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We propose a new analytic formula for evaluating the derivatives of a matrix exponential. In contrast
to the diagonalization method, eigenvalues and eigenvectors do not appear explicitly in the derivation,
although we show that a necessary and sufficient condition for the validity of the formula is that the
matrix has distinct eigenvalues. The new formula expresses the derivatives of a matrix exponential in
terms of minors, polynomials, the exponential of the matrix as well as matrix inversion, and hence is
algebraically more manageable. For sparse matrices, the formula can be further simplified. Two
examples are discussed in some detail. For the companion matrix of a continuous-time autoregressive
moving average process, the derivatives of the exponential of the companion matrix can be computed
recursively. The second example concerns the exponential of the tridiagonal transition intensity matrix
of a finite-state-space continuous-time Markov chain whose instantaneous transitions must be between
adjacent states. We present a numerical study to show that the new method may yield numerically
more accurate results than the diagonalization method, at the expense of a slight increase in
computation.

Keywords: CARMA models; Cayley—Hamilton theorem; finite-state-space continuous-time Markov
chain; maximum likelihood estimation; transition intensity matrix

1. Introduction

Various methods of parameter differentiation of a matrix exponential have been studied in
statistical mechanics and quantum theory (see Wilcox, 1967), as well as in the mathematics,
economics and statistics literature (see Jennrich and Bright 1976; Van Loan 1978;
Kalbfleisch and Lawless 1985; Graham 1986; Horn and Johnson 1991; Chen and Zadrozny
2001; and Chan and Munoz-Hernandez 2003). For continuous/discrete state-space modelling
(see Jazwinski 1970; Singer 1995), parameter differentiation of a matrix exponential is
needed to compute the analytic score function. For continuous-time Markov modelling, an
efficient algorithm for the computation of the transition probability matrix and its
derivatives with respect to the transition intensity parameters is needed for maximum
likelihood estimation. For example, see Kalbfleisch and Lawless (1985) for an approach to
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analysing categorical panel data by assuming that the data are obtained from sampling a
latent continuous-time finite-state-space Markov process.

We propose in this paper an alternative method for computing the derivatives of a matrix
exponential. In contrast to the diagonalization method (see below), eigenvalues and
eigenvectors do not appear explicitly in the derivation, although we show that a necessary
and sufficient condition for the validity of the formula is that the matrix has distinct
eigenvalues. The new formula expresses the derivatives of a matrix exponential in terms of
minors, polynomials, the exponential of the matrix as well as matrix inversion, and hence is
algebraically more manageable. In particular, we present a numerical study to show that, for
nearly non-diagonalizable matrices, the new method may be numerically more accurate than
the diagonalization method. When the matrix has repeated eigenvalues, it appears to be hard
to extend the results; see the end of Section 2 for a discussion. Fortunately, in most
statistical applications that involve matrix exponentials, the distinct eigenvalue assumption is
valid. For example, in continuous-time Markov chain modelling, for most models of
interest, the transition intensity matrix has distinct eigenvalues for almost all parameter
values (see Kalbfleisch and Lawless, 1985).

This paper is organized as follows. In Section 2, we derive the new formula for
computing the derivatives of a matrix exponential and a necessary and sufficient condition
for the formula to be valid. For sparse matrices, the formula may be further simplified. Two
interesting examples are the exponential of the companion matrix arising from a
continuous-time autoregressive moving average process and that of the tridiagonal transition
intensity matrix arising from a continuous-time Markov chain whose instantaneous
transitions must be jumps between adjacent categories. Some simplified formulae for these
two examples are given in Section 3. We report in Section 4 a numerical study comparing
the new method and the diagonalization method in terms of speed and numerical stability.

2. Main results

Let A = [a;] be a p X p matrix whose elements are functions of § = (9, ..., 3,)T. Recall
that the matrix exponential e’ = Z;’;OAJ /j!. There are a number of approaches for
computing the partial derivatives of e with respect to §;, where 7 is a real number. A
commonly used method is diagonalization, which assumes that 4 has distinct eigenvalues
di,...,d,sothat A = XDX"! and e” = X diag(e?"’, ..., e%")X !, where X is the p X p
matrix whose jth column is a right eigenvector corresponding to d; and D=
diag(di, ..., d,). Furthermore,

8etA
29,

where V, is a p X p matrix with (7, j)th entry equal to
gy —elh/di—dpy, 4],

et

=XV, X!, u=1,...,r (1)

1=],
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and g(") is the (i, j)th entry in G = X~1(04/09,)X. See Kalbfleisch and Lawless (1985)
for the above formula and related discussions; see also Jennrich and Bright (1976) and Chan
and Munoz-Hernandez (2003). When A has repeated eigenvalues, an analogous decomposi-
tion of 4 to Jordan canonical form is possible (see Chapter 4 of Cox and Miller, 1965). But,
as pointed out by Kalbfleisch and Lawless (1985), this is rarely necessary, since for most
models of interest in continuous-time Markov modelling, 4 has distinct eigenvalues for
almost all parameters.

