+~ # 0 and o + 2y # 0 , then

(1—p3) cos 6B,

}a3 - 'uag| < |a+2v]bs

&Gw _ (at1)(a+2v)(1—p) cos B,
1: By 2(at7)?
X max { ; _'_,u(l—ﬁ) cos 0(a+2v)bz B1 } .
(a+7)%b3

The result is sharp.

Remark 1. For v = —1,b = 1 and ¢(z) H(ll%jp)z (0 <p<1)in Corollary 1, we obtain the

result of Tuneski and Darus [17, Theorem 1].

Theorem 2. Let ¢(2) =1+ Bz + Byz? + ... with By > 0. Let

_ b 2(a+7)* (B; — By)
5 2(a+7)* (B2 + By)
- 2 1) — 2.
() b3 (Oé + ) b(Oé T 27) B% ) ( 8)
b3 2(a+7)° By
_ b _ ) B2 2.
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If f(2) given by (1.1) belongs to the class RS (b, ¢) with a + 2v # 0, then

BB blbl(a+1)B3 | ublb| B

1
lo+27[bs 2(at)?bs T (a+v)?b3 gz o,
2 [b| B1
|as — pa3| < fa+27[bs . o2 < pp <01,
—[b|Ba blbl(at+1)Bf __pblb| B
[a+29lbs T 2(aty)2bs (o+7)?b2 p< o2
Further, if 05 < 4 < 01, then
2
(a+7)"b3

JE— 2 =
las = ne| + a2 v B

><&_Bﬁﬁm+nm+%ﬂﬁ_ww+mww%mﬁ
2(a+7)° (o +7)* b3
[b| B1
= lat2ybs”
If 0o < pu < o3, then
232
2 (+7)" b3
a5 = aa| + G o T 2
b(a+1) (a+ 2v) B? b(o+ 27) b3 B?
% Bl+327 ( )( 27) 1+/‘L( 732 1 |(l|2
2(a+7) (o +7)" b3
[b] B1
= Jot27y[bs”

The result is sharp.

Proof. The results of Theorem 2 follows by applying Lemma 2 to (2.5). To show that the bounds
are sharp, we define the functions x4, (n =2,3,4,...), Fx and {\ (0 < A < 1), respectively, by

’

1 v 2 (e 9) (2) .\
Hb{(lﬂ)("“’"*g””) T e () () _1}_¢(Z :
Xen (0) =0 = x;, (0) — 1,

1 LV 29 R) L e 2(z+ )
Hb{(l”)((“*”@)) -7 <F:*gg><z> (=) _1}”’(1”2)’

Fa(0)=0=/3(0)—1

and

L4y {(1 + (@m) ‘”z(gf:gg))((j))) (i) - 1} - (—?T») ’

£, (0) =0=¢&,(0) - 1.
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Clearly, the functions xgn, F x and & € R\ (b,¢). If p > 01 or pu < 02, then the equality
holds if and only if f(z) is xg2, or one of its rotations. When o2 < p < oy, the equality holds if
and only if f(z) is x¢3, or one of its rotations. If u = o1, then the equality holds if and only if f(2)
is F », or one of its rotations. If u = o9, then the equality holds if and only if f(z) is £x, or one of
its rotations. i

Taking g(z) = 1% in Theorem 2. We obtain the following result for function belonging to the

class R*7 (b, ¢) .

z

Corollary 4. Let ¢(z) = 1+ Byz + Boz? + ... with By > 0. Let

1 2(a+7)*(Bs — By)
== 1) —
7173 (a+1) b(a+ 2v) B? ’
1 2(a+7)° (B2 + By)
= — ]_ —
o5 =5 |(a+ 1) b(a+ 27) B2 :
2(a+7)° Bs
= - 1 _———
76 =5 (a+1) blat2) B

If f(2) given by (1.1) belongs to the class R*7 (b, ) with a + 2 # 0, then

|b| B2 blbl(a+1)B | pblb| B}
fat2s] 2<fb+g>2l Pl A2
}GS_/Jag| < |o¢+2'1y| , , 05 S,U/S(LL;
—[b|B blb|(a+1)B 1blb| BY
|a+2v2\ + 2(at7)? "o (a+7)? p< 05
Further, if 06 < p < g4, then
2
9 (a+7)
S | P NI
b(a+1)(a+2v)B? b(a+ 27) B?
« B — Byt ( ) ( 27) i pb( 7)21 a2
2(a+7) (a+7)
|b| B1
|+ 27]"
If o5 < p < 03, then
2
2 (a+7)
e T P N2
b(a+1)(a+2v)B? b(a+ 27) B?
% ‘B1 +-B2 _ ( )( 27) 1 + o ( 7)2 1 |CL2|2
2(a+7) (a+7)
|b| By

o+ 27]"
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The result is sharp.
Remark 2. For b =1 in Corollary 4, we obtain the result of Shanmugam et al. [16, Theorem 1].

Remark 3. For b =1 and g(z) =z + > o, G gal)’“’(lé")(QQ)’zI)l 2F (g < s+1;8,q€Np) in the
Vg—1-\FPs)g—1 k—1

above results, we obtain the results of Seoudy [15].

Remark 4. Specializing the parameters -, @ and the function g in the above results, we obtain
results corresponding to different classes given in the introduction.
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