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Abstract

In this paper we introduce and investigate two new subclasses of the function class ¥ of bi-
univalent functions in the open unit disk, which are associated with the Hohlov operator, and
satisfying subordinate conditions. Furthermore, we find estimates on the Taylor-MacLaurin co-
efficients |az| and |a3| for functions in these new subclasses by using Chebyshev polynomials.
Several new consequences of these results are also pointed out.
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1 Introduction

Let A denote the class of functions of the form
flz)=2z+ Z anz", (1.1)
n=2

which are analytic in the open unit disk U := {z € C : |z] < 1}. By & we will denote the sub-
class of all functions in A which are univalent in U. Some of the important and well-investigated
subclasses of the class S include, for example, the class S*(«) of starlike functions of order o in U,
and the class K(«a) of convex functions of order o in U, with 0 < « < 1. It is well known that every
function f € S has an inverse f~!, defined by

U ) =2 (2€D)
and

s =w (ol <nlh. m(h =),

where
g(w) = fH(w) =w — axw® + (243 — a3) w* — (5a3 — basas + as) w' + ... (1.2)

A function f € A is said to be bi-univalent in U if f(z) and f~!(w) are univalent in U, and let

% denote the class of bi-univalent functions in U. The functions 1%, —log(1 — z), % log (}fj) are

in the class ¥ (see details in [6]). However, the familiar Koebe function is not bi-univalent. Lewin
[17] investigated the class of bi-univalent functions ¥ and obtained a bound |as| < 1.51. But the
coefficient problem for each of the following Taylor-MacLaurin coefficients |a,,| (n > 4) was an open
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problem (see [4, 5] 6, 17} 20} 33]) until the publication of the article [16] in 2013. The study of bi-
univalent functions gained momentum mainly due to the work of Srivastava et al. [25]. Due to the
pioneering work of Srivastava et al. [25], many researchers (see [1}12}3, 12} 13 [19] 25| 26, 28] 31}, [32])
investigated several interesting subclasses of the class ¥ and found non-sharp estimates on the first
two Taylor-MacLaurin coefficients |as| and |az|. Further recently Srivastava et al. [29] defined m-
fold symmetric bi-univalent function analogues to the concept of m-fold symmetric univalent functions
and they gave some important results,such as each function f € X generates an m-fold symmetric bi-
univalent function for each m € N, in their study and found estimates for the first two coefficients of
such functions and extend the study to investigate Fekete-Szego functional problems for functions
in these new subclasses(see[27, [30]).

The convolution or Hadamard product of two functions f, h € Ais denoted by fx*h, and is defined

by
(f*xh)(z) =2+ Z anbp2",
n=2

where f is given by (L.I) and h(z) = z + > b,2". Next, in our present investigation, we need
n=2
to recall the convolution operator I, . due to Hohlov [14} [15], which is a special case of the Dziok-

Srivastava operator [10, O] which itself a special case of the widely-investigated Srivastava-Wright
operator [24] (also see[18]).

For the complex parameters a, b and ¢ (¢ # 0,—1,—2,-3,...), the Gaussian hypergeometric
function o Fi(a,b,c; z) is defined as

2Fi(a,b,c;z) =Y (“zz)(i’)" %7: =1+ 22:2 (“)’Ec)lf_’)l“ (Z [ (z€D), (1.3)

where (o), is the Pochhammer symbol (or the shifted factorial) given by

n=0

_ Ila+n) |1, if n=0,
(a)”'_r(a)_{a(a+1)(a+2)~'~(a+n1), if n=123...

For the real positive values a, b and ¢, using the Gaussian hypergeometric function (1.3),
Hohlov [14}[15] introduced the familiar convolution operator Z, 5 . : A — A by

Tapef(z) =[z2F1(a,b,c;2)] % f(2) = 2z + Z pnanz" (2 €0), (1.4)
n=2

where
(1.5)

and the function f is of the form (L.I).

