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We consider a Langevin dynamics associated with a d-dimensional Edwards—Anderson model having
Gaussian coupling variables, and show that the averaged law of the empirical process satisfies a large-
deviation principle according to a good rate functional Z¢ having a unique minimizer Q.. The
asymptotic dynamics O, may be characterized as the unique weak solution corresponding to a non-
Markovian system of interacting diffusions having an infinite range of interaction. We then establish
that the quenched law of the empirical process also obeys a large-deviation process, according to a
(deterministic) good rate functional Z¢ satisfying Z¢ =7, so that, for a typical realization of the
disorder variables, the quenched law of the empirical process also converges exponentially fast to a
Dirac mass concentrated at Q.
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1. Introduction and statement of main results

The Edwards—Anderson model is a disordered spin system which was proposed in the
1970s as a mathematical model describing the magnetic behaviour of certain metallic alloys
known as ‘spin glasses’ (see Edwards and Anderson 1975). For a fixed cubic volume
A CC 7% it has a random energy Hamiltonian defined on the space {+1}* by the
expression

HY(0) = — Z J{ijy0i0 ;.
{ij}en”

Here A™ denotes the set consisting of all bonds {7, j} in A (equipped, for example, with
periodic boundary conditions), and J = (J{; ;1) ez« 1S @ fixed realization corresponding
to an independent and identically distributed (i.i.d.) family of standard Gaussian random
variables indexed by all bonds in Z7.

Hitherto, studying the equilibrium properties of this short-range spin glass model has led
to conflicting predictions in the theoretical physics literature, and rigorous mathematical
results are quite rare. Indeed, there are several opinions as regards the number of ground
states that should emerge in such a disordered spin system considered in dimension d = 3
and in the low-temperature regime; during the last decade, C.M. Newman and D.L. Stein
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have given a precise mathematical formulation for some of these predictions, which we
shall now briefly present; see Newman and Stein (1998) for a clear survey containing
precise definitions and mathematical statements, as well as appropriate references to the
physics literature.

(i) According to the ‘droplet/scaling’ heuristic arguments developed mostly by Fisher
and Huse, there should be a convergence of the finite-volume Gibbs measure (with
periodic boundary conditions) corresponding to such spin system towards a convex
combination

%pj + %pj”
p% and p’ being the only two pure Gibbs states in infinite volume corresponding to
the realization J of all couplings, and these two pure states being related by the
global spin flip symmetry changing ¢ into —a.

(i1)) On the other hand, the mean-field prediction of G. Parisi and his co-workers asserts
that the structure of all such pure states should be roughly the same as the structure
appearing when considering the statics of the Sherrington—Kirkpatrick (mean-field)
model, so that the Gibbs measure in a large finite volume should asymptotically
resemble a countable sum

> Wi,
a

(p%) being a countable family of infinite-volume pure Gibbs states associated with
the couplings J, and (W) being a (random) sequence of weights.

(iii) Finally, in the ‘chaotic pairs of pure states’ prediction proposed by Newman and
Stein, there are also infinitely many pure states p§ corresponding to a given typical
realization J of the couplings, but these pure states do not appear in the same way
when one considers a large, finite-volume Gibbs measure p%; in this prediction, for a
given increasing sequence of volumes A; / Z? one instead has an approximate
decomposition,

1 1.
PR, R E(P?) + E(P(;L) ,

for two pure states (p3*) and (p%")" related by spin flip symmetry and depending
upon L.

Moreover, it is now widely believed that such disordered spin systems display a complex
dynamical behaviour in the low-temperature regime, with relaxation times that may become
astronomically large. In this respect, it has been argued that studying the equilibrium
properties of a spin glass might not be so relevant and that one should instead study their
dynamical behaviour, since the equilibrium properties might well never be observed in the
laboratory. At a theoretical level, such studies began essentially with the seminal paper by
Sompolinsky and Zippelius (1982), in which the authors considered a relaxational Langevin
dynamics scheme for the Sherrington—Kirkpatrick model and derived the limiting evolution
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of a single spin in the large-volume limit. Ben Arous and Guionnet (1997) and Guionnet
(1997) were then able to confirm some of the main predictions contained in Sompolinsky
and Zippelius (1982) by considering a system of interacting diffusions x =
{(xNo<i=7; i =1, ..., N} evolving according to such a Langevin dynamics scheme and
establishing the convergence of the law of the empirical measure

|
A(N)f_E
o = O

towards a Dirac mass 0,_, with u., a probability measure on path space C([0, T]; R). To be
more precise, Ben Arous and Guionnet (1997) derive a large-deviation upper bound for the
law of the empirical measure 4" considered in the averaged regime, that is, when expected
values are taken not only with respect to the thermal noise driving the diffusions but also
with respect to the possible realizations of the disorder variables. This large-deviation upper
bound was established via a suitable adaptation of the Laplace—Varadhan method, and a
careful study of the corresponding variational principle then revealed that there can only be
one minimizing measure U, which may be characterized as the unique weak solution of a
highly nonlinear stochastic differential equation in dimension 1. Unfortunately, such a large-
deviation bound could only be established under an assumption of ‘high temperature or short
terminal time’; nevertheless, Guionnet (1997) removed this technical obstacle by establishing
the validity of a law of large numbers for 4" at arbitrarily low temperatures and with
arbitrarily large terminal times.

At the same time, large-deviation techniques were also used by Grunwald (1996; 1998) in
his mathematical study of the asymptotic behaviour of a Glauber dynamics scheme
associated with the Sherrington—Kirkpatrick model. Instead of a high-dimensional diffusion,
Grunwald considered a continuous-time Markov chain ¢ = {(o DOs <73 i=1,..., N} with
values in {41}", and, using an alternative approach — mixtures of large-deviation systems,
as introduced by Dinwoodie and Zabell (1992) — he was able to come to an analogous
conclusion, namely the validity of a large-deviation upper bound for the empirical measure
,[tf,N) considered in the averaged regime. There again, it was proved that the corresponding
rate functional has a unique minimizer u., that may be viewed as the law of the asymptotic
single-spin dynamics for the Sherrington—Kirkpatrick model; moreover, choosing such
bounded discrete spin variables enabled Grunwald to formulate a technically simpler proof,
and he was able, in particular, to establish the validity of such a large-deviation upper
bound for arbitrary temperatures and terminal times.

Our aim in the present paper is to return to the original short-ranged spin glass, namely
the Edwards—Anderson model introduced earlier, and to carry out again a large-deviations
analysis for the joint behaviour of such an assembly of spins considered in a large volume
and in a fixed, finite time horizon. For this purpose, we consider a Langevin dynamics
scheme where each spin variable is a diffusion process on the unit circle S!; this choice
may seem artificial at first, but it enables us to deal with compact spin variables instead of
unbounded ones, and at the same time one ends up with an asymptotic dynamics that may
be viewed as a non-Markovian diffusion in infinite dimensions, whose drift coefficient may
be computed explicitly. Our main result asserts that the empirical process associated with
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such interacting diffusions satisfies a full large-deviation principle (LDP), both in the
quenched regime (i.e., for a fixed, typical realization of the coupling variables J) and in the
averaged regime, for arbitrary low temperatures and arbitrarily large values of the fixed
terminal time 7. We come to this conclusion by considering these interacting diffusions first
in the averaged regime, where a Picard iteration method enables us to prove the validity of
a full LDP via an appropriate contraction principle (cf. Dembo and Zeitouni, 1998, Section
4.2). Such a contraction principle has the advantage of providing us immediately with a
characterization of the unique minimizer Q. associated with the corresponding rate
functional 7% Q,, may be explicitly described as the unique weak solution corresponding
to an infinite-dimensional system of interacting diffusions. The validity of such an LDP in
the quenched regime then follows from earlier work by (Comets 1989), and we also know
that the corresponding quenched rate functional Z¢ is bounded from below by Z¢ which
enables us to assert that O, is also the unique minimizer associated with Z9.

