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We derive a dimension-free Hanson—Wright inequality for quadratic forms of independent sub-gaussian random
variables in a separable Hilbert space. Our inequality is an infinite-dimensional generalization of the classical
Hanson—Wright inequality for finite-dimensional Euclidean random vectors. We illustrate an application to the
generalized K-means clustering problem for non-Euclidean data. Specifically, we establish the exponential rate
of convergence for a semidefinite relaxation of the generalized K-means, which together with a simple rounding
algorithm imply the exact recovery of the true clustering structure.
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1. Introduction

The Hanson—Wright inequality is a fundamental tool for studying the concentration phenomenon for
quadratic forms in sub-gaussian random variables [12,31]. Recently, it has triggered a wide range of
statistical applications such as semidefinite programming (SDP) relaxations for K-means clustering
[10,21] and Gaussian approximation bounds for high-dimensional U -statistics (of order two) [5]. Clas-
sical form of the Hanson—Wright inequality bounds the tail probability for the quadratic form of a
finite-dimensional random vector in a Euclidean space. Below is a version that is frequently cited in
literature (cf. Theorem 1.1 in [22]).

Theorem 1.1 (Hanson—Wright inequality for quadratic forms of independent sub-gaussian ran-
dom variables in R). Let X = (X1, ..., X,) € R" be a random vector with independent components
X; suchthat E[X;]1=0and || X; |y, := SUp, > | g Y2(E|X;|7)'/9 < L. Let A be an n x n matrix. Then
there exists a universal constant C > 0 such that for every t > 0,
2
! , ! )], (1.1)
LHAl%s " L2[Allop

where ||Allgs = (Zﬁjzla?j)l/z is the Hilbert=Schmidt (i.e., Frobenius) norm of A and ||A|op =
maxxeRn:|x|,=1} |Ax|l2 is the £, — €3 operator (i.e., spectral) norm of A.

P(|X"AX —E[XxTAX]| =1) < 2exp[—c min(

There are some variants of the finite-dimensional Hanson—Wright inequality. Sharp upper and lower
tail inequalities for quadratic forms of independent Gaussian random variables are derived in [16].
[9] and [3] derive the Hanson—Wright inequality for zero-diagonal matrix A with independent Bernoulli
and centered sub-Gaussian random variables, respectively. [14] establishes an upper tail inequality for
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positive semidefinite quadratic forms in a sub-Gaussian random vector with dependent components.
[29] proves a dimension-dependent concentration inequality for a centered random vector under the
convex concentration property. [1] further improves the inequality of [29] by removing the dimension
dependence in R”.

In this paper, we first derive an infinite-dimensional analog of the Hanson—Wright inequality (1.1)
for sub-Gaussian random variables taking values in a Hilbert space, which can be seen as a unified gen-
eralization of the aforementioned papers in finite dimensions. Motivation of deriving the dimension-
free Hanson—Wright inequality stems from the generalized K -means clustering for non-Euclidean data
with non-linear features, which covers the functional data clustering and kernel clustering as special
examples. It is well known that the (classical) Euclidean distance based K-means clustering is com-
putationally NP-hard in the worst case. Various SDP relaxations in literature (cf. [6,10,17,19,21]) aim
to provide exact and partial recovery of the true clustering structure. However, it remains a challeng-
ing task to provide strong statistical guarantees for computationally tractable (i.e., polynomial-time)
algorithms to cluster non-Euclidean data taking values in a general Hilbert space with non-linear fea-
tures. As we shall see in Section 3, the Hilbert space version of the Hanson—Wright inequality offers a
powerful tool to establish the exponential rate of convergence for an SDP relaxation of the generalized
K -means. This partial recovery bound implies the exact recovery of the generalized K -means cluster-
ing via a simple rounding algorithm. In contrast to the heuristic greedy algorithms often employed in
the kernel clustering setting (cf. [24]), our result provides a principled SDP relaxed kernel clustering
algorithm with exact recovery guarantees.

2. Hanson-Wright inequality in Hilbert spaces

To state the Hanson—Wright inequality in a general Hilbert space, we first need to properly specify the
sub-Gaussian random variables therein.

2.1. Sub-Gaussian random variables in Hilbert spaces

Let H be a real separable Hilbert space and B(H) be the class of bounded linear operators X : H — H.
If the operator ¥ € B(H) is positive definite (i.e., it is self-adjoint ¥* = ¥ and (Xz, z) > 0 for all
z € H), then there is a unique positive definite (and thus self-adjoint) square root operator /2 € B(H)
satisfying £1/2%1/2 = ¥ (cf. Theorem 3.4.3 in [13]).

Definition 2.1 (Trace class of linear operators on a separable Hilbert space). Let ¥ € 5(H). Then
Y is trace class if
o0
IZle =Y ((£*£) e;. e5) < oo,
j=1

where (ej)?‘;l is a complete orthonormal system (CONS) of H. In this case, || X || is the trace norm
of X.

Note that the trace norm does not depend on the choice of the CONS. A self-adjoint and positive
definite trace class linear operator X is compact and it plays a similar role as a covariance matrix,
where the trace norm is simply the trace of the covariance matrix. In particular, if ¥ is positive definite
trace class, then || 2| = 27‘;1 (Zej,ej) = Z;’O:l [ Z12¢;||?. Let (2, %, P) be a probability space.
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Definition 2.2 (Hilbert space valued sub-gaussian random variable). Let Z be a random variable
in H and I : HH — H be a positive definite trace class linear operator. Then Z is sub-Gaussian with
respect to I' (denote as Z ~ sub-gaussian(I")) if there exists an « > 0 such that for all z € H,

E[e(z,Z—E[Z])] < eaz(Fz,z)/Z’ 2.1

where the expectation E[Z] = f o ZdP is defined as a Bochner integral (cf. Chapter 2.6 in [13]). More-
over, if Z ~ sub-gaussian(I") with mean u = E[Z], then the vy (or sub-Gaussian) norm of Z with
respect to I' is defined as

1Zlly, . = inf{a > 0: E[e@Z1)] < " T23/2 vz c H}.

Note that Definition 2.2 corresponds to the R-sub-Gaussianity in [11], and it is an infinite-
dimensional analog of the sub-Gaussian random vectors in R? (see, for example, [28] and [14]). Un-
surprisingly, the Gaussian random variables in H is a special case of sub-gaussian random variables
in H.

Definition 2.3 (Hilbert space valued Gaussian random variable). A random variable Z in H is
Gaussian with respect to T’ and with mean u = [E[Z] (denote as Z ~ N (u, I')) if for all z € H,

E[e<z,z—u>] = 22/2, (2.2)

Lemma 24. If Z ~ N(u, ), then || Z||y,r =1 and ¥ =T, where £ :=E[(Z — ) ® (Z — p)] is
the covariance operator of Z. More generally, if Z ~ sub-gaussian(I") with mean . = E[Z], then
¥ < 4||Z||12h’1-F, that is, (4||Z||2¢2,Fr — %) is positive semidefinite.

For a, b € H, the tensor product a ® b : HH — H is a linear operator defined as (a ® b)z = (b, z)a for
all z € H. Lemma 2.4 is proved in Appendix A.2.

Notation. We shall use c, cg, c1, C, Cp, Cq, ... to denote positive and finite universal constants,
whose values may vary from place to place. For a,b € R, denote a vV b = max(a,b) and a A b =
min(a, b). For ¥ € B(H), the operator norm [|Z|lop of ¥ is defined as the square root of the
largest eigenvalue of X*X. If Z?‘;l [Ze; |2 < oo, then ¥ is a Hilbert—Schmidt (HS) operator and

IZlus = (252 1 2e; 1) !/2. For a matrix Z € R™", | Z|y = Y01, Y5y 1Zij1.

2.2. Hanson—-Wright inequality in Hilbert spaces

Throughout Section 2.2, we assume that H is a real separable Hilbert space and I" € B(H) is a positive
definite trace class operator on H. First, we present a Hanson—Wright inequality with zero diagonal in
Proposition 2.5.

