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Adaptive confidence sets in shape restricted
regression
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A simple construction of adaptive confidence sets is proposed in isotonic, convex and unimodal regression. In
univariate isotonic regression, the proposed confidence set enjoys uniform coverage over all non-decreasing re-
gression functions. Furthermore, the diameter of the proposed confidence set automatically adapts to the unknown
number of pieces of the true parameter, in the sense that the diameter is bounded from above by the minimax risk
over the class of k-piecewise constant functions. The diameter of the confidence set is a simple increasing function
of the number of jumps of the isotonic least-squares estimate.

A similar construction is proposed in convex regression where the true regression function is convex and piece-
wise affine. Here, the confidence set enjoys uniform coverage and its diameter automatically adapts to the number
of affine pieces of the true regression function. The diameter of the confidence set is an increasing function of the
number of affine pieces of the convex least-squares estimate.

We explain how to extend this technique to a non-convex set by proposing a similar adaptive confidence set
in unimodal regression. The confidence set automatically adapts to the number of jumps of the true unimodal
regression function and its diameter is an increasing function of the number of jumps of the unimodal least-squares
estimate.

Keywords: adaptive confidence set; convex regresion; isotonic regression; piecewise affine; piecewise constant;
shape constraints; unimodal regression

1. Introduction

Let K C R” be a closed convex set. Assume that we have the observations
Yl:I‘Ll+$la i:17"'7n5

where the vector p = (,ul,...,pa,,)T € K is unknown, & = (&1, ...,E,,)T is a noise vector with n-
dimensional Gaussian distribution N (0, azlnxn) where o > 0 and [, is the n x n identity matrix.
Denote by E, and [P, the expectation and the probability measure corresponding to the distribution of
the random variable

y=n+E& E~N(0,0%Lixn). (1.1)
The vectory = (Y1, ..., ¥,)T is observed and the goal is to estimate . Consider the scaled norm || - ||,,
defined by
n
lul? = - ul, w=uy,...,u)" €R".

i=1
The error of an estimator ft of p is given by ||t — [L||%. Let | - |% be the squared Euclidean norm, so

that %| . |% =] - ||£. For a finite set E, let | E| denote its cardinality. We use bold face for vectors and
the components of any vector v € R" are denoted by vy,...,v,. f veR" and T C {1,...,n}, we
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may view v as a function from {1, ..., n} to R and denote by vy = (v;,i € T) € R” the restriction
of this function to 7. If it is clear from context, we identify the linear space R” with RI”! with the
canonical isomorphism that maps (v;,i € T) to (vk,, ..., ”km) e RIT! where T = {k1,...,k1|} with
k1 <k2 < e <k|T|.

In this paper, we consider the particular case where K is a polyhedron, that is, an intersection of a
finite number of half-spaces. If the true parameter p lies in a low-dimensional face of the polyhedron

K, it has been shown that for some polyhedra K, the rate of estimation is of order d;le up to loga-
rithmic factors, where d is the dimension of the smallest face that contains u [3,11,12,18,19,21]; see
also the survey [20]. This phenomenon appears, for example, if the polyhedron K is the cone of non-
decreasing sequences [3,11] or the cone of convex sequences [3,19]. For these examples, if u lies in a
d-dimensional face of the polyhedron K, the Least Squares estimator over K satisfies risk bounds and

oracle inequalities with the parametric rate d%, up to logarithmic factors. We consider the problem of
confidence sets in this context. In particular, the present paper addresses the following questions.

e Is it possible to estimate or bound from below by a data-driven quantity the dimension d of the
smallest face of the polyhedron K that contains the true parameter u?
e Is it possible to construct a confidence set C,, such that:

1. It enjoys uniform coverage over all u € K (i.e., p € C, with high probability).
2. It adapts to the smallest low-dimensional face that contains u (i.e., the diameter of C,, should

2 oy . . .
be of the order d% up to logarithmic factors if the smallest face that contains u has dimen-
sion d).

In this paper, we answer these questions for two particular convex polyhedra, the cone of nondecreasing
sequences and the cone of convex sequences, as well as for the non-convex set of unimodal sequences.

The construction of adaptive confidence sets in isotonic or convex regression has been studied in
[6,7,15]. These papers show that if the true regression function is simultaneously smooth and mono-
tone, then it is possible to construct confidence sets that adapt to the unknown smoothness of the true
regression function. In the present paper, there is no smoothness assumption and the goal is to construct
confidence sets that adapt to the dimension d of the smallest face of the polyhedron. A related litera-
ture studies the optimal separation rates for testing and construction of confidence sets in sparse mean
models and sparse linear regression [2,8,9,26,30]. This literature is reviewed in Section 4.2 where we
discuss piecewise constant signals.

The rest of the paper is organized as follows. Section 2 gives the definition of honest and adaptive
confidence sets. Section 3 defines the cone of nondecreasing sequences and recalls some material from
[1,24] on the statistical dimension and the intrinsic volumes of closed convex cones. In Section 4, hon-
est and adaptive confidence sets are provided for the cone of nondecreasing sequences and Section 4.2
shows that, on the other hand, such honest and adaptive confidence sets do not exist for piecewise
constant sequences. Section 4.3 discusses the case of unknown noise level. Honest and adaptive con-
fidence sets are then given in Section 5 for the cone of convex sequences. In Section 6, we show that
a similar construction is possible for the non-convex set of unimodal sequences, which shows that our
construction of confidence sets does not require convexity of the model.