Another approach is based on equation (2.1) of Wilcox (1967) which states that, for

i=1,...,r
aetA J (t—u)A 6_A eltA d (2)
99 ), 99, .

One of the main results of this paper is to derive another closed-form solution for de* /99,
based on the Wilcox formula. Let B;; = 04/0aj;, which is a p X p matrix with a 1 in (4, j)th
position and zeros everywhere else. Then, for 1 < k < r,

A t
det _ J (i1 a_AeuA du
0% o k

r 2P ,
D3PI ()

where
t
z = J 4B, e du. 4)
0

A closed-form solution for Z; in terms of minors, polynomials, the exponential of the matrix
A as well as matrix inversion is given in Theorem 1.

Before stating the main results, we need some notation for an explicit formula for the
characteristic polynomial of 4. Let 4 = [a;] and B = [b;] be two p X p matrices. Define
[4, B] = AB — BA as the commutator of 4 and B, and let |4| be the determinant of the
matrix 4. For vectors a = [ay, ..., ag] and B =[f, ..., Byl, where a; € {1, ..., p} and
Bie{l,..., p}, for j=1,..., g(< p), we denote the (sub)matrix that lies in the rows of
A indexed by a and the columns indexed by f as A(«a, ). For example,

A(1, 3], [2, 1)) = [au a“]_

asy  asg
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If B = a, the submatrix A(a, a) is called a principal submatrix of 4 and is denoted by A(a);
see Horn and Johnson (1985, p. 17). Let R} =1 and, for 1 < k < p, let

R{= > Ah, ..., L. ()

Ish<.<l=p

Note that g(4) = Y_7_o(—1)?"*R" ¥ is the characteristic polynomial of 4, and g(4) = 0
by the Cayley—Hamilton theorem. Theorem 1 below essentially results from differentiating
(5) with respect to a;;. Let ¢'(A) be the (first) derivative of ¢ with respect to A. Then
q'(A) = Zf;é(—l)p’k’l(k + 1)R§_k_1Ak, which is independent of ¢. This fact may result in
simpler inferential procedures, as will be illustrated in an example below. The derivative of
the matrix exponential is trivial when p = 1. For p = 2, we have the following results:

Theorem 1. For p =2, and assuming that q'(A) = Zf;é(—l)”’k’l(k + DRZ%AAk is
invertible,

p—1 -1 p—1 OR?
Zy‘_{Z(—l)P“(kJrl)RﬁklAk} Z(—l)”*l(—ap‘k>/1k ret

=0 pa dij

p=2 p
=30 ST PRk — = DRE AR By, 4"
u=0 k=u+2

Theorem 2 gives an explicit representation of the partial derivatives of the Rf with
respect to the a;, while Theorem 3 gives a necessary and sufficient condition for ¢'(4) to
be invertible.

Theorem 2. (@) For 1 <i# j<p

ORY _

—=0.
(9(11']'

) For | <i#j<p
ORE o
sz = —|A([J], [l])| = —4aji-

(c) For3<k<pand1<i+#j<p,

ORY , .
ay > 1AW, D - De2] [ B ooy De2DD)

lsh<.<lia=p
i#{ 11, g2}
JE{ k2 )

d) For 1 <i<p,
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ORf
Oa;; B

1.
() For2<k<pand 1 <i=<p,

OR?
k _ 3 AL, -y L D))

Oaj; I<h<.<l_<p

{11,y L1}

Theorem 3. For p = 2, ¢'(4) = f;é(—l)p’k’l(k + l)RﬁfkflAk is invertible if and only if
the matrix A has p distinct eigenvalues.

If 4 has repeated eigenvalues, Theorem 3 implies that g'(A) is singular, so that Theorem
1 is inapplicable. Now, Theorem 1 may be generalized by considering the equation
m(A) = 0, where m(A) is the minimal polynomial of A. Indeed, if A4 is diagonalizable, its
minimal polynomial equals m(4) =[](A —4;), where the product is over distinct
eigenvalues, in which case, even though the eigenvalues are not distinct, they do not
repeat in the minimal polynomial so that m'(A4) is invertible. This suggests that the
preceding results may be extended to the more general case where 4 is diagonalizable, or
equivalently, its minimal polynomial is of the form m(4) = [[(A — 1), where all the 4; are
distinct. However, the coefficients of the minimal polynomial may not admit a simple form.
Moreover, Theorem 2 and related results do not appear to be easily generalizable in this
more general situation.