Proposition 2.5 (Hanson—-Wright inequality for quadratic forms of sub-gaussian random vari-
ables in Hilbert spaces: zero diagonal). Let X;,i =1,...,n, be a sequence of independent centered
sub-gaussian(I') random variables in H and L; = || X;||y,,r. Let A = (aij)?,jzl be an n x n matrix
and S = Zlii#in aij{Xi, X ). Then there exists a universal constant C > 0 such that for any t > 0,

t2

t
: , 2.3)
LYT 151 All S L2||F||0p||A||op>:|

P(S>1) < exp[—C min(

where L = maxi<j<p L;.
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Remark 2.1. Proposition 2.5 is a dimension-free version of the Hanson—Wright inequality with a
zero diagonal weighting matrix for independent sub-Gaussian random variables in R [22]. Specifi-
cally, Theorem 1.1 (i.e., Theorem 1.1 in [22]) is a special case of Proposition 2.5 with H = R and
(Xi, X;) = X;X;. In this case, we may take I' = 1 and thus ||I'||op = ||I'|lus = 1. Different from
Theorem 1.1, Proposition 2.5 is also able to capture the (component-wise) dependency encoded in '
for general Hilbert spaces, thus covering certain quadratic forms in a finite-dimensional sub-Gaussian
random vector with dependent components. We emphasize that, although our general proof strategy of
decoupling the off-diagonal dependence is based on that of Theorem 1.1 in [22], a key step in our proof
to remove the dependency in the Hilbert space valued sub-Gaussian random variables is diagonalizing
the operator I' (together with the decoupling). Such diagonalization procedure allows us to perform
the calculations in an isometric £2 space of H, where linear operators can be conveniently represented
by (infinite-dimensional) matrices. This turns out to be the crux to obtain the trade-off between ||I"||ys
and ||T"||p in the tail probability bound for the off-diagonal sum S.

Our next result is an upper tail inequality (i.e., one-sided Hanson—Wright inequality) with non-
negative diagonal weights in Theorem 2.6 below.

Theorem 2.6 (Upper tail inequality for quadratic forms of sub-Gaussian random variables in

Hilbert spaces: non-negative diagonal). Ler X;,i =1,...,n, be a sequence of independent centered
sub-gaussian(I") random variables in H and L; = || X; |y, r. Let A = (aij)?jzl be an n x n matrix
such that a;; > 0, and Q = Zﬁj:l a;j{X;i, Xj). Then there exists a universal constant C > 0 such that

foranyt >0,

n 2
t t
PlO> aiL?|T|lu+1 §2exp|:—Cmin< , )} (2.4)
( 2 LI LAIT s Al ™ LT llopll Allop

i=1

where L =maxi<j<p L;.

Both Proposition 2.5 and Theorem 2.6 allow X;,i =1, ..., n, to have different covariance operators
%, provided that ¥; < 4| X; ||52’Fr (cf. Lemma 2.4).

Remark 2.2 (Connections to the existing upper tail inequality in finite-dimensional Euclidean
spaces). First, we mention that the upper tail probability bound (2.4) (also cf. Lemma A.2) is sharper
than the one-dimensional Bernstein’s inequality for the non-negatively weighted diagonal sum of
squared norm of independent sub-Gaussian random variables in H. Indeed, if we simply apply Bern-
stein’s inequality (cf. Theorem 2.8.1 in [28]) for the real-valued sub-exponential random variables
X112 (cf. Lemma A.4), then the diagonal sum in Q has the following probability bound: for any

t>0,
]P’( Zl)

2

t t
<2exp| —C min , . 2.5
= p[ <L4||F||§Z" e L2||r||trmax15,»§n|a,»i|>} (2)

i=1"ii

n
> ai(I1Xi1° —ENXi)1%)

i=1

Note that the right-hand side of (2.5) is controlled by one parameter ||I"||¢;, which is strictly less sharp
than (2.4) since [|I'|lop < [IT'[l¢r and ||F||12_Is < T lopl Tl < ||1"||t2r. For instance, if X; € R”, then I is
often the p x p covariance matrix of X;. In the special case for I' = I, then |['|lop = 1, [II'lus =
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p'/2, and ||| = p. Therefore, direct application of the diagonal sum bound (2.5) does not yield the
probability bound in Proposition 2.5. In particular, for the generalized K-means clustering problem,
this implies that a much more restrictive lower bound condition on the signal-to-noise ratio is required
for exact recovery of the true clustering structure for high-dimensional data (more details can be found
in the discussion after Theorem 3.3).

Second, for non-negative diagonal weights, Theorem 2.6 is an infinite-dimensional (and thus
dimension-free) generalization of the tail inequality for quadratic forms a sub-gaussian random vector
with dependent components in R” [14]. In particular, if X = (X1, ..., X}) is a centered sub-Gaussian

. . . T 2.2
random vector in R? (i.e., there exists a o > 0 such that E[e* X < 129772 for all 7 € RP), then
Theorem 2.1 in [14] states that: for any positive semidefinite matrix ¥ and ¢ > 0,

P(X"TX = o (IT [l + 2T s /7 + 2T llopt)) < e

The last inequality is a special case (up to a universal constant) of (2.4) withn =1, A=1 H=
R?, I ~1/2X ~ sub-gaussian(o21 p), and L? = 2. In addition, we note that the positive semidefinite
condition is not needed in our Theorem 2.6. Instead, only a weaker condition on the non-negativity of
the diagonal entries in the weighting matrix is required.

There are two limitations of Theorem 2.6. First, Q is typically not centered at Y ;_ aj Ll.2 IT"||¢. For
the generalized K -means application in Section 3, this means that consistency of solutions of the SDP
relaxation (3.3) cannot be attained unless Z?:l aiiLl.zllF |l tends to E[Q]. Second, the non-negativity
condition on the diagonal weights a;; > 0 in Theorem 2.6 is not entirely innocuous for obtaining a
concentration inequality for Q (i.e., two-sided Hanson—Wright inequality). Without imposing addi-
tional assumptions, we cannot expect a lower tail bound for sub-Gaussian random variables even in
R” [1]. To simultaneously fix these two issues and obtain a concentration inequality for O — E[Q], we
make the following Bernstein-type assumption on the squared norm, in addition to the assumption that
X1, ..., X, are independent sub-gaussian(I") with mean zero.

Assumption 2.7 (Bernstein condition on the squared norm). There exists a universal constant C > 0
such that

k — _
E[IX:11* = EIX:|*|" < CKL; 2T IE 21 Sillfs VE=3.4...., (2.6)

where ¥; = E[X; ® X;] is the covariance operator of X;,i =1,...,n.

Remark 2.3 (Comments on Assumption 2.7). Since ||Z; || = E||X;||?>, Assumption 2.7 is a mild
condition on the sub-exponential tail behavior of || X;||?> — || Z;|l¢. For H = R, (2.6) is an automatic
consequence of the sub-Gaussianality (2.1). For H = R”, if X = »27 where Z = (Z1,..., Z[,)T
has independent components Z; with bounded sub-Gaussian norms, then

E[I1X]? - EIX|*] =E[272Z — u(®)] S IZ 1

Such linear transformation of an independent random vector in R? with sub-Gaussian components is
a popular statistical model for the K-means clustering [10,21]. For the general Hilbert space H, it is
easy to verify that Gaussian random variable Z ~ N (0, T") in H satisfies (2.6). Comparing with the
“centering” term Z;’zl a,'l-L,.2||F||tr in (2.4), we shall see that the correct centering terms E| X;||? in
(2.6) together with the parameters (L; [T [|op, || X [lns) are crucial to yield a concentration inequality
for Q —E[Q]. By Lemma 2.4, we know that 4Li2 IT |l > || % || for any X; ~ sub-gaussian(I"). In fact,

even in R, it is easy to construct a random variable X ~ sub-gaussian(y2) such that 2 > o> where
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o2 = Var(X) (cf. Examples 4.1 and 4.2 in [5]). In particular, here we give a counterexample in R (so
that L; = 1). Let Y,, follow a mixture of Gaussian distributions F,, = (1 — ¢,)N (0, 1) + ¢, N (O, a,zl),
where a, > 1 and €, = a; *. Then we have o> := Var(¥,) = | —a,*+a; 2 and Y,, ~ sub-gaussian(y,),
where y,> = Ca? for some sufficiently large constant C > 0. Thus if @, — 00 as n — 0o, then 0,2 < 1
and

E|v2 —EY2[* < a2 *E|Z1% = a2k — DI < 4k1(2a2)" 7 SK(y2) TP (02)’,

n n

where Z ~ N (0, 1). Hence, (Y;)n=1,2,... is a sub-Gaussian random variable satisfying Assumption 2.7
and 0> < y,2, provided that a,, — 00 as n — o0.

Now we are ready to state the Hanson—Wright inequality for the general case.

Theorem 2.8 (Hanson—-Wright inequality for quadratic forms of sub-Gaussian random variables
in Hilbert spaces: general version). Let X;,i = 1,...,n, be a sequence of independent centered
sub-gaussian(I") random variables in 1 and L; = || X; |y, r. Let A = (ai.,')l'."j:] be an n x n matrix
and Q = Z:’ j=14ij (Xi, Xj). If in addition Assumption 2.7 holds, then there exists a universal constant
C > 0 such that for any t > 0,

12 t
P(|Q —E[Q]| >t §2exp|:—Cmin( , )], 2.7
( = 1) LHITI2s AN L2IT llopll Allop

where L = maxi<j<n L.