We now come to a precise statement of our main results. Replacing the original discrete
spin variables o’ € {£1} by circular spin variables x' = (cos @', sin#’), we shall be
considering a disordered energy landscape given by the Hamiltonian!

H{(x)= HX(0)=— Y Jypcos(0' — 6.
{i,jyeA*

Differentiating with respect to 6 then gives

Do, HX(0) = J iy sin(0" — 6),

J~i

the sum ) ;.; running over all nearest neighbours of 7 in A, so that the system of short-range
interacting diffusions (S/J\) given by

40} = dwi + B> Jysin(@) — 0)dt, i€ A 0<t<T,

i

has the A-dimensional Gibbs measure (proportional to exp(—8HZ(0)) [ icad®’) as unique
invariant reversible measure. For the sake of simplicity, assume further that the vector of
diffusions {(6})o</<r; i € A} solving (S7) has a ‘deep quench’ initial condition:

Law(0|,—o) = ug™,

where u is, for example, the uniform probability distribution on the interval ] — 7t; &t[, and
let P{ denote the law of {(6')o</=r; i € A} (P is a probability measure on W%, Wr being
the Wiener space of all continuous functions w : [0; T] — R).

The empirical process ﬁg\) associated with a A-dimensional configuration of diffusions

0c W’} is then defined as the following spatial average of Dirac masses:

! Adding an appropriate single site potential, one could also consider circular spin variables having a much better
resemblance with the original ones (see Section 4).



Langevin dynamics of a short-range spin glass 925

. 1
ﬂg\) = Z 50(/\),(,'),
Al

T=0" ¢ W?d being the infinite-dimensional vector of diffusions obtained from 6 by

periodically reproducing on the lattice the information contained in the box A, and 7 € Q
being the new configuration obtained from 7 by ‘shifting the origin of the lattice at site i’:

(T(i))j = Tjtis vjez!

(Jig\) is a shift-invariant probability measure on Q = W?d whose one site marginal is the
empirical measure associated with ).
Consider then the average of all probability measures P{ when J varies at random:

Pa() = de(!)Pi(-x

and let M () denote the set consisting of all shift-invariant probability measures on
QL=Ww ?. Our main results may be summarized as follows:
Theorem 1.1. (i) The law of the empirical process ftg,A) considered in the averaged regime
(i.e., under dPa(0)) obeys a large-deviation principle on M(Q), on the scale |A| and
according to a good rate function T¢ : My(Q) — [0; +o0] having a unique minimizer Q.
(ii) Furthermore, almost surely in the realizations of the disorder variables J, the law of
the empirical process ftg\) considered in the quenched regime (i.e., under dP(0)) also
obeys a large-deviation principle on My(Q), on the scale |A| and according to a good rate
function T9 satisfying 79 =T°.

As a simple consequence of the preceding large-deviations results, one may, for example,
fix some bounded continuous functionals ¢; : Wy — R (1 <i =< n) and some bounded
continuous F : R” — R to state that, for a typical realization of the disordered couplings J,
the distribution of

1 , 1 .
Fl|— 0, ..., — 20
(W;Am o o >>

under dP¥(0) converges exponentially fast to a Dirac mass concentrated at

F(Jqol 40, ..., jqonde)

when A ' 79, with an exponential speed of convergence that may be bounded from below
uniformly in J by using the averaged large-deviations rate functional Z¢.

The asymptotic dynamics Q. appearing above may be characterized as the unique weak
solution corresponding to an infinite-dimensional system of interacting diffusions that is
non-Markovian and has infinite range. This infinite-dimensional system of interacting
diffusions has a stochastic differential at site i € Z¢ which may be expressed as

o} = dw) + B2 (F.(0), ); G0 ) = dt,
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F,: Q— I°(Z%%), 0 <t <T, being a family of RZ")"-valued functionals such that

Vi e [0; T], Yo € Q, sup  |(Fi(@)!"™] < +oo,
{i,jte@®*

and G, : Q — [/(Z)*), 0 < t < T, being a family of RZ" -valued functionals for which

Vi € [0; T, Yoo € Q, > (Giopt| < 4oc.
{i.jye@h*

Precise expressions for the functionals F, and G, may be found at the end of Section 2.1;
both functionals actually depend on the shifted configuration of diffusions 6 considered
during the whole time interval [0; 7], which we emphasize here by writing F’ ,(0%(’)); ) and
G(6).

In order to establish these large-deviations results, we proceed as follows. In Section 2
we show that the finite-volume, averaged probability P, may be viewed as the law of a
system of long-range interacting diffusions that is spatially homogeneous. The next step
consists in proposing an appropriate extension of such a system of interacting diffusions to
infinite dimensions, the corresponding infinite-dimensional diffusion then being a natural
candidate for the asymptotic dynamics associated with our disordered spin system.
Surprisingly enough, there are actually several reasonable ways of extending the finite-
dimensional averaged dynamics to infinite dimensions; we opt for the most robust
extension, which may be considered without any restriction on the values of 5 and T, and
develop a Picard iteration method for the corresponding infinite-dimensional diffusion. Such
a method gives rise to some rather lengthy computations, but in the end it enables us to
establish the validity of a contraction principle for the law of the empirical process ftg\)
considered in the averaged regime, and the corresponding good rate functional
T My(2) — [0; +00] may then easily be seen to have a unique minimizer Q,, which
we characterize as the unique weak solution associated with some infinite-dimensional
system of long-range interacting diffusions.

In Section 3 we establish a quenched LDP for the empirical process frg\) ; our method of
proof follows Comets (1989). We show that, for a given typical J, the law of 6 under
dP{(0) may be described by making use of a Gibbsian interaction W = (1 4) 47« defined
on (Wr X [R?d)zd. The Laplace—Varadhan method may then be applied quite straightfor-
wardly in order to prove a quenched LDP for the empirical process; the drawback here is
that the resulting (deterministic) rate functional Z7 : M (Q) — [0; +00] has a rather
complex expression, so that one is not in a position to state immediately that the set of all
minimizers associated with Z9 is again reduced to {QO.}. This last statement follows,
however, from the contraction principle developed in Section 2, combined with the uniform
domination Z79 = 7“, which is a general fact for large-deviations asymptotics in random
media or disordered systems; see, for example, the introduction to Zeitouni (2001) for a
short proof.

Finally, in Section 4, we briefly show that such LDPs may also be proved in a more
general context: one may change to a certain extent the initial and boundary conditions
entering in the definition of PJ; a self potential term such as
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—KZ sin(6')*", K=0,neN,
ieA

may also be added to the original energy Hamiltonian H¥{(@) in order to gain a better
resemblance with the original ‘hard spin’ situation, as well as a magnetic field term

—K Z cos(6').

ieA

2. Averaged large-deviations estimates

2.1. A convenient expression for the dynamics in the averaged regime

Recall that Wy denotes the Wiener space consisting of all continuous functions
o : [0; T] — R (equipped with the topology of uniform convergence), and denote by Rp
the Wiener measure on W having initial condition u, such that

b—a

271

Recall also that P/J\ is a (spatially inhomogeneous) probability measure on W’} defined as the
weak solution corresponding to the short-range interacting diffusions system (S/() given by

Rr{a < w(0) < b} = up(la; b)) = , V-n<asb<m.

40}, = dwi+ B> Jiy sin(0] — 0)dt,

J~i
Law(0|,—) = ug™, iENO<(<T.

Now the first step in the identification of the asymptotic dynamics Q. will consist in viewing
the finite-volume, averaged probability measure

PA() = ES[P{()]
as the law of a new stochastic differential system (Sa) that is non-Markovian and has a long-

range interaction.