3. Applications

3.1. Continuous-time autoregressive moving average processes

For continuous/discrete state-space modelling (see Jazwinski, 1970; Singer, 1995), parameter
differentiation of a matrix exponential is needed in computing the analytic score function;
indeed, it is also required in other methods of estimation, such as least squares. An example
of continuous/discrete state-space modelling is the continuous-time autoregressive moving
average (CARMA(p, q)) process, which is defined as the solution of the pth-order
differential equation

YW—a, ¥V - —aY,—ag=aW+ W + BTN, (6)

where the superscript () denotes j-fold differentiation with respect to ¢ {W,, t =0} is
standard Brownian motion, and ay, ..., a,, fi, ..., B, and o are constants. ‘We assume that
0 >0, a; #0and 8, # 0 and define 3; := 0 for j > ¢g. The derivatives W(,J), j >0, do not
exist in the usual sense; hence, we interpret (6) as being equivalent to the observation and
state equations (the Y's below are observations sampled at possibly unequally spaced epochs
t1 < t < ... < t, from an underlying continuous-time process {X,} and are also referred to
as the state vectors: for further discussion, see Arnold 1974; Brockwell 1993; Brockwell and
Stramer, 1995):
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Y[l.:ﬁTX[’, i:1,2,...,n,

dX[ = (AX; + ao(sp)dl‘ + Oép th,

where
C T
-X(ZO)_ _0_
0 1 o --- 0 B
1) 1
O 0 1 --- 0 X 0
A: : : ’ : s Xt: : El 6[): ) 6:
o 0 o0 1
(p—2) 0
ap ay a3 a, Xi 1 ﬁp72
Deany L1
[ Bp-1]

The solution of the preceding stochastic differential equation is

t t
X, =el X, + aoj =16, du + OJ ed=1g, dw,.
0 0
Thus, statistical inference for this model generally requires differentiation of the matrix
exponential of Af#; see below. Note that the companion matrix A4 is a function of the
parameters a, ..., a,, and, due to the simplicity of the matrix, parameter differentiation of
the corresponding matrix exponential can be easily computed by the recursive procedure

8erA <aetA )
= A 2< i< p;
801,» aa,»,l ’ ! P

see Theorem 4(c) and the appendix for a proof. The partial derivative of e’ with respect to
a; is given by parts (a) and (b) of the same theorem:

Theorem 4. (@) For p =1, de/0a; = te™.
(b) For p =2,

de tA

p—1
S = K;}O{tem > Kpi[Byr e } (7)
r=1

where

P
(p—rar—"t = > (k—r—Dad""2, 0<r<p-2,
Kpr= k=r+2

1 r=p-—1,

and [B,,, €] = B,,e* — e B, is the commutator of B, and e™.
(c) For 2<i<p
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e Oe™ )
= A. 8
Oa; (3(11'1 ®)
By way of clarification, the expressions for the matrix de” /da,, for p =1, ..., 4, are as
y way p p
follows: for p =1,
aetA _ ZtetA.
8a1 ’
for p=2,
et 1, td y
day (24 — ax ) (te" —[Bay, e"]), ©)
for p =3,
et
Far = B4 —2md — a7 {te" — 24 — asD[By, ']~ [Brz, €1}
and for p =4,
6etA
P (44° = 3a44* — 2a34 — ap ) ' {te" — (34% — 2a44 — azD)[ By, e
1

— (24 — a4])[ By, "] — [Bas, "]}

We now present an example illustrating the use of the new formulae. Suppose that we
observed the states X, from a CAR(p) model over (possibly) unequally spaced epochs (say,
t;), and we wish to compute the conditional least-squares estimators of the parameters. First,
note that the sum of squared predictive residuals is

N
g(ao, AR} al’) = Z{xti —U— eAiA(xtifl - #)}T{xti —u— eAiA(xfﬁl - ﬂ)},
i=1

where A; = t; — ;- and u = (—ap/04, 0, ..., 0)". For simplicity assume that oy =0, so
that 4 = 0. Therefore, for 1 < j < p,

ag(a09 ERE ap)
8aj
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3 (%0 ) e
=-2 Xi, (xr, —e™x, )
" 6(1]- ! !

i=1

N p—1 T
23 xp (AT (A,-eAfA —> " Kpi[Bpr, eAfA]> (K, Cxr, — e, )
i=1 r=1

N p—1 T
= 72 Zl tr (xli - eAiAxtHl)x}:;l(AT)jil <AieAiA — Z Kp,r[Bpr, eAiA]> (K;’IO)T

r=1

N p—1 T
-2 [Z Vec{ (AieAiA - Z Ky [ Bpr, eAiA]> Ajilx[i—](x[i - eAIAinl)T}] Vec[(K;,lo)T]-
i=1

r=1

By replacing K;,lo by the adjoint of K, in the preceding expression, high numerical
accuracy can be attained even when some of the eigenvalues are nearly identical.