Hohlov [14] [15] discussed some interesting geometrical properties exhibited by the operator
Zo.b,c, and the three-parameter family of operators Z, ; . contains, as its special cases, most of the
known linear integral or differential operators. In particular, if b = 1 in , then Z, p . reduces
to the Carlson-Shaffer operator. Similarly, it is easily seen that the Hohlov operator I, . is also a
generalization of the Ruscheweyh derivative operator as well as the Bernardi-Libera-Livingston operator.
It is of interest to note that fora =cand b =1, thenZ, ; ,f = f, forall f € A.
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2 Definitions and Preliminaries

Chebyshev polynomials(see [11]]), which is used by us in this paper, play a considerable act in
numerical analysis. We know that the Chebyshev polynomials are four kinds. The most of books
and research articles related to specific orthogonal polynomials of Chebyshev family, contain es-
sentially results of Chebyshev polynomials of first and second kinds T;,(z) and U, (x) and their
numerous uses in different applications(see Doha [7] and Mason [21]]). The well-known kinds of
the Chebyshev polynomials are the first and second kinds. In the case of real variable z on (-1, 1),
the first and second kinds are defined by

T, (x) = cosnd,

sin(n +1)0
Une) = 55

where the subscript n denotes the polynomial degree and where © = cosfl. We note that if ¢ = cosq,
a € (%’T, %), then

1 — Si 1
D(z,t) = T otar 2= 1+ ; Wz” =1+ 2cosaz + (3cos’a — sin*a)z? + - - -

(z €U).
Thus, we write

O(z,t) = 1+ Uy (t)z + Ug(t)2? + ... (z€U,t € (~1,1))

sin(narccost)

where U,,_; = —r for n € N, are the second kind of the Chebyshev polynomials . Also, it
is known that
Un(t) = 2tUp—1(t) — Up—2(t),

and
Ui(t) = 2t; Us(t) =4t — 1, Us(t) =85 —4t,--- . (1.6)

The Chebyshev polynomials T;,(t),t € [—1, 1], of the first kind have the generating function of the
form

> 1—tz
T,)z" = ———— .
nE::o (t)2 1— 2tz + 22 (z€D)

All the same, the Chebyshev polynomials of the first kind 7}, (¢) and the second kind U, (t) are
well connected by the following relationship

AT, (1)
dt

To(t) = Un(t) — tUn_1(t),

0T, (£) = Un () — Un_a(t).

Motivated by the earlier work of Deniz [8], Peng et al. [23] (see also [22} 28]), and Altinkaya
and Yalcin [3]], in the present paper we introduce new subclasses of the function class 3, involving

=nUp—1 (t),
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Hohlov operator Z, ;. ., and we find estimates on the coefficients |az| and |az| for the functions
that belong to these new subclasses of functions of the class ¥ by using Chebyshev polynomials.
Several related classes are also considered, and connection to earlier known results are made.

Definition 2.1. For 0 < A < 1; t € (—1,1) a function f € ¥ is said to be in the class G&"“(\, ®) if
the following two conditions are satisfied:

2 (Zapef(2)
=N+ Mapef(s) 230 (1.7)

and /
el <) (1.8)

(1 - )‘)w + AILL,b,Cg(w)
where the function g is given by (1.2), and z,w € U.

Definition 2.2. For 0 < A < 1; t € (—1,1) a function f € ¥ is said to be in the class M%" (), ) if
it satisfies the following two conditions:

z (Ia,b,0f<z))/ + 2 (Ia7b,cf(z>)//

T YERS AW (1.9)

and

0 (Tae ()’ + 02 (Tapeg(w)”
0= Nt w0 @apeg)y (1.10)

where the function g is given by (1.2), and z,w € U.

On specializing the parameters A and ¢ € (—1, 1) one can state the various new subclasses of
as illustrated in the following remarks. Thus, taking A = 1 in the above two definitions, we obtain:

Remark 2.3. (i) A function f € ¥ is said to be in the class Sgb’c(@) if the following conditions are

satisfied: ,
z2(Tap,of(2))
Ia,b,cf(z)

where g = f~!'and z,w € U.
(ii) A function f € ¥ is said to be in the class IC“E"I”C(QJ) if it satisfies the following conditions:

w (Za,p,eg(w))’

< ®P(z,t) and
(1) Taneg(w)

< ®(w,t)

Tunel ()" Topeo(w))”
1+Z( b, f(Z))/ <<I>(z,t) and 1_;'_%{@(10,”

(Ia,b,cf(z)) (Ia,b,cg<w))
where g = f~!and z,w € U.
Taking A = 0 in the previous two definitions, we obtain the next special cases:

Remark 2.4. (i) A function f € ¥ is said to be in the class #%"“(®) if the following conditions are
satisfied:
(Zapef(2) < ®(2,t) and (Zopeg(w)) < ®(w,t)
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where g = f~!'and z,w € U.
(ii) A function f € X is said to be in the class Q%"“(®) if it satisfies the following conditions:

(Ia,b,cf(z))/ +z (Ia,b,cf(z))// < <I>(z, t) and
(Ia,b,cg(w))/ +w (Ia,b,cg(w))ll < (I)(’U}7 t)

where g = f~!and z,w € U.