Proposition 2.1. The probability measure Pn may be viewed as the law of the following
system (Sp) of long-range interacting diffusions.

d0) = dwi + B> > FI @)sin(6] — 0))dr
j~i
Law(0)—o) = uy™, iENO0<(<T.
where F Ei’j }(0) is the {i, j} coordinate of the A*-dimensional real vector
F(0) = Cp.(0)'4,(0),

A,(0) is the N*-dimensional real vector with {i, j} coordinate
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A8 (0) = [cos(6' — 0)) — cos(8) — 6))] + J; cos(6 — 6/)ds,

and Cp (0) = (I1d + B*B(0)) is the A* X A* real matrix such that
Bii’j}’{k’l}(a) =0, if {i, j} and {k, I} are not adjacent,
Bl () = J; sin(0/ — @))sin(@) — 0))ds,  for ' # J,

- .. ! / i
Biw},{u}(g) — 2J Sin2(9§ — 0,)ds.
0

Proof. Let P/( and R?A be the law of the system considered during time [0, ], for > 0
fixed and 8 = 0, respectively. According to Girsanov’s theorem:

i€eA i

dpry i pi i
dR®A (0) = €Xp (ﬂ Z J {Z J{i,j} Sln(eé - es)}dw€

B 2
EZAJ {Z iy sin( — 92)} ds)

i

t
= exp (ﬂ > I j}L sin(6/ — 0")(dw! — dw/)

t
_fz Jiij) Z Jiin JO sin(/ — 6")sin(6! — ef)ds) ,

{i.j} {k0~{ij}

the sum ) i y~;;3 running over all bonds {k, /} in A that are adjacent to {i, j} (so that
k =1 or j=1[). By Fubini’s theorem,

dPa

dP’
axR 0) = MMNO)=E|—2

dR ®A (0)

A . . . ®A . .
(M )o<i=r is a non-negative martingale under R7", having mean 1, and since the Jy; js
have a Gaussian distribution,
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B
MMN0) =E {exp{— 7(J; B(0)J ) H

182
exp{ Y (J5 BAO))pa- }
A

-Elexp{B(J; 4:(0)gn }

>

B
exp{ - (J; Bu(O)J)ga+ }
EAO)

log M(0) = %Z[E ((J: AO))ar P X

El

where:

e here and in the sequel, the sign =, means that the two semimartingales under
consideration (on the left-hand side and on the right-hand side of the equality) have
the same martingale part;

o A(0) € RN, B,(6) € RA®AD,

A1) = | sincel - 00w~ aw),
0
plkl gy — o, if {i, j} and {k, I} are not adjacent,
.o - 4 . . o .
Bl (g) = J sin(0/ — 0')sin(6) — 0'yds,  for j' # J,
0
B (g) = 2J sin(6] — 0')ds;
0
o ZNO) = Elexp{—(8*/2)(J; Bi(O))ps }].
According to Itd’s formula, we have, under R‘?A,
sin(0/ — 0')(dw' — dw/) = sin 6/(cos 6" dw'’) + cos 0 (— sin ¢/ dw”)
+ sin 6:(cos 6] dw/) + cos /(— sin 6! dw!)
= sin /(d(sin 6'), + 1 sin 6% ds) + cos 0%(d(cos 6/), + Lcos 6/ ds)
+ sin 0!(d(sin 6/); + Lsin 6/ ds) + cos 6/(d(cos 6'), + L cos 0! ds),

so that
t

A7 (0) = [cos(0' — 07) — cos(B, — 6)] + J cos(6', — 67)ds.
0

Carrying on our computation of the martingale part of log M f(O), we then have
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ﬁz
exp{ == (J; Bi(6))gn }
ZN0)

2 P
log M(0) =man %ZA%””(O) STE| T 415 0)

{ij} {1}
But, for each # € R., for each @ € R, the matrix B,(0) is in fact such that

t 2
Vi e RN, (4; B(O)A)gr = ZJ {Zl{m sin(#/ — 9;’)} ds,

i€A i

so that B,(0) is (symmetric) non-negative definite (in R(A*®A*)), and

ﬂz
exp { iy (J5 BA(O))pa- }
Z}0)

Bl Sy e

is just the ({i, j}, {k, /})th coefficient of the inverse matrix of
Cﬁ,t(a) = (1 + ﬂth(o))-
Hence,

2 .
log MX0) = B A1 0)(C 0 2,0) )
{i.j}

B 1
= ?(At(a); Cﬁ,t(0)7 At(o))R/\*~

Since the family of matrices {(Cﬁ,,(O))’l}os <7 1s differentiable in ¢,

log M™(0) = ﬁ2j0<cﬂ,s(0>*1As<0); 44,(0)pr

—nart 57 Jt{Z[cﬁ,s(e))lAs(o)]“’f} sin(6/ — 92)}dwf;,

ieA 20 | j~i
and the proposition is proved. O

Interestingly, there are several ways of extending the system (Sp) to infinite dimensions.
Bearing in mind the methods devised by Ben Arous and Guionnet (1997; 1998) in the
mean-field context, one may first note that, for general configurations @ € W% (showing no
periodicity), the empirical process

sy _ 1 3
Ty =1 Ogni
0 [N
Al
2
is a purely atomic measure with |A| distinct masses, so that the Hilbert spaces RA" and Lz

(Q; R?) are canonically isomorphic; the canonical isomorphism ¢ transforms a A-
dimensional real vector 4 into an LJZ%(A) functional a : Q@ — R through the identities
0
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ak(g(/\),(i)) — gliites}
holdidng for each i € A and each 1 < k < d, {ey, ..., e, ..., e} being the canonical basis
" S%) 'q) (RN LJ%,;A)(Q; R?) provides us with a way of viewing the inverse matrix
Cp(@)! as the inverse of a symmetric, positive definite operator
Cps L;LA,(Q; RY) — L;;A)(Q; RY),

and the real vector 4,(f) may also be viewed as an Lf»,o functional a, : Q — RY, a, being
given by

t
[cos(w® — w )]} + J cos(@® — w%)du
0

a () =
t
[cos(wé — w9)]s + J cos(w’ — a)l?)du
0

One is then in a position to give a new expression for the stochastic differential at site i in the
system (Sa), of the type

d
do; = dw} + ﬂz{(stw“)); [Carade,@Mps + > (47O0); [C5laile, 00 )p }dr,
k=

1
the functionals s, s(,k) € Lfio being simply given by
sin(@§' — 0?) :
s(o) = : and s(@) = | sin(w;* — 0?9 |, l<k<d.
sin(w$’ — w?)
At this stage one should also note that both a, and s, : Q — R? define bounded Lipschitz
functionals on Q, when one is considering a reasonable distance on €2 (metrizing the product

topology), for example d,—7 : Q — R, the family of semidistances (d,)o<,<7 being defined
by

Vo, T € Q, di(o,1)=>_ pll(|lo" —7'|<, A 2),
iezd

for some fixed p €]0; 1[ (||.||~.; denotes the seminorm of uniform convergence in [0; ], and
li| = max(|i1], .., ik], - -5 |ia]))-
On the other hand, the covariance operator

Cﬁ,t : LJZ%;A)(Q; Rd) - L%A)(QQ Rd)
is given as a sum

Cp = (Td+ By,
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and the symmetric, non-negative definite operator B; : L,Z%;A) — L%)A) may also be defined on
the Banach space L, consisting of all bounded Lipschitz observables a : Q@ — R?. So for
small 8 and for ¢ not too large, the covariance operators Cg, may also be viewed as
perturbations of the identity on L, and the drift term at site / may be given an expression of
the type

d
do; = dw} + ﬁ2{<[cﬁ1at]ch(0<m’“>); s (@M o dt + > (s19(O0D); [Cp i, (07 ) }dt.

k=1

Such a finite-dimensional system of interacting diffusions has an obvious extension to infinite
dimensions: one should simply let i vary in Z¢ and consider the system (S..) given by

d
o}, = dw} + {(st(aﬂ‘)); [Coiade,@M)rs + > (s{(07); [Claile, (00 )i }dt,
k=1

Law(0)|,—o) = u?zd.