3.2. Tridiagonal intensity matrix in continuous-time Markov processes

Kalbfleisch and Lawless (1985) proposed methods for the analysis of panel data under a
continuous-time Markov chain {X,} with a finite state space that has, say, p states. Let
O = (g;;) be a p X p transition intensity matrix that is constant over any interval between
two consecutive integer time points; the intensities g;; are the rates of transition of the
process {X,} from state i to state j over an infinitesimal time period and hence ) g;; =0
for all i. Furthermore, the transition probability matrix of the process from ¢ to ¢+ 1 is e?.
In some applications, the states of a panel of independent individuals following such a
transition mechanism are observable over a set of integer time points. The formulae derived
below then facilitate a likelihood analysis of such data. For some applications, the matrix QO
is a sparse matrix in the sense that only a few elements of Q are non-zero. See Kalbfleisch
and Lawless (1985) for examples. Chan and Munoz-Hernandez (2003) adopted the
continuous-time Markov processes to model longitudinal data consisting of transitional
frequencies classified according to an ordered categorical response variable. The ordering of
the categories implies that the continuous-time Markov chain can only jump between
adjacent categories over an infinitesimal period, resulting in a tridiagonal transition intensity
matrix. For the tridiagonal transition intensity matrix, the coefficients RY and their partial
derivatives with respect to the ¢; can be further simplified as in Theorem 5 below.
Henceforth, assume p = 2, and write the tridiagonal transition intensity matrix as

—q1 q 0o - 0 0 0

92 —q@-—q95 g3 - 0 0 0

0= : : S : :
0 0 0 - qpa —Gpa—qp3 qp-3

0 0 0o - 0 Q2p—2 —q2p—2
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By equation (3) and the tridiagonality of the matrix, we only need to compute X; for
li—j| <1, and so only the ORY /dq;; for |i — j| <1 are needed. Theorem 5 gives a closed
form of the RY and the required derivatives.

Theorem 5. Assume that p = 2.

(@) R =0, for p=2
For lsk=s=p-—]|,
®) p

2p—2k 2p—2k+2 2p—2
Ry=2 D> = D> Digi-aqi
ii=1  i=i+2 ig=ig-1+2
(c) For 1 <i=<p
ORY
—=1
0qi.i
(d) For l<=i<pand?2<k=<p,
ORE 2w 2k+2 2p2k+4 2p—2
k _ bl i )
R S DI S ST
" W=l h=i+2 iv=ig1+2

where, for 1 < k<2p—2

i {qb if k¢ {2i—2,2i—1},
9r =

0, ifke{2i—2,2i—1}.
(e)
OR{  OR{
36]1‘,i+1 34i+1,i
(f)
ORy B
6q1',1’+1 — ql+1,l - q2i,
and
ORY
6qi+1,i = —4ii+1 = —42i-1-

(g) For l<i<p-—1and 3<k=<p,

8Rp 2p—2k+4 2p—2k+6 2p—-2
ko _ 1 k=2~ i ~ i
e T e =D""q; -4, ,
ql’l+1 =1 h=i;+2 ir=ip_1+2

and
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OR” 2p—2k+4 2p—2k+6 2p-2
ko _ ) k251 ~ i
a ) _q2171 .« .. (— ) qll .« .. qlkiz,
qi+1.i =1 =42 iv=ir_1+2

where, for 1 < k <2p —2,

 (qp if k¢ {2i—2,2i—1,2i,2i+ 1},
|0 ifke{2i—2,2i—1,2i2i+1}.

Example. By way of clarification, we give the parameter differentiation of the matrix
exponential for an example from Chan and Munoz-Hernandez (2003) concerning an analysis
of a longitudinal study on election opinions of a group of potential voters. Consider a
continuous-time Markov chain that has three (ordered) states, where the model specifies that
the transition rates between any two adjacent states to be a linear function of the initial
period. Specifically, the transition intensity matrix over the interval [¢, t + 1) is

—q1 q1 0 —695 146, e95 146, 0
Qt _ 9 -4 — @3 93 _ 696t+93 _eget+93 _ 695 t+6, 695 t+6,
O q4 —q4 0 easl+64 _e961+64

This model can be used to infer whether the transition intensities are constant against the
possibility that they have linear time trends. The transition probability matrix of the Markov
chain from ¢ to ¢+ 1 is P, = e?. Denote the (u, v)th entry of P, as p,,,. Suppose we
observed the states of n independent such Markov processes at epochs t =0, 1, 2, ..., T and
there were n,,,, transitions from state u at time ¢ to state v at time ¢+ 1. Then, conditional
on the initial states at =0, the log-likelihood equals Z,T:lZi:lzz:lnu,u,,log(pu,u,,).
Maximum likelihood inference then requires the differentiation of the matrix exponential 2.
It follows from Theorems | and 5 that

S35 =W qig3te’® — {20+ (q1 + g2 + g3 + qu)[}[ B31, 9] — [Bay, €910,
where
W =3R}Q*> —2RIQ + R3I
=30 +2(q1 + @2+ ¢5 + )0 + (9193 + G194 + 2q4)1.