2. Honest and adaptive confidence sets

Let (Ex)kes be a collection of subsets K indexed by some possibly infinite set J. We will refer to
the sets (Ex)key as the models. Most collection of models considered in the paper will be finite and
ordered by inclusion, that is,

EiC- CEpy =K (2.1)
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where J = {1, ..., kmax}. For any model E; C K, the minimax risk on Ey is the quantity

Ri(Ex) =inf sup E |2 — pll2
i pekEy

n’

where the infimum is taken over all estimators, that is, all random variables of the form fi = g(y) where
g :R" — R" is a Borel function. If J ={1, ..., kmax} and (2.1) holds, the minimax risks satisfy

RE(E1) <+ < RE(Egyay)-

In that case, the collection (Ex)x=1,... k.« Fepresents models of increasing complexity.
Similarly, if a confidence value o € (0, 1) is given, one may define the minimax quantity

RX(Ep) :inf{R >0:sup inf Pyu(li—pl2 <R)>1— a} 2.2)
i PeEk

for all k € J, where the supremum is taken over all estimators. This quantity represents the small-
est radius, in a minimax sense, of a confidence ball with confidence level 1 — «. Similarly, if
J ={1,..., kmax} and the models are ordered by inclusion as in (2.1), this quantity is an increasing
function of k and we have

RG(E1) < -+ < Ry(Eky,y)

for all @ € (0, 1).

The goal of this paper is to study confidence sets in shape restricted regression. A confidence set is
aregion C, such that with high probability, the unknown parameter u belongs to Cp.Leta € (0,1). If
I € Ey+ for some k* € J, the quantity (2.2) may be used to define the oracle region

Cr(k*) :={u e R": lu— I} < RI(Ex)},

where ji is an estimator that achieves the supremum in (2.2) (we assume here that all infima and
suprema in (2.2) are attained). Then, by definition of R} (-), we have that p € (:’;f (k*) with probability
at least 1 — or. We call C *(k*) an oracle region since it is inaccessible for two reasons. First, the radius
R} (Ej+) and the integer k* must be known in order to construct é‘;f (k*), that is, the knowledge of
the smallest model that contains g is needed. Second, the oracle region C’,’f (k*) is an Euclidean ball
centered around the estimator ji that achieves the infimum in (2.2), and this estimator is unknown.

This paper studies the construction of data-driven confidence sets C,.. We consider only 1 — « con-
fidence sets, which means that the true parameter p belongs to C, with probability at least 1 — «,
uniformly over all u € K.

We also want the diameter of the confidence set é‘n to be of the same order as the diameter of
the oracle region é;,“ (k*), that is, the value R} (Ej+). Furthermore, the construction of é,, should not
require the knowledge of the smallest model that contains the true parameter u: The knowledge of k*
is not needed to construct the confidence region C,. In that case, we say that the confidence set C, is
adaptive.

We now give a formal definition of these properties. For any A C R”, define the diameter of A for
the scaled norm || - ||, by

diam A := sup ||v —ul|,.
v,ucA
In the following definition, for any g we consider a probability space (2, A, P,) rich enough so that
y in (1.1) is a random variable. (For instance, one may take 2 = R” and A the Lebesgue measure on
R™.)
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Definition 2.1. Let o € (0, 1). Let K C R" be a closed convex set and let (Ey)ics be a collection of
subsets of K indexed by an arbitrary set J. Denote by C,:R"—> {B C R"} a function such that (i) the
event {j € én (y)} is A-measurable, and (ii) diam(én (y)) is a random variable in (82, A, P,). If clear
from context, we will write CA‘H = C‘n (y) for brevity. We say that C‘n is an honest confidence set if

inf Py(ueCy)>1—a. (2.3)
pek
We say that an honest confidence set Cy is adaptive in probability if for all y € (0, 1),

N en \°¢
inf inf P, ( di Z<RiEDlog— ) )=1- 2.4
inf ulélEk u( iam(C,)~ < 'R (Ey) 0g<ya> )_ 12 (2.4

where ¢ > 0 and ¢ > 0 are numerical constants. Alternatively to (2.4), we say that the confidence set
C, is adaptive in expectation if for all k € J,

C
sup B, [diam(C,)?] < c’ng(Ek)log<ﬁ> , (2.5)
REEL o

where ¢’ > 0 and ¢ > 0 are numerical constants.

The role of the constant ¢ > 0 is to allow for logarithmic factors. Inequality (2.3) requires that the
true sequence u lies in C, with probability 1 — « for all u € K. Inequality (2.4) implies that if the
true parameter satisfies il € Ey+ for some k* € J, then the diameter of é‘n is of the same order as the
minimax quantity (2.2) of the model Ej+, up to logarithmic factors.

We now consider a special case: confidence balls centered at the Least Squares estimator. The Least
Squares estimator over a closed convex set K is defined by

A" (K) = argmin ||y — u2 = Tk (y)
uck

where I1x denotes the convex projection onto K. By definition of the convex projection onto K, we
have (u — Ik (y))T(y — Ik (y)) <0 forall u € K, which can be rewritten as

<l =yl — u— K| (2.6)

n —

|2 &)~y

If the confidence set C‘,, is an Euclidean ball, it is characterized by its center and its radius. Let
a € (0, 1) be a confidence value, typically « = 0.05. Let K C R” be a closed convex set and let (Eg)xes
be a collection of subsets of K indexed by an arbitrary set J. Let 7 be a positive random variable
measurable with respect to y and let i (K) be the Least Squares estimator over K . The set

Co={veR": |25 (K) — o] <7) @7

is an honest confidence ball if (2.3) holds. The confidence ball C,, is said to be adaptive in probability
if (2.4) holds, that is, for all y € (0, 1),

en \¢
inf inf Py |7 < R*(E)log| — >1—y, 2.8
;relmlenEk ,L<r_c o (Ek) og<ya>)_ 14 (2.8)
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for all y € (0, 1) where ¢’ > 0 and ¢ > 0 are numerical constants. The confidence ball C‘n is said to be
adaptive in expectation if (2.5), that is,

R A en\*
sup E,[7] < Rp(Ex)logl — ) , 2.9)
MEE o

for all k € J, where ¢’ > 0 and ¢ > 0 are numerical constants.