This extension of (Sx) to infinite dimensions has the advantage of providing us with a
reasonable estimation of the regularity of the drift term associated with the stochastic
differential d6; but for B2 - ¢ > 1 the covariance operators Cs, might well become singular
when viewed as bounded linear operators on the Banach space L, so that one has to look for
another extension to infinite dimensions in the general situation where S and 7 take
arbitrarily large values.

The following elementary remarks are of great help in finding an alternative expression
for the stochastic differential corresponding to an infinite-dimensional extension of Sa. First
of all, in the original expression for the stochastic differential corresponding to a finite
volume, averaged dynamics,

0% = dwl + 2> (Cp.(0)" - 4,0))!"7) sin(6] — ),

i
the covariance matrix Cﬁ,t(O)*1 is symmetric, so that one might just as well write
dg; = dw, + (Cp.A0) " - STHO): A1) dr,
S[ti](O) being the A™-dimensional real vector such that
(S@)hh =0 whenever k # i, [ # i,
(SO)! = sin(@] — 7).

Secondly, for any @ € Q and for i € Z9, 0 < ¢t < T, one may define infinite-dimensional
vectors A, (o), SV (@) € RZD" just as in the finite-dimensional setting:
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(Aot = [cos(w! — w!)]§ + Jo cos(w’, — w;,)du,

(S[ti](w)){k’l} =0 whenever k # i, | # i,

(SP(@)™ = sin(w] - w),
and observe that

Vie 79, vt e[0; T, Ao) € (2%,  Sw) € I'(Z%").
Similarly, the symmetric matrices B; may be extended to infinite dimensions by letting
By(o) : P((Z9)*) — P((Z%)*) denote the symmetric, non-negative definite operator such that
0 if {4, j} and {k, [}
are not adjacent,

t
J sin(a){ — a)i,)sin(a)f, — a)i,)ds for k =i, | # J,

(Bio) - flips [ren) ey =4 J,

t
2J sin*(w/ — w’)ds for k=i, 1=j.
0

((f{i)1iyeey 18 the canonical basis in 2((Z4)")). '
Thirdly, taking into account the fact that the vectors S[,’](a)) € I"(Z%*) have finite
support and that the infinite-dimensional matrices

Cp.A@) = (Id + B*B()) : P(Z)") — P(Z)")

are sparse, one may then prove that, for any @, 7 € Q and for any i € Z%, 0 < t < T, the
R(Z%)*) vector

Cp.u(w)~" - SH(x)
actually lies in /'((Z9)*), with an ['((Z%)*) norm that may be conveniently controlled. To be
more precise:
Lemma 2.1. For any o, T € Q, the *(Z)*) vector

Cp.(0)" x Sl(r)
lies in I'(Z%)*) and has an 1'(Z%)*) norm that is bounded from above by

K§, =V2dQ(1 + A)*

for A =24 4Bt
Proof. For the sake of simplicity, we assume that i = O. We also let \V|{k”} denote the

absolute value of the {k, [/} coordinate of a vector ¥ € ((Z%)*) and Py, denote the
projection of 2((Z%)*) corresponding to the {k, I} coordinate:

Py (V) = Vs fian) pqzayy - finny -
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We then have

|Cpi() " X SI@)| B0 = || Py y [Cpu) ™! X S 220y

o] _ A2 n
_ | [350=B ) SEO](,)]‘

— (1 +,’{)n+l

P(Zh")

o0

=" Py

n=0

>

PAZh")

(2 — f*Bi(w))" [0]
WS; (7)

and at this stage one should note that

(A — B*B())"

P{k)l} (1 _;'_i)nJrl

3501(,)1 =0  whenever n < |{k, I}| = (k| A ),
so that

1Cp(@)™" X S@)| 0 = | Py gy

A =B*B(®)" 0
Y. T S ](’)l
ey AT P(@Y)
(= BBi(@)"

0]
T+ or @

I

n=[{k, 1}

V2d 2\
<a0+n > <m>

n=|{k,l}|

T Jeul
- i)

(@)

A

We then have

D 1) X SO@ =" N [Cp ) x S|

{k1} n=0 |{k,I}|=n
o0 A n
<Vaayutk <l = (1)
; 1+41

and

k1 s |k = =2¢(" ),

so that, finally,
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1y glol w&<2V_ _ (l y

{%\%xm X S)] 21 d =D (4 D\
=29V2d(1 + A)“.

O

Taking into account the preceding observations, one is then in a position to state that, for
arbitrarily large values of the inverse temperature parameter S and of the terminal time 7,
the infinite-dimensional system of long-range interacting diffusions (S,) given by

6! = dw! + B2(Cp(0)" - SY(0); 4,(0)) 1~ dt,
Law(0|,—o) = uffzd, ieZ0<t<T,

should have a unique weak solution O, € M (€L2). The next subsection is devoted to the
proof of a much stronger statement concerning the existence and uniqueness of a solution for

(Sx0)-

2.2. Construction of an Ito map for (S.)

Our aim here is to establish that, for arbitrary values of 5 =0 and T > 0, the infinite-
dimensional system of long-range interacting diffusions (S.) has a unique strong solution
0 ={(0)==r; i€ Zd}, and that this solution may be constructed as the image

0 = d(w)

of the original infinite-dimensional Brownian motion w through a measurable transformation
® on Q= W? that is Lipschitz continuous with respect to the metric dr introduced earlier.

We use a natural fixed-point method to construct the Ito map ®: it consists in introducing
a measurable transformation ¢ : Q X Q — Q X Q defined through the identities

{p(w; )} = (w’;; wh +ﬁ2jo<Au(0); Cp.u(0) ' SLN0)) 1 du)

and showing that the successive iterates ¢")(w; e) of ¢ on some initial configuration (w; a)
converge to some (w; 0) € Q?, the limiting configuration (w; @) € Q2 depending on (w; a)
only through w. One may then define @ : Q — Q simply through the equality

D(w) = 0

and establish the Lipschitz continuity of ® on (R; dr).
As a first step towards this goal, we introduce the °‘essential part’ of ¢, namely
¢ : Q — Q defined by

(o)} = /32]0<Au(0); C(0) ' SUO)) - du,
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and show that ¢ satisfies a kind of Gronwall inequality; we shall make use of the
semidistances

d(w, )= Z PM(Hwi - Ti”oc,f N2)

iez4

introduced after Proposition 2.1, the value p being carefully chosen so that

po<p<l, forp(,:(l%) and 2= A(B; T) =2 + 4°T,

Proposition 2.2. There exists a positive constant K = K(d, 3, T) for which

t
d(¢(0); 9(r) < K - J 4u0; Dy, Ve[ T), V0,7 e Q.
0

Obviously,
{e@)}, — {o@}] < (@)} + (b)) + (o)}

for

t

(@)= | 114,00 = 4,0 Co O SO - 0 = Ln;‘,w; o),

t

(b)) = 0|<Au<r>; (Cpu(0) " — Cp (1) HSLNO)) o |du = Lsi,(o; )du,

t t

(o) = 0|<Au(7); Cp.u(@) ' (S0) — SU(@))) [ du = LCL((); )du,

and we shall now give appropriate upper bounds enabling us to control 7!, EL and @; suitably.
Lemma 2.2. For any choices of i € 7¢, 0,1 € Q,

(4,(0) — 4,(7); Cs,(0)"' SUO)) 11|

=v2d2+1) S o (105~ e A2+ (16"~ Tl A2)).
{k.lye@y*

Proof. This first inequality may be established by using the regularity of each functional
Aik’l} : Q — R, as well as the fact that B,(0) is an ‘infinite band matrix’, whereas S[M’](H) has
finite support, so that
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, A — BB, "
|Cﬂ,u(g)*1SE{t](g)|{kJ} - Z M

P
{k1} (1 + A

SL”(:)]

n=|k—ilA| 11| R((ZY")

(l B IBZBu(w))n
(1 4 A1

Al

st

n={k—i| A 1—i]

“ii5,.%, ()
(l+/1)n2\k7i|/\|lfi| I+4

_ \/Z—dpl)k_ilAll_il m

(@)

The following inequality may be proved along the same lines:

Lemma 2.3. For all i € 7%, for all {k, I} € (Z%)*, for all 0,1 € Q,
|Cpu(m)™" X (S7(@) — ST ()[R < plf =N

i

- <2d<||9" o A2+ S — e A z>>.