The other Z; can be computed from 23; as follows. First, note that g3 # 0 and

t
033 = J €(t7u)QQB316quu
0

t
= J e""9(g3Byy — q4B31)e"Cdu
0

= q3251 — q4231,

SO



Parameter differentiation of matrix exponentials

Similarly, we have

and

1
2 = E(QZSI + q4231).

1

Zn = a@nQ + q1231),
1

= Z(QZZI +(q2 + 3)Z21),
1

Zn = a@mQ + q1221),

1
23 = E(ZzzQ + (g2 + q3)222),

233 = te’@ — 21— 202,

Oe’@
— (S0 - S,
a0, q1(Zn 12)
Oe’@
= s(5n — Zn),
6, q3(Zn — Z23)
Oe’@
% (o — S),
26, q2(221 22)
e'@
= 23 — 233),
90, q4(Z32 — Z33)
Oe’@
90 —1q1Z11 + 11212 — 1q320) + tq3203
5
<8e’Q 8e’Q>
=1
20, " 96,)
0e’@
20 1q2251 — 1G22y + 1q423) — 1q4233
s
<6e’Q 6e’Q>
=1 .
20, 06,

905

We note that the preceding two equalities between the partial derivatives may not be easily
realized from the diagonalization method.
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4. Numerical study

In this section, we report a numerical study for comparing the speed and numerical stability
of our method with the diagonalization method. Now, for nearly non-diagonalizable
matrices, the determination of the eigenvectors may be numerically unstable and yet the
inverse operation needed in the new method could be well conditioned. We illustrate this
observation with an example in the form of the companion matrix of a CARMA(2,0)
process (see Section 3.1 for details), i.e.

A:[O 1].
ap dp

Write de/da; = [0;]. Let the eigenvalues of A be f; and f,; they are negative, and
h =1 — B> >0. It is readily seen that a; = —f8;5; and a; = 51 + f3,. It follows from (9)
and routine calculations that

On = h7[" {2, + h(1 — B)} + e {21 + h(1 — B1)}].
iy = h3[2(eP> — Py 4+ h(eP +ef)],
821 = h’3[eﬁ‘{a1h + h2 — 2(11} + eﬁz{alh — h2 + 2(11}],

O = h[eP {=2B1 + h(1 + B1)} + {25 + h(1 + B2)}]. (10)
Furthermore,

e B 113 —ﬁz)eﬁz el

= _Z . 11
oo da; 66— Bel> (3 + Ba)e’ (1D

Here, we compute de?/Ja; by: (a) the new method, namely formula (9); (b) the
diagonalization method, namely formula (1); (c) formula (10); and (d) formula (11). In order
to compare the stability of methods (a) and (b), we choose i = —1 and set % to be 0.17, for
r=1,...,7. In computing (11), B, was replaced by f3; — h = —1 — h; this yields more
accurate asymptotic values. All computations were done in double precision, using the
Compaq Visual Fortran Version 6.1 compiler. For X ! of formula (1) and (24 — ayI)~! of
formula (9), the DLFCRG subroutine of the IMSL package was called to compute the LU
factorization of the matrices and to check for singularity or ill conditioning, and then
DLFIRG was called to compute the inverse matrices. The results are listed in Table 1. While
all methods are comparable for not too small a difference between the eigenvalues, method
(a) clearly outperforms methods (b) and (c) when the difference between the two eigenvalues
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becomes very small. These results can be understood as follows. The eigenvectors of 4 can
be shown to be proportional to (1, 81)" and (1, 3»)T and are nearly linearly dependent for
nearly zero 4, rendering the diagonalization method numerically unstable. On the other hand,
the matrix 24 — a,/ appearing in (9) has a condition number equal to 1 and hence is well
conditioned; the condition number of a matrix is defined as the product of the spectral norm
of the matrix and that of the inverse of the matrix (see Moler and Van Loan 1978).
Consequently, the inverse operation in (9) is not particularly sensitive to machine rounding
error. We also note that the matrix exponential needed in (9) is computed by the Padé
approximation (Ward 1977) that does not make use of diagonalization.

In order to assess the speed of methods (a) and (b), we compute de”/da; and de? /O,
by each method 100000 times, which took 37 and 34 seconds respectively for methods (a)
and (b). For this example, the diagonalization method was about 10% faster than the new
method. It would be interesting to further identify the conditions under which the new
method is numerically more (less) stable than the diagonalization method.