[29] and [1] derive Hanson—WTright inequalities under the convex concentration property of a finite-
dimensional random vector, which is difficult to verify in general. In contrast, our Theorem 2.8 holds
under more transparent conditions (i.e., the sub-Gaussian and Bernstein-type assumptions). Note that
Theorem 2.8 can be seen as a unified generalization of the finite-dimensional Hanson—Wright inequal-
ity to Hilbert spaces for both independent sub-Gaussian random variables in R [22] and a sub-Gaussian
random vector with dependent components in R” [14].

3. K-means clustering in Hilbert spaces and its semidefinite
relaxation

In this section, we apply the Hanson—Wright inequality in Section 2.2 (i.e., Theorem 2.8) to the clus-
tering problem of n data points into K clusters such that K < n. Let X1, ..., X, be a sequence of
independent random variables taking values in a measurable space (X, X) on (2, #, P). Suppose
that there exists a clustering structure G7,..., Gk (i.e., a partition on [n] := {1, ..., n} satisfying
U,le Gi={l,...,n}and GiNG;, =2 if | <k #m < K) on the n data points with X; ~ P for
i€ Gz, where Py, ..., Pk are distinct distributions on (X, X’). We emphasize that X does not need to be
a Euclidean space. Our goal is to develop a statistically correct and computationally tractable algorithm
for recovering the true clustering structure based on the similarity of the observations X1, ..., X,.

3.1. K-means in Hilbert spaces: 0—1 integer program formulation

Perhaps one of the most widely used clustering methods is the Euclidean distance-based K-means
clustering, due to the existence of computationally efficient heuristic algorithms (such as Lloyd’s algo-
rithm [18]). This is a particularly attractive feature for large datasets. Given a sequence of observations
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X1,..., X € RP (ie.,, X =RP), the (classical) K-means clustering method minimizes the total intra-
cluster squared Euclidean distances

o min_ Z Z IX

""" l l]EGk

over all possible partitions on [n], where |G| is the cardinality of Gy. Dropping the sum of squared
norms » ;i [|X; |12, we see that the K -means clustering is equivalent to the maximization of the total
intra-cluster correlations

oM Z T
k 1 i,jeGg

Here, X lT X can be viewed as a similarity measure specified by the Euclidean space inner product

a;jj = {X;, Xj)rr. In general, if space X is a Hilbert space H, then it is natural to generalize this pro-

cedure by replacing (-, -)g» with the inner product (-, -}y associated with H, yielding a;; = (X;, X j)m

Henceforth, we will refer to such a K-means that uses the inner product in a Hilbert space as a gener-

alized K-means.

Example 3.1 (Functional data clustering). In many applications, data to be clustered are recorded
as curves, surfaces or other things varying over a continuum, such as a time interval and a space span.
The random variable underlying data is naturally modelled as a stochastic process X = {X (¢t) :t € T}
in Hilbert space (H, (-, -)i), where the sequence of observations X1i,..., X,, € H is an i.i.d. sample
of random variables drawn from the same distribution as X. In clustering problems, the law of X is
often assumed to be a mixture distribution over H, with each mixture component as a cluster. When
= [0, 1] is the unit interval, we can choose H as the L2 function space L2[0, 1] = {f:[0,1] >
R: (I, = /0 | £(t)|*dt < oo} with L?-inner product (f, g);2 = fo‘ f(gt)dt for f,g € L2[0,1].
Suppose we have prior information that the observations { X; } are smooth functions, then we can choose
a stronger norm to capture the similarity in the (higher-order) derivatives. For example, in [15,25] and
[7], H are recommended as the Sobolev space with some order k € {1, 2} as Sk[0, 1] = {f:10,1]>R:
| f® ||]i2 = fol | f®(1)|2dt < oo} equipped with inner product {f, g)st = Z];:()(f(j), g1 2, where
f® denotes the kth derivative of a function f e S¥[0, 1]. As we will see in Section 3.4, a higher
smoothness order k in the generalized K-means generally leads to larger separations among cluster
centers (between cluster variation) without significantly increasing fluctuations within clusters (within
cluster variation), thereby increasing the clustering signal-to-noise ratio (see Theorem 3.3 for a precise
definition).

Example 3.2 (Kernel clustering). In pattern recognition and natural language processing, it is of-
ten crucial to capture the non-linear similarity for non-Euclidean data (such as images and words).
A widely used approach is the kernel method [23], where the similarity a;; between X; and X ; is char-
acterized by a nonlinear positive semi-definite kernel function p : X x X — R through a;; = p(X;, X ).
Commonly used kernel functions include polynomial kernels p(x, y) = ({x, y) + ¢)" for some posi-
tive integer order r and radial basis function (RBF) kernel p(x, y) = exp{—|x — y||>/(2h?)} for some
bandwidth parameter 2 > 0, where x, y € R? are the Euclidean embeddings of the original observa-
tions (image pixel level vectorizations or word embeddings). According to the celebrated Mercer’s
theorem, kernel clustering can also be viewed as K-means in a high-dimensional feature space: there
always exists a Hilbert space (feature space) H equipped with inner product (-, -)p and a feature map
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¢ : X — Hi, such that

P(X7}’)=<¢(X),¢()’)>H VX,yEX.

More details about a construction of the feature map can be found in Section A.1. From this iden-
tity, kernel K-means that uses a nonlinear similarity measure a;; = p(X;, X;) can be cast into the
framework of K-means in Hilbert spaces by identifying X; as ¢ (X;). On the other hand, explicit rep-
resentations for the feature map ¢ and the Hilbert space H are not necessary in order to implement
the kernel K-means, which is one of the main practical attractiveness of the method. By choosing a
proper kernel p, we may capture the non-linear similarity in non-Euclidean spaces through implicitly
mapping the original data space X into a “high-dimensional” feature space, in which linear bound-
aries can be drawn to separate the data points. For example, the polynomial kernel maps into the space
spanned by the products of all monomials up to degree r. In particular, clusters with centers (expec-
tations under P;’s) that are overlapped in the original Euclidean space may have separated centers
(expectations under ¢#(P;)’s, where ¢#(u) denotes the push forward of measure y defined through
(ps(w)(B) = u(¢p~1(B)) for every measurable subset B C H) in the feature space.

For a general inner product (-, -)p, quadratic sample complexity is needed for the generalized K -
means to compute the similarity matrix A [8]. Observe that, for every partition G1, ..., Gk, thereis a
one-to-one n X K assignment matrix H = (hjy) € {0, 17K such that hij=1ifi € Gy and h;; =0 if
i ¢ Gi. Thus, the K -means clustering problem can be written as a 0-1 integer program:

max{(A, HBH"): H € {0, 1} H1x =1,}, 3.1

where 1,, denotes the n x 1 vector of all ones, a;; = (X;, X )y, and B = diag(|G1|_1, e, |GK|_1).

The generalized K -means clustering problem (3.1) is typically computationally intractable, namely
polynomial-time algorithms with exact solutions only exist in certain cases [24]. For instance, the
(classical) K-means clustering is a worst-case NP-hard integer programming problem with a non-
linear objective function [19]. Exact and partial recovery properties of various SDP relaxations for the
K-means [6,10,17,19,21] are studied in literature. However, it remains a challenging task to provide
statistical guarantees for the generalized K -means clustering to capture the non-linear features of non-
Euclidean data taking values in a general Hilbert space.

3.2. SDP relaxation for K-means in Hilbert spaces

We consider the SDP relaxations for the generalized K-means clustering. Note that every partition
G1,...,Gg of [n] can be represented by a partition function o : [n] — [K] via Gy = a‘l(k), k=
1,...,n. If we change the variable Z = HBH7 in the 0-1 integer program formulation (3.1) of the
generalized K-means, then Z satisfies the following properties:

K K
z'=2z,  2»0, w(@=) |Gilb,  (ZL)i=) |Gilbgirp, i=1,....n. (3.2)
k=1 k=1

For the generalized K-means B = diag(|G |71, ..., |Gk|™Y), the last constraint in (3.2) reduces to
Z1, = 1,,, which does not depend on the partition function o. Thus, we can relax the generalized
K -means clustering to the SDP problem:

Z =argmax{(A,2): Ze €} withe={z"=2,2>0,0(2)=K,21,=1,,Z2>0}, (3.3)
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where Z > 0 means that Z is positive semidefinite and Z > 0 means that all entries of Z are non-
negative. We shall use Z to estimate the true “membership matrix” Z*, where

1/ng ifi, j e GY,
¥ = k
Z’J { 0 otherwise, 3.4
where ny = |G}|. Note that Z* € ¢ is a projection matrix such that Z*Z* = Z*. If Xy,..., X, e R?