3. Preliminaries

Throughout the paper, C1, C3, C3, ... denote positive absolute constants.

3.1. The cone of nondecreasing sequences and the models (S,I (K))k=1,...,n

Let S,I be the set of all nondecreasing sequences, defined by
SJ = {u:(ul,...,un)T eR" :y; SuH_l,i:l,...,n—l}.

Forn =1, let S,I =R. For all n > 1, define the cone of non-increasing sequences by S,f = —S,I .

For any u SnT U Sni, let k(u) ;== |{u;,i =1, ..., n}| where |A| denotes the cardinality of set A. The
integer k(u) is the smallest positive integer such that u is piecewise constant with k(u) pieces. The
integer k(u) — 1 is also the number of jumps of u, that is, the number of inequalities u; < u;4 that are
strict. Define the sets

Slky={ueS! k) <k}, k=1,....n. (3.1

The set S,I (1) is the subspace of all constant sequences while S,I 2),..., S,I (n — 1) are closed non-
convex sets. This defines a collection of models ordered by inclusion,

SlhcsS@c---cSm=Ss].
The minimax risk over the sets S,I (k) satisfies
Cs02kloglog(16n/k)/n < R (S] (k) < Csokloglog(16n/k)/n, (3.2)

for k > 2, cf. [17]. The lower bound in (3.2) is proved in [17] using Fano’s inequality, which actually
yields a lower bound in probability and thus Ce¢k loglog(16n/k)/n < R} (SnT (k)) for @ € (0, C7). For
for the upper bound, Markov’s inequality implies that R} (S,I k) < R]E(S,,T (k))/c. In summary, for
RE(S] (k).

Cs(a)okloglog(16n/k)/n < R%(S] (k) <« Coo?kloglog(16n/k)/n (3.3)

for constants that only depend on « € (0, 1). Existing results also show that the dependence in « in the
upper bound is at most logarithmic by properties of the Least-Squares estimator: for any p € S,,T k),
the Least-Squares estimator satisfies

R:(S! (k) <20%klog(en/k)/n + 4o*log(1/a)/n,

cf. [3], Theorem 3.2. Thus, the quantity R’ (SnT (k)) is of order ka2 /n, up to logarithmic factors in n
and 1/a.
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3.2. Statistical dimension and intrinsic volumes of cones

We recall here some properties of closed convex cones. Most of the material of the present section
comes from [1,24]. In the present paper, a cone is always pointed at 0. A polyhedral cone is a closed
convex cone of the form

K={ueR":u"v;<0forall j=1,...,p}, (3.4)

where vy, ..., v, are vectors in R", that is, K is the intersection of a finite number of half-spaces. The
polar cone of K is defined as

K°:={0 eR" :vT0§0forallveK}.
If K is a polyhedral cone, the face of K with outward vector § € R” is the set

F(0):= {u eK:u'o= sup vTO}. 3.5)
vek

The face F (@) is nonempty if and only if § € K°. If K is the polyhedral cone (3.4) defined by the
vectors vy, ..., Vg, a face of a polyhedral cone K has to be of the form

{u eK:uij =0forall j ET}
for some T C {1, ..., k}. The dimension of a face F' is the dimension of the affine span of F.

Definition 3.1 (Statistical dimension, Amelunxen et al. [1]). For any closed convex cone K C R",
define

2
$(K) =E[| e (g)];] =2[¢" Me )] =E[(_swp _ ¢6)]
eK:|0)><

where g ~ N (0, I,,»,). The quantity §(K) is called the statistical dimension of the cone K.

It is also known that the following holds almost surely

2
@b =¢"Mx@=( sw g6)" (3.6)
0cK:10]2<1

cf. [1], Proposition 3.1. The random variable (3.6) concentrates around its expectation. Indeed,
the function g +— |I1x(g)|2 is 1-Lipschitz so that the Gaussian concentration theorem [5], Theo-
rem 5.5, states that [T1x (g)|» < E|lTx (g)|2 + +/210g(1/a) holds with probability at least 1 — «. Since
E|Tlgx(g)2 <§(K W 2 by Jensen’s inequality, this implies a concentration result for the random vari-
able (3.6): on the same event of probability at least 1 — «, one has

Mk ()] < 8(K) +2y/2log(1/a)3(K) + 2log(1/a) < 25(K) +4log(1/a).  (3.7)

Our proofs also rely on the following facts given in [1], Proposition 3.1 (9), or [24], Section 5.2. If
K1, Ko C R" are two convex cones such that Ky C E|, K, C E; for two subspaces E|, E; with
Ey L Ep, then K = K + K> satisfies almost surely Ik, (g) = Ik, (ITg, (g)),

Mk (g) =Tk (&) + g8,  |Mx(@]5=|Mk @]+ |k, (2)]3-
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Consequently Ik, (g) and Ik, (g) are independent if g ~ N(0, I, ) and

8(K)=06(K1) +6(K2). (3.8)
If K1 eRY, K, e R"7 and K = K| x K3 then (3.8) still holds by applying the previous argument to
the two cones K| x {0,...,0} CR" and {0, ...,0} x K, C R".

We now define the intrinsic volumes of a polyhedral cone, which are closely related to the statistical
dimension.

Definition 3.2 (Intrinsic volumes of a polyhedral cone [1]). Let K C R" be a polyhedral cone and
let g ~ N(0, I,,x,). The intrinsic volumes of K are the real numbers

v (K) = IP’(I'IK(g) lies in the relative interior of a k-dimensional face of K),

forallk=0,...,n.