APPENDIX

Proof of Theorem 1. By the Cayley—Hamilton theorem (see Horn and Johnson, 1985, p. 86),

i(—l)ﬂ-kR;kAk =0. (12)

k=0
Taking the partial derivative with respect to a; on both sides, we have

P

> (=prt R, « A"+§:(—1)P—k1€" kiAk-’—l 94N 4 g (13)
da;; k=1 = da;; o

k=0

which implies

" k - k 1 - k+1 8Rp*k k
S (=DPERY N A B = (-1 a—{ Ax. (14)
=1 =0 =0 ajj

(t—u)4

Premultiplying both sides of equation (14) by ¢ and postmultiplying by e*! and then

integrating with respect to u from 0 to 7 to get
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t )4 k=1
J e(t—u)A{Z(_l)p—kRﬁk ZAk—r—lBijAr}euA du
k=1 r=0

0

‘ 2 ORD_,
_ J e(ffu)A Z(_l)pkarl P— Ak euA du.
0 k=0 8aij
Using the fact that (see Hale, 1969 p. 95),

Ae® = ¢ 4 if and only if 4B = BA,

we have

k—1

. k k 1 & k+1 aR? k k A
—1)P7*R? AYTTIE AT = 1P~ —— |4 te™.
> DR LD A7 = 22D L ¢

r=0 y
Applying integration by parts to equation (4), we obtain
3,4 = AZ; + [By, e];

postmultiplying both sides by A then gives

3,4% = AS;4 + [By, "4
= A(AZ; + [By, e]) + [By, e"]4

— A>3, + A[Bj, €]+ [By, e"']4.

Applying the same technique recursively, we obtain

909

(15)

(16)
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r—1
A" = AT+ > A By, eM4Y, r= 1 (17)
u=0

It follows from equation (17) that the left-hand side of (16) can be rewritten as

(—DP'RY |3
p k—1 r—1
+Z(_1)b—kR§_k Ak_lzij'+ZAk_r_l Arzij‘“ZAr_u_l[Bij, etA]Au
k=2 r=1 u=0
1 . k k—1
=(=DP'RY T4+ > (—DPERD_ AMTEy
k=2
)4 k-1 p k=1 r—1
+;(71)"*"@_,‘Z;A"*lziﬁkz;(fl)l’*"Rﬁ_k 3 70Ak*”*2[34-,-, VK

P p k=2 k-1
= {Z(—l)pkkRi_kAkl}Zij+Z(—l)pkRg_kZ S a2 (By, e

k=1 k=2 u=0 r=u+l
p—1

- {Z(—1)P—’—1(r+ 1)R§r1A"}z,»j
r=0

P k=2
3 DR S (k- u - AR By, 14
k=2 u=0

p—1
- {Z(—1)P’1(r+ l)RﬁrlA’}Z,j
r=0

p=2 p
+3 0 3 (=) (k= u— DR _ A" [By, e 14",
u=0 k=u+2

This proves the result. O

Proof of Theorem 2. The proofs of (a), (b) and (d) are trivial.
(c) First, note that, for 3 < k < p,
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Ish<.<l;<p

= > A, S WD+ DY A, - WD)

1< <lie, Ish<.<li=p
i€ lsli} kAR
or jE¢{li,...,lk}

== Z A, j, Ly oy e [ 6 By ooy Di2])
Ish<..<lpasp
{1k}
JE{ s li2}

+ > JAh. - LD,

Ish<..<li=p

{1, k}
or j#{l,....[x}

which implies that, for 1 <i# j < p,

OR?
S S AW s eab T D BeaD),
ajj I<sh<..<ly,<p
{1y, g2}
JE{ Ll 2}

RU= > AL, ... L))

Ish<--<lxsp

oo AL, DI+ D A L LD,

< <<l=p Ish<-<h=p

i€{ ol } i {1y, 1k}

which implies that, for 1 < i < p,

OR?
ko Z ALy, ., L1 D)

8aii Ish<--<lp1<p

i¢{l,....l -1}
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Proof of Theorem 3. The characteristic polynomial can be written as
p
g(2) = I — 4| = [ [ - &),
i=1

where the 1; are the eigenvalues of 4. Now, the derivative of the characteristic polynomial is
q' W) =321 T4 — 4)). Hence, q'(4) = 37, [];,,(4 — A;1). If vy is an eigenvector of
A corresponding to the eigenvalue A, then

P

g'(Dox =[]k = 2)vs.

=1 jki

In other words, the eigenvalues of ¢'(4) are .7, [12CGk = 24) = 11, — 2)),
k=1,2,..., p, which are non-zero if and only if all the eigenvalues of A4 are distinct. []

Proof of Theorem 4. (a) The proof of (a) is trivial.
(b) The proof for p =2 is trivial. For p = 3, first note that

(=P Fag, for —1<k=<p-2
R§7k71 = (18)
I, for k=p— 1.
OR? i{(_l)p—kﬂ } for0<hk<np—1
Rpfk _ ) da; Ok+15s or0ssk=p ,
8ap]
0, for k = p,
(-1)r*, for k=0,
B (19)
0, for 1 < k< p,
and
[By1, e]4" = [By1 A", e] = [Bp(u+1)s e ], for0<u<p-—1. (20)