In particular, for a = cand b = 1, we note that Z,, ; . f = f forall f € A, and thus, for A =1
and A = 0 the classes S&"(®) and K%"°(®) reduces to the following subclasses of ¥ in Remark

and Remark [2.6|respectively:

Remark 2.5. (i) A function f € X is said to be in the class S5 (®) if the following conditions are
satisfied:
2f'(2)

f(2)

where g = f~!and z,w € U.
(ii) A function f € ¥ is said to be in the class Ky (®) if the following conditions are satisfied:

2f"(2)
f'(2)

where g = f~!'and z,w € U.

wg'(w)
< ®(z,t) and o) < &(w,t),

wg" (w)

g'(w)

1+ < ®(z,t) and 1+ < &(w,t),

Remark 2.6. (i) A function f € X is said to be in the class Hx(®) if the following conditions are
satisfied:
f(z) < ®(2,t) and ¢ (w) < ®(2,t),

where g = f~!and z,w € U.
(ii) A function f € ¥ is said to be in the class Ox (®) if the following conditions are satisfied:
)+ 2f"(2) < ®(2,t) and ¢'(w)+wg”(w) —1 < ®(w,t),
where g = f~!and z,w € U.

In order to derive our main results, we shall need the following :
In the following section we find estimates of the coefficients |az| and |a3| for functions of the

above-defined subclasses Go"“(\, @) and M%"(\, @) of the function class 3.

3 Coefficient Bounds for the Function Class G&"“(\, @)

We begin by finding the estimates on the coefficients |as| and |as| for functions belonging to the
class G&C (A, @).
Supposing that the functions

u(z) = c1z+ e+ (2 €U), (1.11)
v(w) = dyw + dow? +--- (w e ), (1.12)
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are analytic in U with «(0) = 0 = v(0) and |u(z)| < 1, [v(w)| < 1, for all z, w € U. It is well-known
that

lu(2)] = |c1z + 2?4+ -] < 1 and lv(w)| = |dyw + dow?® +---| < 1,2,we U, (1.13)
then forall k > 1,

ek <1, (1.14)
lde] <1 . (1.15)

Theorem 3.1. If the function f given by belongs to the class G&"“(\, @) and ¢ € (0,1), then

|az| < min 20v/2t ; @ _23) (1.16)
Jle= 220t +16- 20— 2 - g 7%
and
, 2t 8t
las| < min + ;
B=Nes 2= 1) 6B+ [(3 = Mews — 2(2 — Nlar?|
1 8t?
(21 - =)
(3= A3 ( | (2—/\)|>
(A =23+ B = Nps s )}
. (o+14 82 ) b, 117
o (2] EEvEa )
where ¢, and 3 are given by (L.5).
Proof. Since f € G&"°(), ®), from the definition relations and it follows that
2 (Zapef (2) _. 2
ANt Masef0) 14+ Ui(t)u(z) + U2 (t)u(z) + -+, (1.18)
and
w (Ia,b,cg(w»/ . 2
TS TES VA i 1+ Ui (t)v(w) + Us(t)v*(w) + - . (1.19)
14 (2 = Apoasz + [(A2 — 20)p3a3 + (3 — N)psas] 22 + ...
=14+ Ui(t)erz + [Ur(t)co + Us(t)c2]22 + -+ -, (1.20)

1— (2= Ngoasw + [(A2 = 2)\)p3a3 + (3 — V)3 (203 — ag) ] w? + ...
=14+ Uy (t)dyw + [Uy(t)da + Ua(8)d2w? + - - - . (1.21)
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Now, equating the coefficients in (1.20) and (1.21), we get

(2 = Npaaz = Ui (t)ca, (1.22)
(A2 = 2)\)p2a3 + (3 — Npsas = Uy (t)ca + Ua(t)c3, (1.23)
and
—(2 = N)p2as = Ui (t)ds, (1.24)
(A% = 2X\)p3a3 + (3 — N (2a3 — az) = Ur(t)dz + Us(t)dj. (1.25)