Proof. Here again, one may observe that

- i i i i A"
(Cpal@)™ X (S70) = ST < IS0 = SI@Np@ory - D G
n=|k—ilA| i

Using Minkowski’s inequality in R*?*!, we also have that

J~i

1598) — S0) | ey < <2d<|9" e A2 £ S~ e z)>,

which finishes the proof of the lemma. O

For fixed i€Z? and N =1, we next define the linear operator PY :
P((Z%*) — PP((Z%)*) as the sum of projectors

Pl=">" Py,
[{k.0}i=N
where
1Lk, L= [k —i[ AT —1].

We now come to the control of 52(0; 7).

Lemma 2.4. There exists a positive constant C; (depending only on B, d and T) for which
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(Cpu(®) " = Cpu() HSLN@)[H1

=ca Y oy Y (U6 =l A2+ (10" = 7 o A 2D,
n=|{k,1}; [{k', 1"} i=n+1

Proof. Considering Taylor expansions around A - /d and using a chaining argument enables
one to express the difference
Cﬁ,u(0)71 - Cﬂ,u(r)il
as a series
1
Y T2 Z@ B*Bi0))" " - B(B(r) — B(0)) - (A — f*B1))"
n=1

converging absolutely with respect to the operator norm |||-||| 2(zay+). For each n =1 and
each 0 < m < n — 1, we also know that

Pn[((A = B*BA0)" """ - B(Bdz) — BAB)) - (A — F*Bx)") - SL(@)] = 0

whenever n < |{k, [}|; (since (A —p*B,(0)) and (A — B>B,(r)) both have a ‘short-range
property’). Hence:

(Cpu®) " = Cpu@ HsEi@) !
= 2> (1+/1)n+12||(1 BB.O) " - F(Bu(r) — BU0) - O — B B,@)" - S(O)]|

n>\{k1}|

2
> a fwﬂzz" 7|(Bu() — Bu(8)) - (2 — FBu(x)" - STNO)| .
n=|{k,1}|;

At this stage one should also note that the infinite band matrix
(Bu(T) = Bu(B)) : P(Z)") — P(Z))")

satisfies

[(Bu(®) — Bu(0)) - V[

u u 2
< V4d -1 > (J sin(0% — 6!")dv — J sin(z}’ — rg’)du) X |V
[{k", '} ;<N+1 \JO 0

for any finitely supported vector V' lying in P[Ni][lz((Zd)*)].
On the other hand, we certainly have

(A — B*Bu(x)" - SLNO)||» < A" Vd
as well as

(4 — BB, (x)" - SU(0) = P [ [(A — B*B.(0)" - SLYO)].
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Using the elementary estimate

t t 2

(J sin(0%" — 0")du — J sin(zf" — 7! )du) < 20" = 7 |ocs A2) + (|07 = T ||oes A 2))
0 0

and then Minkowski’s inequality, we obtain

I(Bu(T) — Bu(9)) - (A — B*Bu(@)" - S(O)| 2

<24"d-u- Y ({(10° =t Naow A+ (10" =7 o A 2D
kI ism+2

Altogether, we now have:

(Cp.(0) " = Cp () S| (E1

282 ud nzl , , , ,
< 2 STetd D W0 = aeu A2+ (10" = T o A2)

j.(l +j-) n=|{k,1}|; m=0 |{k',I'}|;<m+2
28%ud . , , , |
SA+D Yoo > (W16Y = eeu A2+ (16" = T |oeu A 2)
{0 {KY=nt
so that the inequality stated in the theorem holds true for C; = 28%ud/(A(1 + A)). 0

Corollary 2.1. There exists a positive C, = Cy(f, d, T) for which

(A4u(); (Cpu®) " = Cpu@ HSP@) el < G Y- (108 =¥l n2) D0 " g

Kezd n=k'—i|-2

Proof. From Lemma 2.4 we obtain
[{(4u(®); (Cp(0)" = Cpu(®)")SL(O)) 1 11|

C-C+DY . D g Y ({108 = feu A+ (10" =7 [lcu A2)

{k,1} n=|{k,1}|; |[{k",.I'}i=n+1
Co-@+1)-Qd) Y (10" =" lleunD - D] > npg ),
k'ezd (k. ye@dy* \ (n=[{k, 1} )&(n=|k'—i|-2)

and the inequality stated in the theorem follows from the elementary bound

8k, Iy o |{k < n)<2? n9. O

Proof of Proposition 2.2. Let us first give an appropriate estimate for
PV ACES
i€z

Remembering that the parameter p (from the definition of d,) has been chosen in the interval
1po; 1[, we may fix an auxiliary parameter p; €]po; p[ and state that
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Z nd+lp61 < C3p{\/

for some C3 < 400 independent of N. Corollary 2.1 may thus be modified into

(Au(T): (Cpa0) " — Cpu@ SO | < Co Y o 1I0F — 7|l A 2),
k'eZd

and we then have

> @D =Ciy o Y o I0Y 7 A 2)

iez4 iezd k'ezd
/ ' K—il 1
= Ci > (I60F = wu A D ol
k'ez? iz

=G Y (68 — 7 o A2)

k'ezd
= CSdu(O; t)»
the last inequality following from the existence of a C¢ < 400 such that
vk ezd, S plll < ¢ pt!
iezd

((p'*h rez¢ 18 subharmonic with respect to the kernel (pllll) 1e7d)-
According to Lemma 2.2,

> pllE ;T

i€z

<v2d2+1)> o ST (108 = e A2+ (107 = T llc A 2)

iczd {k,l}G(Z")*
k—i|A[l1—i| i
< QAN (108 = T A2 [ D oI,
kezd iz

Using a subharmonic inequality for the sequence (p!!);c;« and the kernel (p“ ‘) ez, we then
obtain

S ol = D3 pH (105 — 1w n2) = D du(0: 7).
iez4 kezd
Finally, according to Lemma 2.3,

Zp"c;(o;r)sEIZp"(wi—r"luo,qu)( 3 plf"’”"‘)

i€z? icz? {k,1}e@d)*
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for some E; > 0, so that

> plE0; 7)< By - d(0; 7)
iczd
for B, =E, -] (k. Iye@d* pl]{k’l}“’). Remembering that
t
d(@(0); p(r)) < J > o010 7) + £,(0; ) + £,(0; ) | du

01 jez4

finishes the proof. U

The existence and Lipschitz continuity of the It6 map @ :Q — Q are now a
straightforward consequence of Proposition 2.2.
Introducing the semidistances d(,2> : Q2 — R, defined by

d2((w; @), W's @) = d,(w, w') + d (e, &),

we have
t

A (p(w; @), pw'; @) < 2d(w, W) + KJ d(@, «')du,
0

and successive iterations of the preceding inequality yield

dP (" (w; @), 9(w'; a'))

t n

< 2d,(w, w') + KJ

th-1
{2dt2(w, w) + ...+ KJ d, (e, a’)dt,,} dtz} d
0

[2dtl(w, w') + KJ
0

0

K22 (Kt)”1> LKD)

<2d NMN1+Kt+—+ ...
t(w,w)( + Kt + > + +(n—1)! ]

We may thus state the following:

Corollary 2.2. For any values of B = 0 and T > 0, the 1t6 map ® : Q — Q is well defined
and satisfies

dr(®(w), D(w") < 2™ — Dydr(w, w').
So for arbitrarily large values of the inverse temperature parameter 3 and of the terminal

time 7, the infinite-dimensional system of long-range interacting diffusions (S.) does
indeed have a unique strong solution @ = {(0))y<,<7; i € Z}.