Thus,
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913
det (-ua [ O4N ua :
e, = . e 9a, e du (by equation (2))
t
- J e(’*”)ABple”A du
0
=2, (by equation (4))
p—2 -1
= {pA”l + Z(—l)”fkfl(k + 1)(—1)”kak+2Ak} [(—1)"“(—1)"“%”1
k=0
p=3 p-1
=0 PR g (k= u = 1) A2 [Byy, e]4"
u=0 k=u+2
p—2
— Z(—l)p_p(p —u— 1A B, e’A]A"] (by Theorem 1, equations (18) and (19))
u=0
p—2 -1
= {PAPI - Z(k + 1)ak+2Ak}
k=0

p—3 p-1
X {re’*‘ +) 0> (k= u— Daga A" [ Byuiy, ]

u=0 k=u+2

p—2
— Z(p —u— DA [Byui) efA]} (by equation (20))
u=0

—2 —1
K0 { S S ke i 1[B,,e’f*]fZ(pfr)AP "By, e’A}
r=1 k=r+l

(by letting r = u+ 1)

=K, {te’A—l-Z Z (—r—1Da,4° "*[B,, e’A]—Z(p—r)AP "1[B,,, e }

r=1 v=r42

(by letting v = k + 1)

P2 P
=K} [te { =)A= N (k- - 1)akAk_r_2}[Bp,, e
1

r= k=r+2

p—1
— [Bp(pfl), etA]‘| = K;}O{te’/' — Kp,r[Bpr, CtA]}.
r=1
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This proves the result.
(¢c) For 2 <i=< p,

6etA t
S = J e(’_“)Aépé,‘e”A du
i 0

t
= J 15,0/ 1Ae* du  (because 8] 14 = 0))
0

el
= <8ai1)A (because Ae™! = e 4).

Proof of Theorem 5. The proofs of (¢), (e) and (f) are trivial.
We prove (a) and (b) together. Let gy = ¢q2,—1 = 0, then the transition intensity matrix
can be rewritten as

g0 — ¢ 7 0 ... 0 0 0
92 —92—-95 q -+ 0 0 0
0, =14:;1= : : Y : : :
0 0 0 - Gopa —Grp—a— q2p-3 q2p—3
0 0 0o --- 0 Qp—2 —42p-2 — q2p—1
and
—Q2i-2 — Qi-1> iflsi=j=<p,
q2i-1, iflsj=i+1=<p,
TN gaia, fl<j=i-l<p—1,
0, otherwise.

For 1l si=<p, let

_q]’ ql’ 0 e 0 0 0
% —4-45 ¢3 - 0 0 0
Q;; = >
0 0 0 e q2ip74 _q2ip74 - q2ip73 q2ip73
| 0 0 0 0 43y ~43p2 |

where, for 1 < k < 2p — 2,

o [an kg {2i—2,2i—1},
=90, if ke{2i—2,2i—1}.

For 1 <i<p,let Rf,; =1 For p=2and 1 <i, k< p, define
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2p—2k 2p—2k+2 2p—2
po_ k '
Rig= D, 2 v > (Dl
i= h=i1+2 ip=ip_1+2
We will prove later that, for p =2, and 1 < k < p,
2p—2k+1 2p—2k+3 2p—1
k
Rp= > D> o D (Diaai @1
i1=0 ih=i1+2 ip=1ip_1+2

But because gy = g2,—1 = 0, we have, by equation (21),

3 2p—1
I S SRS i S )
=0 b=i+2 Q=i 142
and, for 1 < k< p—1,
2p—2k 2p—2k+2 2p—2
Ri=D2 2 v 2. (Dlawan
i1= ih=i1+2 ip=ip_1+2

This proves parts (a) and (b) of the theorem.

We prove equation (21) by mathematical induction. First, it is easily seen that (21) holds
for p=2 and 1= k <2. Now, suppose (21) holds for R}, where 2<r=<p—1 and
1 < k < r; we wish to show that, for 2 < k < p, R} is given by the right-hand 51de of (21)
(the proof for k=1 is trivial).

Note that, for the tridiagonal matrix Q,, we have

AL = Qpl = (A = ap.p)IAl = Qpi| = 4pp-1dp-1.p|A — Qpal,
which implies that

P p—1
D CDIER)AE = (ot qapa + q2p-) Y (- DPTIR) S
— k=0
p—2
— k=2 pp-2
— q2p-292p-3 Z(—l)p KRR AN
k=0
Comparing the coefficients of A¥ on both sides, we have, for k=1, ..., p—2,