From (1.22) and (1.24), we find that

_ Ul(t)Cl _ —Ul(t)dl
R R Vo 02

which implies

C1 = —d1
further 2(1)[c2 2
Uf(t)ey+d
R e 1.27
ERNETCEP Y (27
By using (1.6), (1.14) and (1.15), we get
2t
as] < —— 1.28
Adding (1.23) and (1.25), by using (1.27) we obtain
[2(A% = 2)) 3 +2(3 — N3] a3 = Ur(t)(ca + d2) + Ua(t)(c] + d7).
2(2 — \)2p3Us (¢
2 (N = 20) o+ 203 ~ N - 20 L2001 )] 03 = Uy(t)(c2 + o).
1
Now, by using (L.6),(1.14) and (L.15), we get
8t3
laaf? < . , (1.29)
2= X 63 + (3~ Ngs — 2(2 - Nlae2|
hence
2t\/2t
lag| <

\/’(2_)‘)2@34‘ [(3 = A)es _Q(Q_A)wg]w"

which gives the bound on |ag| as asserted in (1.16).
Next, in order to find the upper-bound for |as|, by subtracting (1.25) from (1.23), we get

2(3 — N)psaz = Ui (t)(ca — dz) +2(3 — N)pza3. (1.30)
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It follows from (1.14),(1.15)), (1.29) and (1.30), that

2t 8t
las] < (3—=X) * 2 2 2 '
7|2 =07 G+ (3 - Nes — 22 — el
From (1.22) and (T.23) we have
1

az =

<U1(t)02 + UQ(t)C? — ()\22/\)(]12@)0%> 7

(3 = N3 (2-A)?

1 82
< — (2 1——-11.
|a3|_(3—A)<P (215 5y1)
Further, from (1.22) and (1.25) we deduce that

hence

las| <

1 (A =2)p3 + (3= Ngs 2>
< — (26 + |1+ 8t ,
(3—)\)803< ‘ ‘

(2—X)2¢3

and thus we obtain the conclusion (I.17) of our theorem.
For the special cases A = 1 and >\ = 0, the Theorem [B.1] reduces to the following corollaries,
respectively:

Corollary 3.2. If the function f given by belongs to the class Sg’b’c@), then

4] < min 2t\/2t 2t
\/|S02 + [¢3 — 902} tQ‘ P2

and

8t3 1 1 02
2 + |1 — 8t2 <2t+1+28t2)}
T (s o280 25 B L8 s g (2 L =58t

where t € (0,1), ¢2 and 3 are given by (1.5).

t
lag| < mln{

Corollary 3.3. If the function f given by (I.I) belongs to the class Hy: ¢ (), then

t\V2t t
|az] < min V21
\/|902 + [3¢ps — 4<P2]t2| 2

and

2t3 1
|02 + (33 — 402)1%] 3p3

where ¢ € (0,1), @2 and 3 are given by (1.5).

(2 1 303 — 203 5 >}
< =4 2% + [1 — 4¢2 ;(2t+ 14 2P 2P0y ,
o < min { 22 ) g (2 1 B2
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4 Coefficient Bounds for the Function Class M$"(\, ®)
Theorem 4.1. If the function f given by belongs to the class M%"(\, ®), then

laz| < min tv2t ) t
o V2 =203+ B3 — N)ps —8(2 — N)g3]t2 (2= N)ga

and

2
las| < min __r 2t+’1—L‘ ;
3(3 = A)es 2-X)

26 2t _
3B = Nwes 2= 203 + B3 = Nz —8(2 = Ne3)t?|’

1 33=Np3 —2(2— N3 5 2t
33— Vs (1 BTG S e B ) HECERVE } ’

where ¢ € (0,1),2 and 3 are given by (L.5).

Proof. For f € M&"°(\, ®), from the definition relations (T.9) and (T.T0) it follows that

Z (Ia,b,cf( ))/ + Z2 ( a,b Cf(Z))
(I—=XNz+ Az ( a;,pf(z))/
1+2(2 = N)paazz + [4(A* — 20)p3a3 + 3(3 — N)psas] 2° + ...

1+ Ui (tu(z) + Us()u?(2) +-- -,

=14+ Ui(t)erz + [Ur(t)ea + Us(t)ei]z? + - - -

and

W (Zap,eg(w) + w? (Zap,eg(w))”
(1= XNw+ Az (Zgp,cg(w ))/

=14+ U (t)v(w) + Uz (t)v?(w) + - - -

1—2(2 = Npaasw + [4(A% = 2X)p3a3 + 3(3 — N)p3(2a3 — ag)| w? + ...