The intrinsic volumes of a polyhedral cone K define a probability distribution on the discrete set

{0, ..., n}. More precisely, define the random variable
n
VK = Z kl{l'IK (g) lies in the relative interior of a k-dimensional face of K}» (3-9)
k=0
where 1y, is the indicator function. The random variable Vi is valued in {0, ...,n} and satisfies

P(Vk =k) =v(K) forall k =0, ..., n. The following identity was derived in [1,24]:

S(K) =) ku(K), (3.10)

k=0

that is, the statistical dimension §(K) is the expectation of the random variable V. Furthermore, the
random variable Vk concentrates around its expected value. The following concentration inequality is
given in [24], Corollary 4.10,

8(K)

P(Vg —8(K) = 1) < eXp(_Th<8(A—K)))’ for all A > 0,

where h(t) = (1 +t)log(1 +¢) — ¢. Using the estimate h () < V2t + 3¢ (cf. [5], Corollary 12.12),
we obtain

]P(VK —8(K) =>2x8(K)+ 6x) <exp(—x), forallx>0. 3.11)

Deriving upper and lower bounds on the statistical dimension of a cone K may be a challenging
problem. Some recipes to derive such bounds are proposed in [1,10]. An exact formula is available for
the statistical dimension of the cone S,T [1], (D.12). It is given by

s(sT)=3(3¢)=Z%, sothat logn < 8(S]) < log(en). (3.12)
k=1

Finally, we will need the following characterization of the faces of the cone S,I .
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Proposition 3.1. Letk € {1,...,n}.

(i) The faces of dimension k of the cone S,I are the sets
FS):={u= @, ....,un)" €S} tui_y =u; ifi € S} (3.13)

where S C {2, ...,n} with |S| =n — k. The cone SnT has no face of dimension 0.
(i) Fork=1,...,n, the set S,IT (k) is the union of all faces of dimension k.
>iii)) For K = S,T, the random variable Vi in (3.9) is equal to k(I1g (g)).

Proof. (i) Let K = S,I . Our definition of a face is given by an outward vector # € R", and the corre-
sponding face is given in (3.5). Every outward vector @ gives a (possibly empty face) of K, and two
distinct vectors 61, 8, may produce the same face in (3.5). The face with outward vector € is non-empty
if and only if sup,.x v70 = 0.

Here, u € S,I if and only if u = Xv for some

veR® withvy >0,...,v,>0 (3.14)

and X = (X;;) € R"*" is the matrix with X;; =1 if j <i and X;; =0 if j > i. Hence the face with
outward vector # is non-empty if and only if X7@ < 0 and Yo' 16 =0.Let SC{2,...,n} be the set
{ief{2,...,n}:6; +6;+1 +---+ 6, <0}, that is, the indices of strict inequalities in XT0 <0. Then it
is clear that if u € S,I is of the form u = Xv with v in (3.14), inequality #” 8 = 0 implies v” X79 =0
and v; =0 for i € S. Since v; = u; — u;_1, if the face (3.5) for outward vector 6 is non-empty, then
this face is of the form (3.13). Finally, the dimension of the face (3.13) is the rank of the matrix X with
rows indexed in S removed, that is, n — |S|.

(i1) and (iii) follow by definition of S,T (k) in (3.1) since [Tk (g) belongs to the relative interior of a
face F(S) if and only if F(S) is the smallest face of K containing [Tx (g). U

4. Nondecreasing sequences
4.1. Adaptive confidence sets for nondecreasing sequences

The estimator ;ALLS(S,I ) is the projection of y onto S,IT, so the vector fi"* (SnT ) is nondecreasing. Let
k= k(ﬁ,LS (S,T )) be the number of constant pieces of the Least Squares estimator. Using this notation,
we define the statistic

2
Py = %(\/ klog(en/k) + \/ 2(log(n/a) + klog(en /k)))z. 4.1)
Theorem 4.1. Forall @ € (0,1) and all p € S,I, the statistic 7y defined in (4.1) satisfies

Pu(|2(S]) — u| < 7). 4.2)

The above proposition shows that the confidence set (2.7) with 7 = ’:T satisfies condition (2.3). Up
to constants and logarithmic factors, the number of constant pieces k of the Least Squares estimator
At (S,I ) bounds the loss ||a"° (S,I ) — p||? from above with high probability. Since @"° (SnT ) can be
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computed in linear time, the integeri@ and the statistic 74 can also be computed in linear time. It is easy

to compute k visually by drawing the estimator ft"° (S,IT ) and counting the number of jumps.
The proof of Theorem 4.1 relies on concentration properties of the random variable (3.6).

Proof of Theorem 4.1. Throughout the proof, we will consider partitions (71, ..., Tg) of {1,..., n}
such that each 7 satisfies max 7; < min 7, as well as

Tj={minT;, minT; +1,...,max T}}, (4.3)

that is, 7; contains all consecutive integers from min 7; to max 7.

Let i = a"° (S,T ) for notational simplicity. Then (2.6) with u replaced by p can be rewritten as
| — w3 = 287 (i — ) — | — w3, which implies that | — |2 < £7 0 where § = (& — w)/|(R — w2
has Euclidean norm 1. By definition of k(-), there exists a partition (71, ..., T}) of {1, ..., n} such that

~LS

n (S,I) is constant on each f"j, ji=1,..., k. Since e SnT, both (ft — ) and @ belong to the product
cone

C:=8" x8% x...x8% . 4.4)
By the Gaussian concentration theorem [5], Theorem 5.5, 5.6,

sup ETO<E sup £70+o0+2x 4.5)
0cC:10|,=1 0ecC:|0],=1

with probability at least 1 — e™*. Furthermore, E supgc.g(,—1 £70 < 08(C)'/? by Jensen’s inequality,
and if C is of the form C = Sni1 X +oe X S,fk for positive integers ny, ..., ng such thatny +--- +ng =n,
then §(C) = Zl;zl S(S,fj) < 21;21 log(en ;) < klog(en/k) thanks to (3.12) and (3.8).