(~1)PFRE, = (=17 FREZL 4+ ()P N qapa + qap DR,

- (_l)p_k_2q2p72q2pf3R§:i,2~
Equivalently, we have, for k=2,..., p—1,
(—DFRY = (=DFR™ + (=" (g2p-2 + q2p- DRL)
- )
— (=" 2q2p2q2p 3R} (22)
But, for k=3, ..., p—1,
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2p—2k—1 2p—2k+1

p=1 _

R= 2 2
i1=0 ih=i1+2
2p—2k+1 2p—2k+3

-1

RV =

k—1
i1=0 h=i1+2
2p—2k+1 2p—2k+3

-2
Rio= 2, 2
k-2

i1=0 h=i1+2

and so, for k=3, ..., p— 1, equation (22)

2p—2k—1 2p—2k+1

SIS Y

i1=0 h=i1+2

2p—2k 2p—2k+2

2

117

2p—2k+1 2p—2k+3
+

i1=0 =i +2

2p—2k+1 2p—2k+3
+

i1=0 i=i1+2

2p—2k+1 2p—2k+3

D

i1=0 =i1+2

2p—2k—1 2p—2k+1

2.

i1=0 =i +2

2p—2k 2p—2k+2

t 2

117

2p—2k+1 2p—2k+3
+

h=i;+2 i

h=i1+2 if_

H. Tsai and K.S.

2p-3
§ k
(_1) qiy * " iy
ip=ig-1+2
2p—3
k—1
E (_1) qi “Giry»
ip1=if2+2
2p—5
k=2
> D g g
ip2=if-3+2
becomes
2p—5 2p-3
> > i,
T 1=lf—2+2 ip=ip_1+2
2p—6 2p—4 2p—1
E E § qdi, 9y
2=i342 ij1=if-2+2 i =2p-2
2p—5 2p-3 2p—-2
E E E qi, " qip
ik2=if-3+2 ix1=2p—3 iy=2p-2
2p—5 2p—3 2p—1
E E E qi, " iy
i—o=if3+2 i)y—1=2p—3 i;=2p—1
2p—5 2p-3 2p—2
E E E qdi, ~ " 4ip
ifp2=if3+2 i}-1=2p—3 i;=2p-2
2p—5 2p—3
E E qi, " qi,
I 1=lf2+2 ip=ig_1+2
2p—6 2p—4 2p—1
E E E qiy - qi
2=if 342 i 1=ip2+2 i=2p-2
2p—5 2p—3 2p—1
E E E qi, * " qi,

=0 ih=i+2 ik2=if-3+2 ix1=2p—3 iy=2p—1
2p-2k+1 2p-2k+3 2p-1
= § iy~ iy
i1=0 =i +2 ip=ig-1+2

The proofs for k =2 and p are similar to that of 3 < k <
1= <

First note that, for

(d)

<l =sp and

Chan

p — 1. This proves equation (21).

i¢{h, ..., Lkl
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10p([11s s DI = 1O oy LaD]. For 1< <..<ly<p and i€ {l,...,
li-1}, 10, ([11, v L 1])| =0, because the matrix Q) ([11, ..., lz_1]) contains a zero row
vector. Thus, by Theorem 2(e), we have that, for 2 < k<pand l <i<p,

ORY
8q,—i— = > 10(h. s L))

Ishi<.<lpa=p

{11l }
= > ot L LD+ DD 1O s D)
Ish<..<lj<p Ish<..<lj<p
{11} i€l ol }

- Z 10, (U1, -5 Lxa])]

I<h<.<l;,<p

— pP
- kal,i’

where the last equality follows from equation (5), Theorem 5(b) and the definition of Rf,r
(g) For l =i=<p, let

G| qli 0 0 0 i
4 —4;—4; 43 0 0
0, :
0 0 0 G3ps —G2pa—d3p3  G3ps
0 0 0 0 43,2 G5y |

and R{; =1. For p=2and 1 <i, k < p, define

2p—2k 2p—2k+2 2p—2
r i
Ri=2. 2 w0 > DMIdi
i= h=i;+2 ig=if—1+2

By Theorem 2(c) we have that, for 3<k<pand 1 <i<p—1,
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OR?
a ) - Z |QP([I+1a lln"'alk—z]a [la ll""’ lk—2])|
qiji+1 I<Sh<..<l;,<p
it {1y, li—2}

and i+1¢{/y,....[;2}

= —qitLi Z |0p([ 11, - k2], [Ds ooy [k—2])]

I1sh<..<lpa<p

i¢{l|,..,,lk72}
and i+1¢{/,....[; 2}

=—qirti Y 100U, s Lia), [ -y L))

Ish<.<lp,<p
i#{1nli 2}
and i+1¢{ll:~-alk—2}

= Qi+, > 0L(Lhs s Liads Tl s Li2])

I<h<.<Ily,<p

[¢{11,...,lk72}
and i+1€{ly,....l;-2}

=—qieni Y, |O(Mhs s Bl Thy e L))

Ish<..<ly2<p

_ 234
= _q2iRk,2,i-

The proof for AR} /9q;+1,; is similar.
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