2.3. Averaged large deviations of the empirical process

The first part of Theorem 1.1 is now a straightforward consequence of the existence and
continuity of ®. Indeed, in the ii.d. case (where 5 =0), we know that the law of the
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empirical process frg\) considered under dR?A(O) satisfies an LDP on M (L), on the scale
|A| and according to a good rate functional

ezt M) = [05 +o0]
known as the specific entropy functional (relative to R®Zd) and defined by

1
H(OA|IR?M) = sup

L HOAIRSM),
|A| Acczd |A|

Hy20(0) =
Oa denoting a projection of Q € M (Q2) with respect to the ‘W’}-measurable’ events, and
H (QA\R?A) denoting relative entropy with respect to R‘?-‘A. A short proof for this LDP may
be found in Comets (1986), and Chapter 15 in Georgii (1988) establishes some of the most
important properties of the specific entropy functlonal ‘H in a general setting.

Now for > 0, we also know that the law of J'[0 A considered in the averaged regime
(i.e., under dPx(0)) coincides with the law of ah when w is distributed under dRQ;fA(w).
We thus have

<1>( ()

~A(A ~ .
Lawp, o) (") = Lawggen o) (D)),

@ : M(Q) — M(Q) being simply defined by

D(u)=pod .
® certainly defines a continuous transformation on M (Q) (equipped with its topology of
weak convergence) and we may now apply the contraction principle (a proof of which may be
found in Dembo and Zeitouni 1998, Section 4.2) in order to state that the law of the
empirical process ﬁg\) under dPA(6) obeys an LDP on M (Q), on the scale |A| and
according to the good rate functional Z¢ : Q — [0; +oc] defined by

T = inf H o).
D(v)=u

The good rate functional Z¢ certainly has O, = <I>(R®Z ) as its unique minimizer (since
R‘gZ is the unique minimizer corresponding to H ,.,«), and, as a straightforward application
of the Borel-Cantelli lemma (see Ben Arous and Guionnet 1995), one may then state that,
almost surely in the realizations of the disordered couplings J € RZY", the law of the
empirical process f[gw considered in the quenched regime (i.e., under dPy(0)) converges

weakly to the Dirac mass 0p_. As we shall see in the next section, such a strong law of large
numbers may actually be reinforced into a quenched LDP for the empirical process.

3. Quenched large deviations estimates

Let us now consider a fixed (typical) realization J, of the coupling variables; for
convenience’ sake we may also view Jy as an infinite configuration of d-dimensional
vectors indexed by the vertices of the lattice, so that

Jo = (Jo(D))ieze € (RHED
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for Jo(i) = (Jo({i, i+ e1}), ..., Jo({i, i + eq})); so we may now consider any couple (0; J)
as an infinite-dimensional spin configuration where each spin variable (6(i); J(i)) lies in
Wr X RY.

Let R%° denote the joint law of @ and J when 0 is distributed according to R?™ and J is
fixed at the value Jy (or rather, at the projection of J, onto RA" , A\ still being equipped
with its periodic boundary conditions). According to Theorem IIIl in Comets (1989), we
know that, almost surely in the realization Jy, the law of the ]01nt empirical process’ ”S) J)
considered under dR2°(8; J) obeys an LDP on M (W7 X RY)Z"), on the scale |A| and
according to the deterministic rate functional H? given by

i) H poza(pte)  if u has a second marginal u, coinciding with (A/(0; 1)®9)eZ’
w=4q "

+00 otherwise.

Let us now denote by P 0 the joint law of @ and J when @ is distributed according to
dP[(0 and J is fixed at the value Jo. We also know that

dpl B o+ [ cos(e — o
de: }: > iy | Leos(6] — gk+»0m«@—emh

lEA i

Z(ZZJ{U}J{, k}j sin(0] — i>sin<0i‘—0’;>dr>}

ieN \ j~i k~i

ieA

= exp{Z]—"i(O; J)},
the functional F' : (W; X RY)Z) — R being of the form

EZM\

A3i

for some translation-invariant Gibbsian interaction W = () 4ccz¢ on (W7 X RHZD. A
precise definition of translation-invariant Gibbsian interactions may be found in Comets
(1989); in the present case, W is such that

T

T
WMQD=—Wm<WM%—%K+LWW§ ma+ﬁgwjmﬂw—wm
if j~i,
i r . 4
Vi (0; J) = 7J{i’j}J{i’k}Jo sin(6’ — c9’t)sin(¢9if — 0))dt, if j~i, k~iand k # j,

Py =0, for any other 4.

Just as in Comets (1989), we may now use the fact that
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dpye
Jo
AR

(A
©; J) = exp{lA|Jf"dné,}}»

and applying the Laplace—Varadhan method in this context leads us to the statement that,

a.s. (Jy), the law of the ‘joint empirical process’ J%;AJ) under dPIJ\"(H; J) should satisfy
an LDP on the scale |A| and according to the good rate function J9:
M (W7 X RH)ZD)—[0; +00] given by

() — | FOd if H
o = | 70 |Foan it o < 4

400 otherwise.

However, since F¢ is not bounded, some verifications are needed in order to apply the
Laplace—Varadhan method. The validity of the upper bound

1
(U): limsup —

In PPz € C} < —inf T ),
A/Zd ‘A| A{ . } ,uEC (/’t)

for any closed set C C M, (W7 X RY)Z"), follows from the existence of a & > 1 for which

1
As = limsup —In ‘[dP/J\Oexp{é JANF O AN < 4o0.
aszi 1A

The finiteness of A; may actually be proved for any 0 > 1 after decomposing the exponent
0 [AFO; aAN) into

{Z (? > Jg j}JT sin(0] — 67)(dw] — dw))

i€A Jri 0

822 oo
—TZ ZJ{i’j}J{i’k}Jo sin(@) — 0})sin(0; — 0})dt

J~i ki
82 — 9)p? ro ,
n {( ; B Z(ZZ,}{M}J{U{}J s1n(0/t—0’,)51n(9f—0’t)dt>}
ieA \ j~i ki 0

and observing that the first term in the preceding sum is the logarithm of a unit martingale
while the second term is obviously bounded from above by

(> =BT > Jiy
{i./yen”
Integrating with respect to first @ first and then J, we then obtain
[aPtexpto - nizo: %)) = [aptexpi@ — 0T S )
{ijyen”

so that
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Ay < (0* = 0BT - d, a.s. (Jo).
A few remarks should also be made before establishing that the lower bound

1

. . . JO /\(A) 2 s q
(L): lim inf AI11173A {7 e O} ,lltrelgj (u)

AT |

holds for any open set O C M ((Wr X Rd)(zd)),
First, it suffices to prove

, o] .
(L): li\n}lquf WlnP/(“{an) eN}=-TUu)

whenever N is an open neighbourhood of u, u being such that J9(u) < +oc.
Secondly, since each of the functionals

T
FOl(0) = <[cos(9{ e +J cos(6 — O,O)dt>, for j ~ O,
0
and
FOJk@9) = J sin(6/ — 69)sin(6F — 69)dt, for j~ O, k ~ O,
0

is uniformly bounded and continuous on Q, we may consider an open neighbourhood U, of
up (first marginal of u) such that:

‘JFO°-7dV — JFO’-idu’ < ¢ and UFO’j’kdv — JFO’-i’kdu’ <, Vj, k~ O,

whenever v has a @-marginal lying in U, (¢ > 0 is arbitrarily small and fixed).
Thirdly, since Jy is typical we may also choose Ay CC Z¢ such that

1
{i.

jyeA*

<e€

1
< ¢ and ‘ZJ{i,i+€/(}J{isi+e/} — Ok
IAlZR

whenever A D Ay, forall 1 <k, [<d.
Setting

N ={(0, D)|#ly), € N and 75" € U}
and decomposing the difference ((F?; v) — (F9; u)) into

Jd(V ® w0, J'5 0%, I {(A) +(4") +(B) + (B},

where
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(4) = ﬁZ(J{o,} Fo - FOIOY,

U= Ty (FO@) - FOU@),

J~0

(B) = ZZ(J{OJ}J{OH JiopTlox) - FOPH@Y,
j~0k~

(B') = ——Z > JropTton - (FOHON — FOM 0%,
Jj~0 k~O
one may then check that the inequality
(FO; fg) — (F% w)| < Ke

holds for some constant K depending only on /3, 7 and d, whenever (@, J) is chosen in N,
and A D Ay.
Defining

N, = Nﬂ{v|v has a first marginal lying in I/, },

we thus have

lim inf —ln ’PJ" AN e N} = hm 1nf —ln 73]“ AN e N,
Aszd |A { ! N t 4

1 ~(A)
~timint i [ explIal- (7% #0)) )00, )

1
= (FO; li 'f—lJ
< ’“HIAH}IZI}J ‘A|nN(

exp{|A| - (F% &) — (FO u)}dR(O, J)
1 -
= <}'0; u) — Ke+ li\rr}lzrbf WIHR/J\ {n_(") c N(}
= (F9 u) — Ke - (mf Hq(y)>

veN,
= —(H(w) ~ (FO ) + Ko,
Letting € \, 0 we obtain (L), and the lower bound (L) is now also proved.

Such a quenched LDP for the joint emplrlcal process 7T, EO )J) may naturally be contracted

to an LDP for the empirical process ftﬁ, still considered in the quenched regime, that is,
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under dP/J\O; one thus obtains part (ii) of Theorem 1.1: a.s. (Jy), the law of the empirical
process ﬁg\) under dP/J\0 obeys an LDP on M (R2), on the scale |A| and according to the
(deterministic) good rate functional Z7 : M (Q)—[0; +o0] given by

% = inf  (J(w).
st marg(u)=n

The preceding expression for Z¢ does not enable one to see immediately that O, is also the
unique minimizer associated with Z?; this fact follows, however, from the inequality

17=1°=0,

a proof of which may be found in Zeitouni (2001).

4. Miscellaneous generalizations

4.1. Addition of a self potential and of an external magnetic field

In this section we would first like to point out that one may choose a Langevin dynamics
framework using soft spins that have a better resemblance to the hard spins ¢/ = %1, and
still obtain the large deviation results described in Theorem 1.1. This may be done by a
change of the reference measure on S' corresponding to our circular spins; for any positive
integer n, we may, for example, replace the uniform measure on S' by

dm(0') = e 2V gp’,
with V(0") = K(sin 0')*>", for some K > 0 and n € N. The reference measure Ry on path
space Wr is then replaced by the probability R} corresponding to the stochastic differential
equation
‘ i - nin2n—1 i
d@, = dw, — 2Knsin(6}) cos(0})dt
and having the initial condition

i l], =0i< i T
dmo(0') = =" dm(©),  Zy = J e 2"Odp.
-7

n

In this context, the Langevin dynamics corresponding to the random Hamiltonian H7 is
given by the system of short-range interacting diffusions

d0} = dw} — 2Knsin(0)*"~ cos(0))dt + B> J iy sin(8] — 0)d,
J~i

Law(0) o) = mi™, ieNO0<(<T,

and one obtains the same expression when computing the Radon—Nikodym derivative
corresponding to the averaged regime,
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dpPy

A _
MEO=E (qwryn

0

ﬂz
=F {exp{— 7(']; B(0)J )+ H

B
exp{— 5 (J5 B(O))pa }

X E |exp{B(J; 4,(0)gn } 0

>

although (Mi\)()gtg]‘ has now to be viewed as an (R})®-martingale instead of an R?A-
martingale.

Using the very same methods as in the preceding section, we obtain an LDP for the
empirical process considered in the averaged regime, with a good rate function having a
unique minimizer Q;. This time Q;/O may be presented as a continuous transform of the
new reference dynamics (R;/)Md; under the very same condition of high temperature or
short terminal time as before, QZO may thus be viewed as the unique weak solution
corresponding to the infinite-dimensional system

6y = dw} — 2Knsin(60})>"~" cos(0))dz + f*{(s(07); [Cpaile,(0))ge.

d
+ (00 [cg,iat],cbw“W»Rd}dr, i€740<1t<T,
k=1

whereas for arbitrarily large  and T, ng may also be presented as the unique weak solution
corresponding to

d0! = dw' — 2Knsin(07)*" " cos(0))dt + B(4,(8); Cp..(0)"' S (0)) < nd1,
ieZ70<t<T.

Let us now consider systems submitted to an external magnetic field. The Hamiltonian
H? considered since the beginning of Section 1 is now replaced by

H{0)=— > Juyoiol—x> o

{i, j}eA* ieA
or, in the case of circular spins,
H/J\""(()) =— Z Jiig) cos(f' — 6/) — KZ cos 6,
{i.jyen” €A

K being some fixed real number.
Differentiating H/J\’K with respect to each of the 6, we obtain the following system of
short-range interacting diffusions:
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0} = dw! + B{—rsin 0} + Y _ J(; ) sin(0) — 6})}dt,
J~i
Law(0|,—) = uj™, ieN0<t<T).
This time, the Radon-Nikodym derivative M = dP% /dR?" is such that

t
M/t\,k‘(O) =[E|exp!p ZJ (—K sin 0; + Z Jiijy sin(@{; — 9;)) dwi,

ieA Y0 J~i

2 t 2
jz ZJ <Ksin 0L+ Jiysin(0) — 0;’,)) du

ieA V0 i

t 2,2 t
= exp (—ﬁx > J sin 0! dw! — TK ZJ sinza;du>

ieA ieA 90

X [E

eXP{ﬁ(J 5 A, (0))pa —%Z(J 5 Bi(0))ga H
for

A (01} = ,BJ; sin(@/ — 07 )(dw', — dw/) + ﬂ%cJ; sin(@/ — 0" )(sin @', — sin 67)du,
so that

t

- . i i 1 _

log M’t\,'\(ﬂ) = mart — PK E J sin 0, dw,;, + E(AK’t(o); Cﬂ,lt(G)AK,,(G))RM
ieA 90

t
=t ZJ {—ﬁx sin 0, + B _(Cp(0) A (@) sin(0)], - eg,)}dw;.
ieA J0 J~i

Hence, the covariance matrices (Cg (0))o</<r are just the same as in the case of a zero
external magnetic field, and we simply need to define new [®°((Z%)*)-valued functionals
A%(0), given by

t
A5O) = 4,0} +ﬂ2KJ sin(w! — o!)(sinw! — sinw!)du.
0
For arbitrarily large S and 7 one may then define an It6 map ®* : Q — Q similar to D,
except for the functionals 4,(@) which have to be replaced by A'(0).

We may thus state the following proposition:

Proposition 4.1. Fix K >0, k € R, n € N, and consider the system of randomly interacting
diffusions S~ given by
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d0}, = dw} — 2Knsin(6))*" " cos(0))dt — icsin Oidt + B> J; jy sin(6] — 0))dt

Jr~i
Law(0|,—) = mg™, ieA0=<t<T).