(e, X=RP)and g;; = X lT X is the Euclidean space inner product, then (3.3) is the SDP proposed
in [19]. Observe that the SDP relaxation (3.3) does not require the knowledge of the cluster sizes other
than the number of clusters K. Thus, it can handle the general case for unequal cluster sizes.

3.3. Rate of convergence of SDP for K-means in Hilbert spaces

Now we are in the position to state the rate of convergence for the SDP relaxation (3.3) for the gener-
alized K-means clustering. For simplicity, we assume that the trace norms of the covariance operators
for the K -cluster distributions Py, ..., Pk are equal. If the trace norms are not all equal, then a similar
de-biased SDP in [4] can be considered. Denote the minimum cluster size as n = minj <x <k 7.

Theorem 3.3 (Exponential rate of convergence of SDP for generalized K -means). Let X1,..., X,
be a sample of independent random variables in Hilbert space H such that X; ~ Py for i € G. Let
(-, )m and || - lm be the associated inner product and Hilbert norm with H, and uy = EX;, 2y =
E[(X; — k) ® (Xi — uk)] be the covariance operator of X, i € Gz. Suppose that H is separable, and
Xi ~ sub-gaussian(Xy) for i € G} such that || Xy, =, < L and Assumption 2.7 holds with T'; = Z;
therein being equal to 2. In addition, assume (Ek),f:1 to be positive definite trace class, and | 21 ||¢ =

-+ = Zk e Define
SNR? S a2 i A— min i — i
— — ;g — 5 H
LY Zllop  LHIZIIg 1<izj<k
as the squared signal-to-noise ratio, and suppose ¥ = Xy for all k =1, ..., K. Then there exist uni-

versal constants cg, c6, ¢, Cy, Cy > 0 such that as long as SNR? > con/n and QZK > cé)n, it holds
that

|Z — Z*|, < Crexp(—C2SNR?) 3.5)

with probability at least 1 — c¢/n>.

This theorem characterizes the hardness of clustering through the squared signal-to-noise ratio SNR?
that depends on the ratio of squared between-cluster separation rate A? to within-clustering variation
L?|= llop or L?||Z|lus. We postpone its proof to Section 4.2. It turns out that both terms in SNR? are
necessary depending on different regimes of parameters A and X. For the optimality of the exponent
SNR? in the convergence rate for Euclidean space clustering, namely H = R”, we refer to Section 3.3
of [10] for a detailed discussion. In particular, if we instead use the weaker version of the concentration
inequality (2.5), then an extra p factor will appear in the denominator of each term in SNR?, which is
clearly suboptimal.

Our proof is based on the inequality (A, Z*) < (A, Z ), which is true due to the optimality of Z and
the feasibility of Z*. In particular, in the analysis of (A, 7 — 7% by decomposing the similarity ma-
trix A as a sum of its expectation and random fluctuations, one remainder term caused by the random
fluctuations involves a quadratic form over Hilbert space H as the Q in Theorem 2.8. In particular, we



Hanson—-Wright inequality in Hilbert spaces 595

prove a uniform version of the Hanson—Wright inequality that leads to the exponential convergence
rate (3.5) in Theorem 3.3 by combining our Theorem 2.8 with a careful union bound technique devel-
oped in [6] that utilizes the geometric structure of A and improves upon a naive union bound argument
via covering.

Theorem 3.3 provides a partial recovery bound for clustering. Next, we show that exact recovery
can be achieved by properly rounding the SDP solution Z More specifically, we consider the rounding
algorlthm that proceeds as follows: 1. let j; =1 and G 1 be the set of all indices i such that 7 m >

1 Z jijrs 2. let jp be the smallest index in [n] \ G1 and Gz be the set of all indices i such that Z; i =

;Z j2jas - - -» end until the remainder index set [n] \ U k=1 Gk becomes empty for some K > 1. Thanks
to Theorem 3.3, exact recovery of the true clustering structure is an immediate consequence when
SNR? > max{n/n, logn}.

Corollary 3.4 (Exact recovery of SDP for generalized K-means). In the setting of Theorem 3.3,
suppose SNR? > ¢ max{n/n, logn} and n>K > cyn for some universal constants ci, c2 > 0, then

P(K =K and Gy = G}, Yk=1,...,K)>1—Cn2

for some universal constant C > 0.

3.4. Implications in functional data clustering

In this subsection, we discuss the consequence of applying Theorem 3.3 to Example 3.1. For simplicity,
we assume thatforeachk =1, ..., K, the sampling measure Py is a Gaussian process (GP) over Hilbert
space [0, 1] with inner product (-, -)1.2. In particular, we use Theorem 3.3 to study and compare the
uses of different inner products (such as Sobolev inner products with different orders) in constructing
the similarity matrix A in the generalized K -means for functional data clustering.

Recall the definition of a Gaussian random variable in a Hilbert space in Definition 2.3. When the
Hilbert space is a function space, the law N (u, X) of a GP is completely determined by its mean func-
tion uw:[0,1]1— R e IL2[0, 1] and covariance function ¥ : [0, 1]*> — L2[0, 1], where w(@) =E[X ()]
and X(t,1) = E[(X () — u())(X (") — u(t))] for any GP realization X = {X(¢) : ¢ € [0, 1]}. The
covariance function ¥ can be identified with the covariance operator through

1
Ef(t):/ 2(r,t)f(t')dr’ forall f eL?[0,1]and ¢ € [0, 1].
0

Suppose now we have another Hilbert space H' C H, such as the Sobolev space S¥[0, 1] for some
k > 1, such that the second moment of || X — p|gr is still bounded relative to the stronger norm || - ||g
associated with H', that is E[|| X —,u||H2ﬂ,] < 00. This implies X — . € H' almost surely, and (h, X — u)pr
is Gaussian for all 7 € H'. As a consequence, X — u remains a Gaussian random variable in the new
Hilbert space H' [26], as long as E[|| X — “”]Iz-ll’] < 00. Here u may or may not belong to H' depending
on whether |||/ is finite or infinite. We use X’ to denote its covariance operator as a Gaussian random
variable in H'. In cases where X has rapid eigenvalue decay (polynomial or exponential), the operator
and the Hilbert-Schmidt norms of ¥ and X’ will be dominated by their respective top eigenvalues,
henceforth comparable in magnitudes.

Returning to the functional data clustering, we assume X; ~ N (u, i) for i € G} as Gaussian
random variables in H. Consider two choices a;; = (X;, X ;)i and afj = (X;, Xj)mr for constructing
the similarity matrix A in the SDP for the generalized K -means clustering. From our previous discus-
sion, we know that X; — u; remains Gaussian in H' as long as E[|| X; — ,uk||%1,] < 00. We use E,’( to
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denote the covariance operator of X; — ug as a Gaussian random variable in H'. We can then apply
Theorem 3.3 with Hilbert space H and H’ to obtain the signal-to-noise ratios under these two choices,

5 2 HA4
SNR* = A —— with A= min |u; —pillm and
LTl " LAEI s iz
2 (A)? n(A* : ,
(SNR) = —5—; oz With A= min i — e
L2 % lop  L4I%|I3g 1=i#j=K

where ¥ > ¥, and X/ > E,’( for each k. The denominators of SNR? and (SNR')? are comparable
when ¥ and ¥’ have rapid eigenvalue decay, while the signal strength A’ can be much larger than A,
making the overall (SNR’)? larger as well. For functional data with H = IL2[0, 1], faster eigenvalue
decay in the covariance operator corresponds to a higher smoothness order of the sample path. For
example, if y; > y, > ... are ordered eigenvalues of ¥ with y; ~ j 281 for j =1,2,... and some
B > 0, then sample paths from N (0, ¥) are at least B times differentiable [20] almost surely. If we
choose H' to be Sk [0, 1] for any O < k < | 8], where | 8] denotes the largest integer smaller than 8,
then E[|| X; — ux ”11241’] < 00. On the other hand side, A’ can be much larger than A when the difference
{mi —pj:1<i## j< K} has smoothness order (characterized via the decay rate of coefficients with
respect to eigenfunctions {e;} of X) lower than k. In such scenarios, using the inner product induced
by a stronger norm in constructing the similarity matrix A may increase the signal-to-noise ratio and
reduce the SDP error |2 —Z*.

4. Proof of main results

4.1. Proof of main results in Section 2.2
In this subsection, we prove Proposition 2.5, Theorem 2.6, and 2.8.

Proof of Proposition 2.5. By Markov’s inequality, we have for any A > 0 and ¢ > 0,
P(S > 1) <e ME[*].

Step 1: decoupling. Let 81,...,8, € {0, 1} be i.i.d. symmetric Bernoulli random variables (i.e.,
P(5; =0) =P(5; = 1) = 1/2) that are independent of X1, ..., X,. Since

0 ifi=j,
E[ai(l—aj)]={1/4 :fi;éj

we have S = 4[E;[Ss], where S5 = szzl 8i(1—4;)a;j{X;, X ;) and Es[-] is the expectation taken with
respect to the random variables §;. Below, Ex|[-] is similarly defined. By Jensen’s inequality, we get

E[em] <Exs [64)\53].