Let k =1,...,n be fixed. There are (”;1) partitions of {1,...,n} of the form (Ti,..., Ty) with
max7T; <min7;y; for all j =1,...,k — 1 (each such partition defines a unique configuration of
jumps). By the union bound and the inequality log (";1) < klog(en/k), we have with probability at
least 1 — e~* the bound

sup sup STO) <o /klog(en/k)+ a\/Z(x + klog(en/k)).
(T T “gesyy x--x Sy 1181=1

Finally, we apply the union bound over all k € {1, ..., n} and set x = log(n/«). We have established
that with probability at least 1 — «, for any random partition (77, ..., T,;) and C in (4.4),

sup  £70 <oy/klog(en/k) + o\/ 2(log(n/a) + klog(en/k)). (4.6)

0eC:10r=1

In particular, this is true for the partition (11, ..., YA",;) induced by i"* (S,I ) defined in the previous

paragraph. Note also that the right-hand side of the previous display is equal to (nfT)l/ 2. On this event
of probability at least 1 — o we have |t — | <&76 < (m%)l/ 2 and the proof is complete. g

We have established the existence of an honest confidence interval of the form

Coi={vesS]:[o—a"S)|? <}
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This confidence set has uniform coverage over all u € S,I , that is, it satisfies (2.3). The next result
implies that the diameter of this confidence set is minimax optimal up to logarithmic factors.

Theorem 4.2. Let (T1,...,Ty) be a partition of {1,...,n} with maxT; < minT; for every j =
1,...,k — 1, and assume that p is constant on each T; Let y € (0,1). The random variable k=
k(p*® (S,I)) satisfies

N

k < klog(en/k) +2+/log(1/y)klog(en/k) + 6log(1/y)
<2klog(en/k)+ Tlog(1/y)) 4.7

with probability greater than 1 — y as well as
E,lk] < klog(en/k). (4.8)

Furthermore SUP, 51 Ey [12] > klog(n/k) when k divides n so that (4.8) is sharp.

n (k)

Note that in Theorem 4.2 u is only assumed to be piecewise constant, but not necessarily monotone.
This will be useful in Section 6.

Proof of Theorem 4.2. Define the closed convex cone
0 ) )
K =87, X Sy x - x S CR” 4.9)

and let fi* = Tk (y). It is clear that

k
: 2
min » " |yr, — ur;|3 = ZIYT ur, |2—§: min |yr, —ur; ;.
uek “ 1 : :
j:

u|68‘m ,,,,, =14 eS‘T |

Thus, as y = p + & and p is constant on each 7, we have

A

pﬁ}j:HST r)=Hgt Ry, +&r) =pr, + gt (E7)).
I7;1 I ' il

As adding the constant sequence R does not modify the number of constant pieces (or the number of
jumps), we have

k(iz)) =k(pr, + Mgy Er) =k(Mg: €)= k(M ®)y,)-

Let Vi be the random variable defined in (3.9). By the properties of product cones given in [24],
Section 5.2, Vi has the same distribution as

\% 4+ +V
SlTTll S\TTk\
and the random variables VST e VST are independent (cf. [24], (5.2)). By Proposition 3.1, for

1711 1Tk

all j=1,...,k we have k([LT )= st 0 that Vg and Z] 1k(ﬂT ) have the same distribution. By
\T-
(3.10), EVx = 8(K) and by (3.11), w1th probability greater than 1 — y we have

Vk <38(K) +24/log(1/y)6(K) + 6log(1/y).
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To bound §(K) from above, we use that the statistical dimension of a direct product of cones is the
sum of the statistical dimensions (cf. [1], Proposition 3.1, or the discussion preceding (3.8)),

~

k
3(1{):25(8'}‘ Z g(elT;1) < klog(en/k),

j=1 j=1

where we have used (3.12) and Jensen’s inequality for the two inequalities.
The random variable Vi is distributed as Zl;zl k(ﬁf}j). Thus, to complete the proof, it is enough to
S =Yk, k(7). Let i = " (S for notational simplicity.

prove that almost surely, k= =k(p"®

It is clear that

k k
k(i) = [{fi i =1,....n}| <Y k(Rg) =Y |l i

since a piece counted on the left-hand side must be counted at least once (and possibly multiple times)

on the right-hand side. For all j =1, ..., k, the vectors [LTj and ff}j are solutions of the minimization
problems
A . 2 A . 2
fiy, = argmin|v —yr,[3, iy, = argmin v —yr; 3.
T
veSlTTjI veS‘Tj‘.
ﬁmin(Tj)Svlv

vlT_/' | Sl’vmax(T_/)

This means that ﬁ,TJ. solves a minimization problem with additional constraints at the boundary. By
Lemma B.1, we have

k(i) < k(it7,)

forall j=1,...,k, which completes the proof of Equation (4.8).

To show that SUP, st k) Eulk] > klog(n/k) when k divides n, consider a partition (77, ..., T) with
|Tij|=n/k and maxT; <minT;4 and set u; = xj if i € T; for some parameter x > 0. The jumps of
i have amplitude x. In the event x > 2max}_, |&;| we have At (S,I ) = iA"°(K) where K is the cone
(4.9). By dominated convergence and using the fact that adding a constant vector to u € R!7i! does not
change the number of jumps of IT S\Trj\ (u),

k
im By [k(27(S])] = Eulk(2" (K))] = Eo[k(2" (K))] =Z 1(17;1))
This quantity is greater than k log(n/ k) due to the lower bound in (3.12). 0O

Corollary 4.3. Let J ={1,...,n} and define the collection of models (Ey)rej = (S,I k)rey. The
random variable 7y defined in (4.1) satisfies (4.2), (2.8) and (2.9) with 7 replaced by 7y. Thus, the ball

centered at fi** (S,I ) of radius /74 is an honest confidence set, which is adaptive in probability and in
expectation with respect to the models (S,I k) k=1,...n-

Proof. To show that (2.9) holds, for any pu € SnT (k) we have

Eul#11'% < on™12(/2log(n/a) + (1 + V2)/Ey [k log(en/k)])
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thanks to va +b < /a + /b and the triangle inequality for Eﬂ[(o)z]l/z. Since x +— xlog(en/x)
is concave on [1, n], E,L[IQ log(en/lg)] <Ep [IQ] log(en/]E,L[lg]). The bound (4.8) then yields E, [12] X
log(en/E, [lg]) <klog(en/ k)2 which completes the proof of (2.9) for the minimax risk given in (3.2),
since (2.9) allows logarithmic factors.