=:14+U; (t)dﬂl} + [U1 (t)dg + UQ(t)dﬂwQ 4
Now, equating the coefficients in (1.33) and (1.34), we get

2(2 — )\)(,02@2 = Ul( )Cl,
4N = 2X0)p3a3 + 3(3 — N)psaz = U (t)ca + Ua(t)ci,
and
—2(2 — )\)QDQGQ = Ul(t)dl,
4(N% — 20)p2a3 + 3(3 — \)(2a3 — az)ps = Uy (t)dy + Us(t)d?
From (1.35)and (1.37) we get

U1 (t)q - Ul (t)dl

T22-Ner 22— Ngo

161

(1.31)

(1.32)

(1.33)

(1.34)

(1.35)
(1.36)

(1.37)
(1.38)

(1.39)
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which implies
Cc1 = 7d1

further
o UP ()|} + d7]

2T RE- N
According to (1.6),(1.14) and (1.15), we easily deduce
_t
(2= N2

(1.40)

las| <
By adding (1.36) and (1.38),
8(A2 — 2)\)p2a3 + 6(3 — N)pzaz = (co + d2)Uyi(t) + (¢ + d3)Us(t)

and using (1.40) we get

[8(AZ — 2X\)2 + 6(3 — N)sla2 = (cz + do) Uy (t) +

According to (1.6),(1.14) and (1.15), we easily deduce

2t3

|a2|2 < 2 2 21421 °
[(2 = A)%93 + [3(3 — Nz — 8(2 — \)p3]t?|

(1.41)

which yields
tV/2t
jaz| < 2 2 27172
V12 =225 + B3 = Nes — 82— N3l
Next, in order to find the upper-bound for |as|, from (1.36), by using (1.39) we have

la \<; 2t+|1—i|
=303 = Nes 2- )"
Subtracting (1.38) and (1.36) we obtain
6(3 — )\)(,03&3 — 6(3 — /\)G%QO;), = U1 (t)(CQ - dg),

and using (1.41) we deduce

< 2t N 213
T 303Nz (2= 2205 +[3(3 = Nz — 8(2 = Np3]t?|

Finally, from (1.38) and using (1.39) we get

1 — —2(2 — 2 2
(1+3(3 Nz — 2( A)¢22t2>+3( t

|as|

as| < ——m— _—
931 = 3 Ve GRSy T Vs

Taking A = 1 and A = 0 in Theorem 3.1} we obtain the following corollaries, respectively:
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Corollary 4.2. If the function f given by belongs to the class K3;"(®), then

_ tV/2t t
|a2| < min

Vo2 + [6ps — 8(,03]7527 V2

and
a<min{t+11—8t2|' LA 2t ; 1<1+w2t2)+t}
o 3p3 6 " 3ps 3+ (603 — 832 Gps 3 3p3 )’
where t € (0,1), p2 and 3 are given by (L.5).
Corollary 4.3. If the function f given by (1.1) belongs to the class Qx(®), then
, tV/2t t
|az| < min > A
VA% + [9p3 — 1603]t2 " 202
and
1 2t 2t3 1 — 4¢3 2t
aggmin{(2t+|14t2\); —+-— = (1+Mt2>+},
93 9ps 43 + [9ps — 16p3]12 " 9 23 93

where t € (0,1), 2 and 3 are given by (1.5).

5 Corollaries and its Consequence

Remark 5.1. Fora = ¢; b = 1, we have ¢,, = 1 foralln > 1and t € (0,1) in Corollary 3.2 and
Corollary [3.3|we obtain more accurate results for the classes in Remarks[2.5/and

Corollary 5.2. If the function f given by (L.1)) belongs to the class S5;(®) and ¢ € (0, 1), then
lag| < 2tV/2t
and . .
|as| < min {t+8t3;t+ Sl =8t + o1 +8t2{}

where ¢ and 3 are given by (1.5).
Corollary 5.3. If the function f given by belongs to the class Hx(®),and for ¢ € (0,1) then

ol < 221
BRI
and ) 3 )
. t 2t 1

where @9 and 3 are given by (1.5).
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Corollary 5.4. If the function f given by belongs to the class Ks(®) and for t # %, then

|a2| S ﬂ
|1 — 22|

and
t 1 ¢ 23 t o1
< mi _ ,17752.7 e (1 tz
a3|_mm{3+6| 8 |73+‘1—2t2|’3+6(+8 )}7
where ¢ and 3 are given by (1.5).
Corollary 5.5. If the function f given by (1.1) belongs to the class Qs (®) and for ¢ # %, then

|a2| < ﬂ
14— 71|

and

1 2y, 2t 268 2 1 5,2
|a3|gmm{9(2t+yl—4t ) 9+|477t2|, 9+9(1+2t>},

where ¢ and 3 are given by (1.5).
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