Let P be the law of S{*, define P as the average of the P} when J varies at random,
P = |ann s

and let IT), (or H/J\’”) denote the law of the empirical process under P\ (or P/J\’K).
{0\ Yaccze and TIV® both satisfy a large-deviation principle on M(Q), on the scale
|A| and according to some good rate functionals T, and I} such that

Ii=717=0.

Z¢ and I have a (common) unique minimizer Q' , which may be explicitly presented as the
unique weak solution corresponding to the following infinite-dimensional system of
interacting diffusions:

d6! = dwi — 2Knsin(0))>" ' cos(0))dt — Brcsin 0 d + B2(A(0); Cp.(0) 'SV (0)) . dt
Law(0|,—o) = mff’zd, ieZ7l,0<t<T.

4.2. Change of the initial and boundary conditions

Let us briefly mention that the original quenched and averaged LDPs stated in Theorem 1.1
hold under much broader hypotheses on the initial and boundary conditions.

As regards the initial conditions, we may consider, for example, a summable, translation-
invariant interaction P on RZ’, that is, a family P = (P4) 4ccz« of continuous, real-valued
functionals defined on RZ’ and such that:

e VAdcczi Py:RZ SR depends on @ € RZ* only through its projection on R4;
o VAcCcZ7i VieZ Yo c R, P (0)= P (00);
° ZAao(supmede |PA(w)|) < 4o0.

Fixing a finite volume A = [~N; N]¢(Z¢, we may then replace the original ‘deep quench’
initial condition m%@A by the finite-volume Gibbs measure ua corresponding to the interaction
P and to the reference measure m?zd, A still being equipped with its periodic boundary
conditions. We thus obtain a new ‘quenched’ system of interacting diffusions (S/()’ having
initial condition u; we then let (P/()’ denote the corresponding probability law on W’} and
Py =E,[(P))'].

Letting ITjA denote the law of the empirical process considered under Pj, we then have

jgi (m) = exp{ |A|Jde U(w)dﬂo(w)}

whenever 7 = %) for some x € Q, 7° denoting the projection of 7 at time =0 and v
being simply defined as
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o) = _ZPA(G))'

0 Ml

v defines a bounded continuous functional on RZ’ (since P is summable) so that Varadhan’s
lemma may be applied directly in order to establish that (IT}) also obeys an LDP on M (),
on the scale |A| and according to the good rate function Z' : M (Q) — [0 + oo] given by

T'(n) = I(7) — JRZdUdJro - K,

where

K= inf {I(y)— dn’ b.
neﬁ@){ (7) JRNU 17}

Here again, the set of all minimizers corresponding to Z' will be reduced to a single
asymptotic dynamics {Q\} whenever the set of all infinite-volume Gibbs measures
corresponding to P and mgd is reduced to a singleton {¢}, and we may also establish a
quenched LDP for the empirical process.

Let us finally show that these large-deviations results also hold when considering other
boundary conditions. For the sake of simplicity, we shall first consider the case where the
periodic boundary conditions on A = [~N; N]¢(Z¢ are being replaced by zero boundary
conditions outside A. We then have to deal with a new ‘quenched’ system of interacting
diffusions (S/J\)", whose probability law may be denoted by (PX)". We then let
PX =E;[(P{)"] and TI{ = Lawgpyx) (@), and we shall make an additional remark
before computing the Radon-Nikodym derivative dITA/dIIA(w) corresponding to some
7w =aM: letting A denote the set consisting of all i € A such that j ¢ A for some j ~ i,
we know that under the (usual) periodic boundary conditions, the contribution of the
‘boundary terms’ to the Girsanov exponent appearing in dITa /dHiZO(n) has a martingale
part summing to

0\ jrijgA

T
ZJ Z J gy sin(@!” — 6% ) do’,
i€OA

-1

i", j" and j" being given respectively by i" =i, j" =j and j” = j—2N - e} in the case
where j =i+ e;, whereas i"=j;"=j+2N-e; and j"=j+ (2N +1)-e; in the case
where j =i — ey, for some 1 < k < d (a convention of this kind is implicit in the whole
paper, but the sites i”, j” and j” were not introduced earlier in order to make the notation
lighter).

On the other hand, in the case of zero boundary conditions on A, the aforementioned
martingale part is just

T
ZJ > gy sin(—6)) | do,
i€dN 0\ juijgA

so that
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T

dH o . i . " i i
dHi (m) =E lexp{ﬂ Z J Z (J{ijy sin(—=0)) — Jy; oy sin(6), — 6,))d0;

i€dN 0 juijEA

2 T 2
_%ZJ < Y gy sin(=69) = Jy; py sin(®)] —Gi))> dr

icoA 0\ juijgA
Introducing, further, the set A**  (Z)* consisting of all bonds {i, j} for which i € A and
j ¢ A, we then have

dITA
dITa

(1) = exp{(A1(0); Cp7(0) ' A7(0))gr},

Ar(0) being the A**-dimensional vector such that

T

P T . . -m . sm :
A7 6) = 5J — sin(#")do’ — ﬂJ sin(6] — 0;)(d6; — do))
0 0

T T
= Plcos 0] + gjo cos 0'dz + Bleos(¢)” — O] + ,BJO cos(0)" — 0')dt

in the case where j = i + ¢, for some 1 < k < d, whereas
A¥6) = ﬁJ — sin(6%)do;
0

T
= Plcos 0']] + gjo cos Oidt

in the case where j =i — e, for some 1 < k < d, and Cp7(0)""' being again a symmetric,
non-negative definite matrix whose eigenvalues lie in [0; 1].
We may subsequently observe that

dH " N -
T @) < exp{K - AT} = exp{2Kd - @N + '}
A

VA cc 79,v0 € W,

for some constant K depending only on § and 7. This last fact is certainly sufficient to
guarantee that (ITA)p-cz« satisfies the very same LDP as (ITpx)p-cz«; We may observe, for
example, that (ITX)p--z« remains exponentially tight and that, for any bounded continuous
functional F on M (L),

1
lim —

10gJ eMFOATTY ()
Asze A M(Q)

exists and coincides with

A zd | A

T

1
lim —logJ MDA () = sup  {F(m) — T()},
M(R) EM(2)
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so that Bryc’s inverse Varadhan lemma (cf. Dembo and Zeitouni 1998, Section 4.4) applies to
(ITX)Accze-

In the preceding arguments we have only been using the fact that each of the coordinates
appearing in the A**-dimensional vector Ar(@) may be integrated by parts, so that
|4%)(9)| has a uniform upper bound. This fact still holds when considering other (non-
zero) boundary conditions, for example, a boundary condition made of a fixed, typical
realization (7})/<_, of i.i.d. Brownian motions.

Finally, we could also consider the situation where the ‘quenched’ system of interacting
diffusions has a stochastic differential at site i € A such that

Ao =dwi+ 8 Y Ty sin@] — 0)dr+ B Y Sy sin(E] — 0)de
JijEA JEJEN
for some auxiliary Brownian motions (Q{){gt\;r. In this situation the Radon—Nikodym
derivative

dITx

_ AN
dTlx (t=my")
may be expressed as
dH//{ T . j i . j" i i
o, (0 = EEs [oxp ﬂ;; . jNi%A(J{i,j} sin(&] — 0%) — Jy; jy sin(@] — 6))de)’

2 T ) ) B ‘ 2

53 ( " gy sin(E] = 0) = Jyi 1 sin(®]” - 0;))) i
€N 0\ jmijgA

= E¢[exp{(A7(0); Cp1r(0) "' A7(0))pr- }]

for some A**-dimensional vector A7(0) = A7(@; &) whose coordinates may be bounded
uniformly in 6@ and § and some symmetric, non-negative definite matrix
Cpr(0)~' = Cpr(0; )" whose eigenvalues lie in [0; 1], which again shows that
(ITA)accze satisfies the very same LDP as (ITp)pccza-
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