To show that (2.8) holds for the minimax risk in (3.3), we instead use (4.7). This yields that with
probability at least 1 — y,

;;/2 < (ml/Z(\/WJr 1+ ﬁ)\/m)
<on'?(21og(n/a) + (1 4+ v/2)/2klog(en/ k) log(en) + 7log(1/y) log(en)).

This completes the proof since (2.8) allows logarithmic factors. ]

4.2. Adaptive confidence sets do not exist for piecewise constant signal

The existence of honest and adaptive confidence sets with respect to the models (S,I (k))k=1,..n 18
surprising given the negative results for seemingly similar models. For the problem of constructing
adaptive confidence sets in sparse linear regression with p covariates and n < p observations, where
one observes

p
Yi =ZX”,37+§“ i= 1, ..o n where Xij,r‘;:i ""iid./\/'(o, 1),
j=1

Nickl and van de Geer [26], Theorem 2, shows the impossibility to construct confidence sets for g*
that are (a) honest over all sparsity levels k; € {k =1,2,3,...:k <n/log p} and (b) adaptive over
sparsity levels kg € {k =1,2,3,...,: k; < +/n/log p}. This impossibility result holds as n, p, k —
+o00 with |8*|g = p' ™" for some constant 5 € (0, 1). Due to this impossibility result, confidence sets
over all sparsity levels k1 € {(k=1,2,3,...:k <n/log p} cannot have squared radius smaller than the
minimax estimation rate |8*|o log(p)/n for |B*|o < «/n/log p. This impossibility result for honest and
adaptive confidence sets in sparse linear regression builds upon impossibility results for signal detection
[22]. Similar impossibility results have been obtained for testing sparsity levels in the Gaussian mean
model [2,9] and for testing sparsity levels in linear regression [8]. We refer the reader to Carpentier
and Verzelen [9] and Table 1 therein for a complete characterization of the different phase transitions
for testing sparsity levels in the Gaussian mean model, and [8], Table 1, for the corresponding phase
transitions in sparse linear regression.
The models (S,T (k))k=1,....n can be related to sparse linear regression in the following way:

Stk ={Xv,veR x R} with [[v]lo=k — 1} (4.10)

and X € R"™*" is the design matrix with entries X;; = I;<;. Here, Ry = [0, +00) and [;<; is the
indicator function equal to 1 if and only if i < j. Thus, the model S,T (k) can be seen as a sparse
linear regression model with design X and at most k nonzero entries, with an additional non-negativity
constraint.

The major difference in (4.10) compared to sparse linear regression is the non-negativity of
V2, ..., U, in (4.10), which encodes the shape constraint. If one drops the non-negativity constraints,
the above model becomes the set of piecewise constant signals with k — 1 jumps:

Bn(k):{veR”:|{i:2,...,n:v,~7£vi_1}|:k—l}.
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The minimax rate over B, (k) satisfies

o%/n ifk=1,
Ry (Bu(k)) < { kloglog(16n/k)o?*/n  ifk =2, 4.11)
klog(en/k)a?/n if k>3,

cf. [17], Theorem 4.1. The following result shows that honest and adaptive confidence sets do not exist
for the models (B, (k))k=1,....»- This a consequence of the lower bound in [2].

Proposition 4.4. Let o € (0, 1/8) independent of n. In the model (1.1), let Cpbea confidence set such
that, for all k < n'/? inequality infyep, i Pu(p € Cy) > 1 — a holds. Then there exists an absolute
constant C1 such that

Eo[diam(C,)*] = 02Cion~"/2 (4.12)

for all n larger than some absolute constant C1o > 0.

Thus a confidence set C » that is honest with respect to the models (B, (k)); < J/n must incur a squared
radius of order at least o>n~!/2 which is larger than the minimax rate in (4.11) for k << /n. Fur-
thermore, the discrepancy between the best possible squared radius and the minimax rate (4.11) is
polynomial in n when k = |n* | for k < 1/2:

Eo[diam(C,)?] N CU(K)”I/H
RE (B (In*])) — logn

for all confidence sets that are honest over (B, (k)); < n- The constant in the previous display depends

on « only. The o2n~1/2 lower bound in (4.12) also appears for confidence sets in sparse regression
[8,22,26] and testing sparsity levels in sparse mean models [2,9]. The non-decreasing shape constraint
of the previous section leads to a fundamentally different behavior: Theorems 4.1 and 4.2 show that it
possible to construct confidence sets that are both honest and adaptive (up to logarithmic factors) over
all models in (3.1), i.e., with squared radius of the same order as the minimax rate.

Because any k/2-sparse vector is is also piecewise constant with at most k jumps, Proposition 4.4 is
a straightforward consequence of the lower bound given in [2], Theorem 1.

Proof of Proposition 4.4. Let r2 = 8Eg[diam(C,,)?]. We follow the argument laid out in [26], Sec-
tion 3.1, to relate confidence sets to signal detection problems. Let k; = | /7] be the largest integer
smaller or equal to /7 and consider testing

Ho:p=0, against Hy : p € B, (ki) with |||? > r2.