Let As ={i € [n]:6§; = 1}. Then we can write

Ss= D > ai(Xi, X)) = Z<Z a,;,'Xi,Xj>.

i€As jeAg jeAg i€As
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Taking the expectation with respect to (Xj)jeAg (i.e., conditioning on (§;);=1,..» and (X;)iea;), it
follows from the assumption X; are independent sub-gaussian(I") with mean zero that

48 81207
Exp)jene [¢77] = €7,

where 052 = ZjeAg L§<F(ZieA5 a;jX;), (ZieA5 a;i;jX;)). Thus we get
Ex [64155] <Ey [esngg].

Step 2: reduction to Gaussian random variables. For j =1,...,n, let g; be independent
N(, 16L§F) random variables in H that are independent of X, ..., X,, and §y, ..., §,. Define

T .= Z <gj, Z a,'in>.
JEAS i€eAs
Then, by the definition of Gaussian random variables in H, we have

]Eg[e”] _ 1—[ ]Eg[e@-f’kzt'ma a;_,'X,v)]

JEAS
:exp(gxz ) L3<r<z ai,.xl), (Z a,.,.x,.)» — exp(84%02).

jEAg ieAs i€As

So it follows that
Ex[eé‘-ks(g] < ]EX,g[eAT]-
Since T' =3 ca, (2 jenc @ijgj- Xi), we have
AT Az 2
Ecxyien, €] = eXP(; > Li<F< > ai./'g.i)’ <Z aijg.i)>)ﬂ
ichs JeAS JEAS
which implies that
Ex[e*®] < E¢[exp(r?15/2)]. @.1)

where 77 =375, Li2<F(ZjEA§ aijgj)s QO jens 4ijgj))-
Step 3: diagonalization. Since I' € B(H) is trace class (thus compact) and positive definite, it follows
from Theorem 4.2.4 in [13] that the eigendecomposition of I" is given by

o0
=Yyl ®ep),
k=1

where y; > 0 are eigenvalues of I" and (ex)2, are eigenfunctions forming a CONS of Im(I");
namely Th = Y 22, vk (h, ex)ex for every h € H. Here, ® denotes the tensor product and Im(I")
denotes the closure of the image of I'. In addition, there exists a unique positive definite square
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root operator I''/2 € B(H) such that I''/2I''/2 = ' (cf. Theorem 3.4.3 in [13]). Then we have
1/2
M2 =322, ,/(8). ex)ex and

2
7= D (L ) r (S o)) = S (L )
ichs JEn§ JEAS i€hs Jens
2 % :
12
=38 Y ary| =3 2 YA (Z wtse )a
i€Ag jeAg i€As k=1 jeAg
00 2
=) Z(Z Liaij<gj,ek>> ,
=1 ieAs “jeA§

where the last step follows from Parseval’s identity. Note that

P26 = (Pev, ) = (e ) =

Thus for any A € R,

e (8-ex) 68L§x2(rek,ek> 68L§)\2\|r1/2ek|\2 288L§x2yk,
which implies that G i := (gj,ex), j =1,...,n, are independent N (0, 16L5yk) random variables.

Now let f = (/vifl.yvfy...)T, where fi = (Gix,....Gu)T for k =1,2,.... Then f ~
N(@,T), where I' = (ka)lt?mzl with T, = diag(Ekm,lla ceey Ekm,nn) and Ekm,jj = VVkVm X
E[G jxG jm]. Note that
ElGxGjm] =E[((gj. ex)gj em)| = ((E(g; ® gj))ek. em)
=16L%(Tex. em) = 16L% (yiex. em) = 16L7yi1(k =m).
Thus ka is an n x n matrix of all zeros if k # m, and Fkk = 16V1<2 diag(Lz, e, L,%).
Step 4: bound the eigenvalues. Let Ps : R" — R” be the~ restriction magix such that Ps;; =1 if
i € As and Ps;; = 0 otherwise. Let further Rs = diag(PsA(l, — Ps), PsA(l, — Ps),...) and Z =

(Z1, Za,..)T, where A= (Ziij)l'.'jzl with 5,-./ = Lja;; and Z; are ii.d. standard Gaussian random
variables in R. By the rotational invariance of Gaussian distributions, we have

o0
d ~ 2 ~ ~ d
=R fI* S| RsTV2Z|" = Z"TV2R] RTP2 £ "5t 23,
k=1
where (s,%),‘zil are the eigenvalues of v 2R5T Rgﬁl/ 2. So it follows that

2 2 T2 T 204012 17
max si < I1RsI5p 1T llop < IANGIT llop < LN ANIGH T lops

where

=< 12 )( 2) < 2 2
1T lop < 16(;;1;1; 1515, ) (max v ) < 16L2|T5,.



Hanson—-Wright inequality in Hilbert spaces 599

In addition, we also have

oo
> si=uw(T'2R] R;T'?) = tr(RsTR] ) = Z [Ps AT, — Ps)|T [ PsAL, — P»)]")
k k=1

o o0
~ 2
<Y 6LV Py ALy — Ps)|yyg = Y 16L7y2 1| Allfs < 16L* T IFs I All%s-
k=1 k=1
Invoking (4.1), we get

Ez [exp(kzs,f Z,%/Z)] .

18

EX [64)»&3] <

k=1

Since Z7 are i.i.d. x} random variables with the moment generating function E[e’ Zi =1 —20)"12
for t < 1/2, we have

o0
4”5 l_[ if maxA2s? < 1.
k=1,/1—A2s? k

Using (1 —2)7"/% < &% for z € [0, 1/2], we get that if 16L4[|A[|2,IT'(|2,A* < 1, then

o0
Ex[e*%] <exp (xz Zs,§> <exp(16A2LY T [1FsllAllfs)-
k=1

Note that the last inequality is uniform in §. Taking expectation with respect to §, we obtain that
Ex[e**] < Exs[¢"®] < exp(16A* LT IFs 1 All%s)

whenever 0 < A < (4L2||A||OP||F||OP)_1.
Step 5: conclusion. Now we have

-1
P(S > 1) <exp(—At + 1627 LY T [IFgllAllfs)  for 0 < < (8L*[|AlloplITllop)

Optimizing in A, we deduce that there exists a universal constant C > 0 such that

2
t t
P(S>1) Sexpl:—Cmin< , >]
LYT 131 AlIs  L2IT lopllAllop

as desired in (2.3). O

Proof of Theorem 2.6. Decompose Q = Y I, a;;||X;||> + S, where S = ZIS#/S’ a;j(X;, X;). In
view of the off-diagonal sum bound for S in Proposition 2.5, it suffices to show the following inequality
for the diagonal sum: for any ¢ > 0,

n n
P(Zaﬁ I1Xi 1% =Y @i LTl + t>
i=1 i=1

2
t t
< exp| —Cmin ( )] 4.2)
|: L4|IF|IHS Zl 1(12 L2||F||0pmaX1§i5n Qi
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since ) 7, a,.zl. <|A ||%S and @ := maxi<j<n aii < ||Allop. By Markov’s inequality and Lemma A.3, we
have for any A > 0 and ¢ > 0,

n n
P(Z aii (1X:11* = LT lhe) = r) < e M [JE[ran Xl =L
i=1 i=1

n

2.2714 2

< e—)Lt HeZA a;; LT s
i=1

n
< exp(—)\t +222 (Z aﬁ>L4||F||%Is>

i=1
holds forall 0 < A < (4L2||F||OPE)_1. Choosing

t 1
A= A — ,
4 a2 LT 2 8aL2(IT lop

we get (4.2). O

Proof of Theorem 2.8. Under Assumption 2.7, we have the following standard moment generating
function bound

CR2|ri
— " v <

E[*1Xi \|2—E||Xi||2>] <e )
B 2[Tllop

See, for example, Chapter 2 in [30]. Then we have for any A > 0 and ¢ > 0,
n n 1
IP(Za,»I-(ux,-n2 —EIXi|?) = t) < exp(—m + cxz(Zaﬁ) ||r||%s> VIA < s
i=1 i=1 op

where @ := max<; <, |a;;|. Note that ) /_, al.zi < ”A”I%IS and a < ||Allop. Optimizing over A and com-
bining with Proposition 2.5, we get

2 t
P(Q —E[Q] >t §Zexp|:—Cmin< , )i|
( ) LT 1261 AllZg " L2IT lopll Allop

Applying the same argument by replacing Q with —Q, we obtain (2.7) with constant 4, which can be

reduced to 2 by adjusting the value of constant C. (]

4.2. Proof of main results in Section 3
In this subsection, we prove Theorem 3.3 and Corollary 3.4.

Theorem 3.3. Recall that € = {Z,,«, : 72T =27,7 =0, tr(Z) =K, Z1, = 1,,, Z > 0} is the SDP
constraint set for the generalized K-means in (3.3). For i € G}, let ux =E[X;] and §; = X; — . For
notation simplicity, we will omit in the proof the subscript H in the Hilbert space inner product (-, )i
and norm || - ||m.
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Step 1: a generic bound. For any Z € €, consider (A, Z — Z*) = ZZj:l a;j(Zij — Z;“/.). Note that
ifi € G and j € Gy, then

ajj = (g + i, i +07) = (ks m) + (k> 87) + (8is ) + (87, 8;)
= (Wks m) + (Ui —Mm,& —8i) + {1k, 8i) + (87, m) + (8i, 85)

———IIMk—MmII +5 (IIMkII et I7) 4 (k= s 8 = 8i) + (ks 8i) + (85 pm) + (8, 8).