With a minor abuse of notation, we denote by H; the set H; = {u € B, (k1) with |u ||£ > r,%}. Consider

the test statistic 7, valued in {0, 1} defined by 7, = 1 if C,NH, # & and T,, = 0 otherwise. The type
I and type II errors of 7,, are bounded as follows:

e Under the null, on the event Q2o = {0 € C‘n} N {diam(CA',,)2 < SEo[diam(f‘n)z]} we have é‘,, NHy =
@ sothat Py(T, =1) < ]P’(Qg) <« + 1/8 by the union bound and Markov’s inequality.

o Under the alternative, if p € Hy then Py (T, =0) <P, (u ¢ é,,) <a.
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The sum of type I and type II errors of the above test is thus at most 2« 4 1/8. Define now H{ = {j €
R” : |p|o < k1/2}. Since any (k1 /2)-sparse vector is also piecewise constant with k; pieces, Hl’ C Hy
holds and

Po(T, =1) + sup Py (T, =0) <Po(T, =1)+ sup P, (T, =0)
neH| neH;

<20+ 1/8 <3/8.

By [2], Theorem 1, if r,% < C1202n~1/2 for some absolute constant C1, > 0, there exists no test 7, with
sum of type I and type II errors less than 3/8 for testing Hp : p = 0 against H. This implies (4.12) and
completes the proof. ]

4.3. Adaptivity to unknown noise level in non-decreasing sequences

Although the radius 74 in (4.1) depends on o2, Theorem 4.1 is also helpful to construct estimators &2

of 2. Indeed, Theorem 4.1 implies that with probability at least 1 —« — S8,
[1=o "y =a"SDI,| <11 =07 gl + o~ [a7(S]) - ul,
<V2/n(1+1og(1/B)) + o~ '7)/? (4.13)

where we used that £ — [||€], —o]isa n_l/z-Lipschitz function of & with E[|||€]l, — o'|]? <202(1 —
J1—1/n) < 202/n and the Gaussian concentration result [5], Theorem 5.5, which gives |[|§]|,, —o| <

o+/2/n+o0/2log(l/B)/n. Now let

é=n"12(V2+/2log(1/8) + \/12 log(en/k) + \/2(10g(n/a) +klog(en/k)))

be the right-hand side in (4.13), which only depends on «, 12 n. Set also 62 = ly — ﬁ,LS (S,I) ||%. Then
on the above event of probability at least 1 — 2¢, we have

1-6/o|<é, o(1-8y<6=<0(+8), (+8 '6=<0=<(1-87'6

so that for instance (1 — €)~!6 provides a fully data-driven, high-probability upper bound for o as
soon as € is bounded away from 1. We obtain, as a consequence, the following data-driven analog of
the results of the previous section with fully data-driven radius.

Theorem 4.5 (Unknown o). Let «, 8 € (0, 1) be fixed constants independent of n. Consider the above
notation for € and define

o Ily— A shi
t (1—&)2n

(VRlog(en /&) +y/2(1og(n /) + klog(en /b)) .

Then we have

@ PARSSH —ml> <ip=1—a—B.
(ii) k(m)/n — 0 as n — +oo implies € — 0 in probability.
(i) k(r)/n — 0 as n — +o0 implies iy = Op(c*(k(p)/n)log(en/k(p))>.
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Hence the fully data-driven radius 74 is honest and shrinks adaptively with respect to the models

(SJ (k))k<na, for any sequence a, — 0. Alternatively, one may use the median absolute deviation to
estimate o2 as explained, for instance, in Remark 3.1 of [17].

Proof of Theorem 4.5. (i) follows from Theorem 4.1 and (4.13). For (ii), if a, = k() /n converges
to 0 then by Theorem 4.2 with y = 1/n we have l%/n < 2a, log(ean_l) + Ci3log(n)/n =: b, with
probability at least 1/n. Furthermore, a, — 0 implies b,, — 0. On the same event we have € < (1 +
ﬁ){bn log(ebn_l)}l/2 + C14+/log(en)/n which also converges to 0. For (iii), € — 0 in probability
implies that 62(1 — é)jrz = Op(0?), so that and Theorem 4.2 provide the required upper bound on
Fr. O

5. Adaptive confidence sets for convex sequences

Confidence sets can also be obtained in univariate convex regression. If n > 3, define the set of convex
sequences Sy by

S,;JZZ {u:(ul,...,un)TeR”:ZM,-SuH_l—i—ui_l,i:Z,...,n—l},

and define S =R if n = 1 and S = R? if n = 2. For all n > 1, define the cone of concave sequences
by S :i= -8/

For any u € S,%J, let g(u) — 1 > 0 be the number of inequalities 2u; <uwu;y| +uj—1,i =2,...,n—1
that are strict. The integer ¢ (u) is also the smallest positive integer such that u is piecewise affine with
q (u) pieces. Define the sets

Sl@)={ueS’:qu)<q}, g=1,....n—1

The set S,Llj (1) is the subspace of all affine sequences while S,f 2),..., S,%’ (n—2) are closed non-convex
sets. We have

Slhcs)oyc---cSln—-1)=8.

These sets represent models of increasing complexity.

There exist numerical constants ¢, ¢’ > 0 such that for all @ < (0, min(c, 1)) andany g =1,...,n —
1, we have
do?q 1602glog(en/q)  4log(l/a)
— SRS/ @) = . " (5.1)

cf. [3], Theorem 4.3, for the upper bound and [4], Proposition 7, for the lower bound. Thus, for o > 0
small enough, the quantity R*(S\’(¢)) is of order go?/n, up to logarithmic factors.
The statistical dimension of the cone S,Lf satisfies [3], Theorem 4.1,

8(Sy;) = 8(S))) < 8log(en). (5.2)

It is not known whether this upper bound is sharp. However, the fact that the statistical dimension of
S)) grows slower than a logarithmic function of 7 is enough for the purpose of the present paper.
The following bound on the risk of At (S,%J) will be useful.
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Proposition 5.1. Let p € Sy;. Then

en

2
Bl (S5) —nfy < Eu[( swp €70) | =0%8(T) =807 log )

veTu:lva<1
where Ty, is the tangent cone at p. defined by Ty :={u —tp,u € S, t eR}).
An outline of the proof of this result is as follows. More details may be found in [3], Proposition 4.3.