Since Z?:l Zij =(Z1,); =1forall Z € ¢ and Z* is feasible for ¢, we have

n n

K n K
Yo P € Gy jeG)(Zij— Z5) =Y D mlP1(i € G) D (2 — 25;) =0

i,j=1km=1 i=1 k=1 j=1
and
n K n K n
DY . 8)1(i € Gy j € G (Zi > k. 8:)1(i € GF) > (2ij — Z7;) =0.
i,j=1k,m=1 i=1 k=1 j=1
Then by the symmetry of Z (i.e., ZT = Z), we have
(A, Z-7)=(N+ T+ T3+ T4, Z - Z%),
where fori € G} and j € G,
1 2
Tl,ij=—§||l$k—lim|| ; Tij = Uk — tm, 8 — &),
T3, =(6;,6;) —E{8;,6;), Ty =E(5;,6;).
Observe that
1
(M.2-2==5 3 lw—wl® Yo (Z—2j) (4.3)
I<k#m=<K ieGy,jeGh
1
=—5 > lm—mnlPiZgcyh, (4.4)
1<k#m<K

where the last step follows from Z > 0 and Zi*j =0ifi € G}, j € Gy, for k # m. Here, | ZGraz I =
e |Zii|. By definition, we have (A, Z*) < (A, Z), which implies that 0 < (A, Z — Z*).
i€Gy,jeG J y p

Thus, we have

0<5 > M=l Zaroyh =(N. 2" = Z) < (h+ T3+ T, Z— Z%).  (45)

1<k#m<K

| =

Let A =minj<gzm<k ||tk — imll- By (A.5) and (A.3) in Lemma A.6, we have

4
Z - z*|<—|z*—z*z|1 LY 1Zeyh
Ql<k7ém<l(
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where n = min; <x<g ni. Then we get

Z-27%, < AS—(T2+T3+T4,Z z*). (4.6)

Step 2: bound (Ty, 77 *). Since 8, ..., 8, are independent with mean zero, we have
n
(T4, 2 — 2*) = "RISiI1*(Zii — Z};).-
i=1

Since E|18; 112 = IE[8; @ 8illle = | Zklle if i € G¥, and | Zg|lw. k=1, ..., K are all equal, it follows
that

(Ts, Z — Z*) = IZ1 |utr(Z — 2*) =0,

where the last step is due to tr(Z) = tr(Z*) = K since both Z, Z* € €.
Step 3: bound (T», Z — Z*). Consider

n
(1.Z-2%= > > (uk—pm.8; — 8)1(i € G} j € Gy )(Zij — Z7)
I<k#£m<K i, j=1

= Z Z (ke — tms 8} — 81) Zij

1<k#m<K ieGy},jeGy,

> D k= s 1) Zij

I<k#m<K i€G},jeGs,

Z Zﬂk—ﬂm, |ZtG*|l»

I<k#m=K ieG}

where the third equality is due to symmetry. For each k # m, let elgk’m)

Zier‘ |Zi(;;§1 |1. Since |Z,‘G’>»;l 1 <1, by Lemma A.5,

= (Uk — Wm, 6;) and Sk,m =

Sk,m

k,
D Ak = i, 81 Ziy 1 < Ze((,)"”,
ieG}
where eélf)’m) > > e((r]:;m) are the order statistics of eik’m), e, e,(lk ™ Note that (e(k m))” | are iid.

mean-zero sub-Gaussian random variables in R with respect to rkz m = L2(2(,uk — Um)s Uk — Um)
(recall that ¥ > ¥4 forall k=1, ..., K). Thus, forany s = 1, ..., n, we have Zle el.(k’m) 1S a mean-
zero sub-Gaussian random variable with respect to srk2 - BY the union bound, we get for all t > 0,

K 2 s 2
Z n t en t
@ ) - 2 — 2
(i:l y s 25T, s 25T,
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Now it follows that

Sk,m
. K
IP’(EII <k # m < K such that Ze((f)’m) > C1Tk,mSk.m log<n—>>

N
i=1 k,m

IA

N
D3 p(ZG&,mzcws 1g<—K>>

1<k#m<K 1<s<n i=1
n s 2
en Ci nkK
< E E — ——s1 -
1<k#m<K s=1
n 2
nkK C3K C3
<K? E exp[ —Coslog| — ) )| = —— = —.
= Xp( » g( s ))— nK)? ~ n2

Thus we have P(G;) > 1 — C3n~2, where

Sk,m
: K
G = {Zeg‘)”") < C1TkmStm log<n—>, VI<k#m< K}.
: Sk,m
i=1 ’
By the Cauchy-Schwarz inequality,
A nkK
T, Z —Z*) <2C Tk, mSk, 10g(—>
< ) 2 st flog( T

1<k#m<K

nk
§2C1 Z Tkz’msk,m Z Sk,m 10g(?>

1<k#m=<K 1<k#m=<K m

on the event G;. Since sg m = |ZGfon |1 and

tem < LI Guic = )| < LI 22 ol = ol = LIS e it = ol

it follows from the first equality in (4.5) that

o waskm = Y. LPUZlopllik — P Zgray ht = 2L | Zllop(Th, 2% — 2Z).
1<k#m<K 1<k#m<K

By (A.3) in Lemma A.6, S := |Z*(2 —Z% = ZZlﬁkaéméK sk.m- Then it follows from Jensen’s

inequality that
Sk.m log| — —1lo .
k,m 108 Sk ) g S

1<k#£m<K m

Thus, we get

R " 3
(1, z-27%)< 2C1L\/||E||OP(T1, VAR mog(z”;< ) 4.7

on the event Gj.
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Step 4: bound (T3, Z — Z*). Decompose
(13, 2—2*) =1 - 2")15(1 = 2*), Z— 2"\ + (2" T3, Z — 2\ + (15 2%, Z — Z*) = (2*T32*, 2 — Z*).
Note that
(1= 22)T3(1 = 2.2 = 2% =) (5. (1 - 2°)(2 - 2°) (1 - 2°))
=0 (Ts. (1 = 2°)2(1 - 7))
<o I Bsllop [ (1 = 2) Z(1 = Z*) |,

|Z* — Z* 7|,

< T ,
=4 || 3||op ZQ

where (1) follows from the symmetry of Z*, (2) from the idempotence of Z* (recall that Z* is a
projection matrix such that Z*Z* = Z*), (3) from the duality of the operator and trace norms, and (4)
from (A.4) in Lemma A.6. Let S"~! be the (compact) unit sphere in R” and A be a 1/4-net for S"~!.
By Lemmas 5.2 and 5.4 in [27], we have |[N'| < 9" and || T3 llop < 2max, e x 7 T3x. Thus, by the union
bound, we have for any 7 > 0,

P(IT3llop = 1) < Y P(x" T3x > 1/2). (4.8)
xeN
Fix an x € . Note that [lxx” |}g = [lx]|3 = 1 and [xxT|lop < 1. Since ¥ > % forall k =1, K,

we have §; ~ sub-gaussian(X) such that E[§;] =0 and ||§;ly,,x < L. By Theorem 2.8 with A =xxT,
we get for all 7 > 0,

2
t t
P(x"T3x > 1/2) = § xix;iT3,i >1/2 <Zexp[ Cmin( , )]
( irjL3,ij L4||2||%IS L2||E||op

i,j=1

Combining the last inequality with (4.8), we obtain that with probability at least 1 — cn ™2,

1T30l0p < Cst(x/ﬁIIEIIHs + 1l Zlop)-
Then,

LzﬁIIEIIHs+n||E||op|Z*

(1 =29 15(1 - 2%),Z - 2¥) < Cs >

- 7*7,

A? 12)| 7% _ 72
<(1)C57(C0 +ey )|zt -2 Z|1
A? _1 .
=) C57(c0 +c )2 Z | ZGrGx 11
1<k#m<K

<3 2C5(cO + ¢, 1/2)<T1, A Z)

1 o
<@ E(Tl, VAR VAR
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where (1) follows from the definition of SNR? and the condition that SNR? > con/n, (2) from (A.3)
in Lemma A.6, (3) from the definition of A2 and (4.5), and (4) from choosing ¢y sufficiently large.
Next, we consider (Z*T3, Z — Z*) =(Z*T3, Z*Z — Z*). By (3.4), we have

n
<Z*T3, Z*Z — Z*> = Z (Z*T3)l] (Z*Z - Z*)z]
i,j=1

k.m=1lieG} jeGy, \L=1

=izz( > 1) ( X 20 1)

kom=1ieG? jeGy, ¥ 1eGr LGy
K 1(k=m)
(=1 %5
=Y 2 (S Sz -2
k.m=1 jeG}, LeGy
=B
=:By;
Note that B;; € [0, 1]. By Lemma A.5, we have
K bkm
* * * (k,m)
S AED 3 ¥
k,m=1 j=1
S k, k .
where by, = ZjGG’,; Brj =1(Z* — Z*Z)GZG;‘,, [1 and B((l)m) B((z)m) > .- is the ordered sequence of

(Bkj)jeGz, - Now fix a (k,m). For any E C G, with 1 <¢q :=|E| <n;, , we can write

> By = Z dgs™ ((8e.85) — E(6¢.8)),

jEE j.e=1

where D&M — (d(f "y j_y and d(k "™ — _n1(j € E)1( € G}). By Theorem 2.8 (one-sided ver-
sion) and the union bound we have t >0,

2
e n) [ ! < t [ )}
E B exp| —C min , .
( v ) (q LA S DEm |2 L2 [lop | D& gp

Since | D®™ ||lys = || D®™ |lop = \/q/nm, we deduce that

Dim n K p/? n,K
IP’(EII <k, m < K such that 238?5’”) > cﬁLz(uans 2 op —K 1 og an ))
._ N2 N m

EK: 3 ( (k,m) 2 q K @2 K
=< P E B > ColL <||E||Hs— log + 1=l log >
0)) P

k,m=11<g<ny j=1 ! ~Mm q Jn q
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Ko enm \? 2 n, K
= Z Z 7 exp| —Cgq log T

k,m=1g=1
2 o n, K C3K2 Cg
<K minZexp(—Cn] log< )) < 75—
"o q (nK) cH n?’

where the last inequality is due to n”K > cyn- Thus, we obtain that with probability at least 1 — Cg/ n?
that

A & B2k
(273, 2 — Z*) < CeL <||E||HS—— lo g—+ 1= 1lop i log )
k,m=1

Recall that Z,fmzl bim = |Z* — Z*Z|, = S. Since functions x~/2log x and x~!/2,/log x are mono-

tonically decreasing for x > ¢?

S nkK nk?
2
(2*T5,Z — Z2*) < GsL ﬁ<IIEIIHs,/10gT+I|EllopflogT>

By the cyclic invariance of trace and the symmetry of 73 and Z — Z*, the same bound holds for
(T3Z*,Z — Z*) = (Z*T3, Z — Z*). In addition, the term (Z*T3Z*, Z — Z*) = (Z*T3, Z*(Z — Z*) Z*)
can be handled in the same way as (Z*T3, 7— Z*), by noticing that |Z*(2 —Z%Z* = |Z*(Z —Z%
according to Lemma A.6.

Put all pieces together, we obtain that with probability at least 1 — ¢/n? that

, we obtain from Jensen’s inequality that

1 . 1 nk3 nk3
(13,2 — 2%y < {1y, Z* —Z)+3C6L25ﬁ<||2||1{5 log_T—i- ||2||0p«/§1og—T>.

l\)

Step 5: conclude. Now we combine the bounds in Step 1 — 4 to obtain that
1 . 5 ~ K3
E(Tl, Z*—Z)<2C\L\/(T\, Z* - Z)

1 [ nk3 nk3
+3C6L2Sﬁ<||z||ﬂs log_T—i-HEHOp\/Elog_T), (4.9

holds with probability at least 1 — ¢/n?, where recall that § = |Z* — VAVAIY According to equation
(4.5) in Step 1 and equation (A.5) in Lemma A.6, we have (T1, Z* — Z) > AZS/4 > 0. Then solution

of the quadratic inequality (4.9) for / (T1, Z* — Z ) implies

K3 1 nkK nk?3
2 2 2
A” < CyL Ilzlloplog< S >+CL [_<IIEIIHs,/10gT+IIEllopf10gT>- (4.10)
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This inequality combined with § < |Z* — Z|1 due to (A.5) and the trivial upper bound |Z* — Zl <2n

(6] + (6] .
= 9 op g S 9 \/_ HS g S

As a consequence, we have

A? A*
SSZnK%Xp(—Clo(\/E = )) <2nK3exp(—Ci1y/n/n) <n,

L
nL2[Zllop  LYITNZg

where we have used in the second last step our condition that SNR? > con/n > coK for sufficiently
large constant cg. Now combining the preceding display with inequality (4.10), we obtain

A% £3CoL| Zoplog LS +C9L2L”E“HS logﬂ—K3.
) ' S Nz S

Finally, this inequality combined with equation (A.5) in Lemma A.6 implies the desired bound

A

Z-27%, < Mg < C1on* K /nexp(—C10SNR?) < C2exp(—C13SNR?),
n

where the last step is due to the lower bound condition SNR? > con /n. |

Proof of Corollary 3.4. For easy presentation, we consider the equal-size clusters case where n| =
~=ng=nand Gy ={(k—Dn,(k—Dn+1,...,kn} fork=1,..., K by reordering the indices.
Under this setup, we have
7 _ I/n ifi, j € G,
1 0 otherwise.

Take ¢y large enough so that the upper bound in Theorem 3.3 satisfies C1 exp(—C2SNR?) < % We use
induction to prove that Gk = GZ‘ ateach step foreachk =1, ..., K, which also implies K=K.In fact,
at k = 1, since max; |21i A |2 —Z*) < % we must have 2” € [%, %] fori € G} and ili <
3Ln for i ¢ G7 according to the definition of Z*. This implies G = G7 according to the choice of G
in the algorithm. Similarly, assume él = Gj‘ for all/ <k, then [n]\ Ué‘zl Gl =lkn+1,kn+2,...,n}
and jxy1; = kn + 1 by definition. Then the fact that max; |2j — Z;‘fk+1i| <|Z-Z%< 3% and the
definition of Z* imply 2jk+li € [3%!, 3%] fori e GZH and Zy; < 3%1 fori ¢ G}';H.
must have ék+1 = Gy, according to the choice of ék+1 in the algorithm. This completes the proof
by induction. ]

k11

Consequently, we

Appendix: Auxiliary results

In this section, we collect and prove all auxiliary results in the paper.
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A.1. Feature maps in reproducing kernel Hilbert spaces
In this subsection, we provide a concrete construction of the feature map in kernel clustering. To this

end, we invoke the theory of reproducing kernel Hilbert space (RKHS). For a detailed survey of lin-
ear operators on Hilbert spaces with statistical applications, we refer to the text [13] as an excellent

monograph.
Let the bivariate function p : X x X — R be a symmetric and positive definite kernel; namely,
Z?szl cicjp(xi,x;)>0forallm>1,x1,...,x, €X,and cy, ..., c;; € R. By the Moore—Aronszajn

theorem (cf. Theorem 2.7.4 in [13]), there exists a unique Hilbert space H := H(p) of real-valued
functions on X with p as its reproducing kernel, that is,

(i) forevery x € X, p(-,x) € H;
(ii) forevery f e Hand x € X, f(x) = (f, p(-, x)), where (-, -) is the inner product of H.

Property (i) defines a feature map ¢ : X — H via x — p(-, x), which is known in literature as the
RKHS map [2]. Property (ii) shows that p satisfies the reproducing kernel property for all functions in
the Hilbert space H. Thus H is the RKHS associated with p. It is immediate from these two properties
that

P, y)=(pC. ). p(. X)) =(p(x), ¢(y)) Vx,yeX.

Then the similarity matrix A is chosen a;; = p(X;, X;) = (¢(X;), ¢ (X)). Statistical properties of the
SDP solution Z for (3.3) rely on the distribution of the feature vectors ¢ (X;) in H, which is a special
case of Theorem 3.3.

A.2. Auxiliary proofs and lemmas
In this subsection, we provide additional proofs of the technical results used in the paper.

Proof of Lemma 2.4. Without loss of generality, we may assume u = 0. Suppose that Z ~ N(0,I").
Then || Z||y,,r = 1is obvious from Definition 2.2 and 2.3. Let M (t) = E[e'*2)], t € R, be the moment
generating function of (z, Z). Then Taylor’s expansion yields that

d*M (1)

" =E(z. 2)* =E(z. (z. 2)Z) = E(z. (Z® 2)z) = (2. E(Z ® Z)2) = (z. T2).
t=0

On the other hand, since Z ~ N (0, I'), we have

a’m
dﬂ(—) =(1+1)(I'z, 2)et a2,

Thus it follows that
(£=T)z,2)=0 forallzeH,

which implies that ¥ = I". Suppose that Z ~ sub-gaussian(I"). By Markov’s inequality and Defini-
tion 2.2, we have

2,2 2

2

P((z, Z) > t) < inf e ME[e**#] < inf e MHEFT22) — T2l
A>0 A>0
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2 2
where o~ = ||Z||w2.r. Then
o0 (09) ot
(Zz,2) =E(z, Z)* :/ P(|(z. 2)| = Vt)dt < 2/ e 2209 dt =4a*(I'z, 7).
0 0
Thus it is immediate that ((4a?T — £)z,z) >0 forall z € H, i.e., T < 4||Z||2]//2’F1“. O

Lemma A.1 (Moment generating function bound for squared norm of a sub-gaussian random
variable in R"). Let I" be an n x n positive semidefinite matrix and X be a random variable in R"
such that E[X] =0 and E[eZTX] < et T2/2 forall zeR". Let Z~ N(0,T"). Then,

11X13 111213

Bl ] <E[e=] vo<<ITly.

Proof. The case for t = 0 is obvious. Without loss of generality, we may assume I is (strictly) positive
definite since otherwise we can consider I' + 617, for § > 0 and then let § — 0. Consider z € (0, ||T’ ||Op ).
Denote the determinant of I" as |I"|. Observe that

1 113 Ty
= Gy fo ¢ Bl

1 = txu2 11X13
=(1)E|:W/n dze 2 i|

1X13 1 EE
= e ](2n)n/2|r|1/2[,le T
fIX13 1
=@3) Ele m,

where (1) follows from Fubini’s theorem, (2) from the translational invariance of the Gaussian density
integral, and (3) from that the integration of the standard Gaussian distribution N (0, I,,) equals to one.
Thus, we get

11X n2

12 4

E[e "] =[]

Since E[e?’ X] < e2' T2/2 for all z € R", we have for 7 € (0, |T'| ;pl)
1 _ TW T
= G T
1 1T -1
_ —52" 7 =)z
= Gy ”

_ 1 1 e 2 T =Dz g,
FI21= T, = T2 [ @y 21Ty = D)7 Ja

_ 1

- |1’*|l/2|tf]]n _ 1'*|]/2'

Then we have
[X13 |t=r|1/? 1
< =
T T2, = TV2 |1, — T2

Vo<t <|Tl, -
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On the other hand, for Z ~ N(0, I'), similar calculations show that

@ 1 _l,Tp-1, s T
<) = G f,
1 1T =1
_ —5z' (I =s1y)
= Qay AT /Rne : e

et =S 1
B T [1/2 |, -T2

Vs <ITIlg, -
from which Lemma A.1 is immediate. O

Lemma A.2 (Upper bound for squared norm of a sub-gaussian random variable in R"). In the
setting of Lemma A.1, we have

2
E[e%(I\XII%—tr(F))] < ez IllEs  vo <t< (2”1'*”0}))_1. (A1)

Consequently, we have for any u > 0,

P(IX I3 — tr(T) 2 u) < [ ! ( o _u )} (A2)
—tr(l") > u) <exp| —= min[ ———, —— | |. .
2 8 ”F”IZ{S ||F||op

Proof. Let Z ~ N (0, I'). By the calculations in Lemma A.1, we have for all r < ||’ ||(jp1,

o~ 5D no—tyif2

Iy — T2 T =1y

E[eg(nzné—tr(r))] —

where (y;)7_, are eigenvalues of I'. Using the inequality

—t
¢ < Vi <1/4,

J1=2t

we have

n 2.2 2 2
B[t 0ZB-0)] < TTedt — o35 vl < (200 1) !
[e 1=[]e= =e 71 < (20T llop) -
i=l1

Combining the last inequality with Lemma A.1, we get (A.1). By Markov’s inequality, we have for any
u>0and0 <t < 2| lop)~ L,

u t2
P(IXI3 — (D) > ) < e #7100,
u

; ok 1
Choosing t =t* := 2T, A Mo We get

P(IX 3 — tr(I) > u) < exp(—ﬂ> —exp|:—lmin<u—2 L)}
2 - 4 8 ITIZg T lop /1 O
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Lemma A.3 (Moment generating function bound for centered squared norm of a sub-gaussian
random variable in H). Let I' € B(H) be a positive definite trace class operator on H. Let X be a
centered sub-gaussian random variable in H with respect to T" and L = || X ||y, . Then,

E[esIXIP-L2IM0] < o“F Tl vo << — L
- T 2L2%|Tlgp

Proof. The proof is a standard approximation argument combined with Lemma A.2. Let (ex)72,;

be a CONS of H. By Parseval’s identity, || X 12 = Zk 11X, ex)?, where convergence of the sum is
made in the ¢2 sense. Let K > 0 be a finite integer. Put Xx = (X, e1), ..., (X,ex))T. Then Xgx ~
sub—gaussian(Lzl"K) is a mean-zero random variable in R"” with 'k jx = (T'ej, ex) for j,k=1,..., K.
Since [Tk llop < IIT lop, it follows from Lemma A.2 that

2;4
]E[e%(HXK”z*LZHFKHu)] < Ikl vo<f < )
L2||T lop

Letting K — 00, we have | Xk [; / I X|I*, t(Tx) = &l /" ITllw, and [Tk llfzs /* IT Izs- Then
Lemma A.3 follows from the monotone convergence theorem. ]

Lemma A.4 (Squared norm of a sub-Gaussian random variable in H is sub-exponential). Let
I' € B(H) be a positive definite trace class operator on H and X be a centered sub-gaussian(I") random
variable in H. Then there exists a universal constant C > 0 such that

X1l < CUXNZ, 1T -
Thus || X||? is a sub-exponential random variable in R.

Proof. Let (ex);2, be a CONS of H. By Parseval’s identity, X% = Z,fil (X, ex)?. Since || - Iy, for
real-valued random variables is a norm, we have by triangle inequality that

lx 12, <Z||Xek 20, = ;||<x,ek>||?h,

where the last step follows from Lemma 2.7.6 in [28]. Since X ~ sub-gaussian(I") with mean zero, we
have for any A > 0,

2Ix)2 (T
E[e“x’m] <e? X1y, € ek,ek>’
which implies that there exists a universal constant C > 0 such that
(X, ex ||w < ClIXlly,v (Tex, ex).

Then

8

X2, < Z IX1I5, (Cex, ex) = C* I X[[5, [T -

|

Let r be a non-negative integer and 0 < f < 1. For s =r 4 f > 0, we define the (generalized) sum

N r
Za,- = Zai + far41.
i=1 i=1
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Lemma A.5 (Monotone rearrangement). For any ay,...,a, € Rand by, ..., b, €[0, 1], we have

n N
Zaibi < Za(z’),
i=1 i=1

where ay > -+ > amy and s =Y i_, b;.

By definition, we clearly have Y5_, a; < max{Y_ a;, Y /T a;}, and for 0 <s < 1, Y3_, say <
sa(1y. Moreover, Lemma A.5 is tighter than the classical inequality Z?:l a;b; < |aleo|b|1 because
a@y < lals. Using the order statistics structure, we are able to obtain the exponential decay of error
result in the K -means SDP clustering problem in Section 3.3.

Proof of Lemma A.5. Write s =r 4 f, where r is a non-negative integer and f € [0, 1). Let X be
a random variable taking values in {ay, ..., a,} with the probability mass function P(X = a;) = b; /s.
Let Y be another random variable taking values in {a(y), ..., am} = {ai1, ..., a,} with the probability
mass function P(Y =a(j)) =1/sfor1 < j <r,P(Y =a¢+1) = f/s,and P(Y =a(;)) =0forr+2 <
Jj <n.Since b; € [0, 1], we can always shift a non-negative proportion of mass from X to Y. Thus, we
have E[X] < E[Y] and the lemma follows. O

Lemma A.6. Let Z* be defined in (3.4). Then for any Z € € defined in (3.3), we have

\z*—z*27%|, = |z*-2*Z|,=2 ) |Zgicyh. (A3)
1<k#m<K
ARAY
(1= 20)2(1 - 7)), = (A%
|Z*—z*z|15|z*—z|1§2—”|z*—z*zl. (A.5)
n
Proof. See Lemma 1 in [10]. O
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