Outline of the proof of Proposition 5.1. The inequality E,, s (S)H— [l,|% <028 (T,) was proved by
[27] and it is a direct consequence of (2.6) with u = . To bound from above the statistical dimension
of Ty, we have the inclusion

U U
Tu CSpzy X - X Sz (uy)-

where (771, ..., Ty)) is a partition of {1,...,n} such that p is affine on each T}, j =1,...,q(n).
The formula for the statistical dimension of a direct product of cones (cf. [1], Proposition 3.1, or the
discussion preceding (3.8)) yields

q(p) q(p)

8(Sizy X - X Siz ) = D 8(S7,) <8 log(elT;1) < 8log(en/q(w)),
j=1 j=1

where we used (5.2) and Jensen’s inequality. ]
We now turn to the construction of confidence sets. Recall that if u € S,/ is a convex sequence, g (u)

is the number of pieces in the piecewise affine decomposition of u. Let § := g(p"® (S,Lf)) be the number
of affine pieces of the Least Squares estimator. Then, define the statistic

. 0%4(16 4+ 24log(n) 4 4log(1/a))

Y (5.3)

n
Similarly to the case of the statistic 74 in isotonic regression, the following result shows that the confi-
dence ball (2.7) with 7 = 7, enjoys uniform coverage over all u € S,/

Theorem 5.2. Forall @ € (0,1) and all p € S,LZJ, the statistic 7y defined in (4.1) satisfies

|2 (SY) — )} < . (5.4)

with probability at least 1 — «.

The above result is analogous to Theorem 4.1. The numerical constants are slightly worse in the
case of the present section because the upper bound (5.2) on the statistical dimension of the cone S\’
is slightly worse than (3.12). The proof of Theorem 5.2 is similar to the proof of Theorem 4.1 and can
be found in Appendix C.

Now, the goal is to show that the statistic 7 is of the same order as the minimax quantity (5.1). We
employ a different strategy than in the previous section. For any function g : R" — R"” which is weakly
differentiable, the divergence of g is the random variable

n

d
Dy(y)=0"Y oy, S Wi

i=1
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It is well known that by Stein’s identity, under suitable conditions on g (cf. [25], Section 2, or [29],
Lemma 3.6), we have
o’ By Dg(y) =E,[E" ¢(y)]. (5.5)

The divergence of the estimator ;ZLS (S,LIJ) =TI Sy (y) is given in [14], Proposition 2.7, (see also [25]).

Namely, we have the following result.

Proposition 5.3 ([14,25]). If g(-) =11 sy () is the projection onto the cone of convex sequences, then
(5.5) holds and we have

Dg(Y) = é +1
almost surely, where g = q(ﬁLS (S,;J)).

This result can be used to bound from above the expected radius of the statistic 7.

Theorem 5.4. Let pp € S,. Then

éen
E,[G]1<8 log —— — 1. 5.6
wlg] < 8q(p) ogq(m (5.6)

Consequently, for all a € (0, 1), the statistic (5.3) satisfies

o2q(p) polylog(n, 1/)

E,[A]1<
u["u]_ "

(5.7
where polylog(n, 1 /o) = 8log(en)(16 + 241og(n) + 4log(1/w)).
Proof. By Proposition 5.3 and (5.5), we have

o’ Bull +§1 =B, [ Mso ()] =Eu[§" (Msy (y) — w)]. (5.8)

By the Cauchy—Schwarz inequality, we have
T 2
) R 1/2 & (HS,‘,J y) —n 1/2
o°Eull +q] <E [(— Ey " |Msu(y) — p
g o AT, T A M,
2
<o /8(TOE,* | Msu(y) — uf5-

Using Proposition 5.1 completes the proof of (5.6). Inequality (5.7) is a direct consequence of (5.6)
and of the definition of 7. O

2
2

The above result is different from Theorem 4.2 in isotonic regression. Theorem 4.2 controls both the
expectation and the deviations of k. In this section, Theorem 5.4 only controls the expectation of g.
This comes from the use of Stein’s identity in the proof of Theorem 5.4, which yields a result only in
expectation.

The arguments used to prove Theorem 4.2 are based on the concentration properties of the intrin-
sic volumes of cones, while the proof of Theorem 5.4 relies on Stein’s identity and Proposition 5.3.
Thus, we have presented two methods to bound from above the expected diameter of the confidence
sets constructed in the present paper. The concentration inequalities used in Theorem 4.2 for non-
decreasing sequences provides exponential deviation inequalities, which are much stronger than the
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bounds in expectation obtained in Theorem 5.4 (Indeed, bounds in expectation only imply weak de-
viation bounds by Markov’s inequality). On the other hand, the argument based on Stein’s formula
in Theorem 5.4 has wider applicability. For instance, it readily applies to k from Section 4: Since
Eulklo? =E,[E7 (2 (S]) — p)] holds [25], we have

Eulk] <E[|2"(S]) — n[3]208(T)" 2 < o*k(m) log(en/ k(n)

for p € S,I by the same argument as in (5.8) for the first inequality and [3], Theorem 3.2, for the
second, Ty ={u—1tp, (t,u) e R x S,I } is the tangent cone. This provides an alternative proof of (4.8).
We end this section with the following consequence of Theorems 5.2 and 5.4.

Corollary 5.5. Let J = {1, ..., n— 1} and define the collection of models (Ex)kes = (S;)(k))k=1....n—1-

,,,,,

The random variable 7 defined in (5.3) satisfies (5.4) and (2.9) with 7 replaced by 7. Thus, the ball
centered at ji*° (SY) of radius \/E is an honest confidence set, which is adaptive in expectation with
respect to the models (S,%J (kNk=1,..n—1-

The proof follows by combining Theorems 5.2 and 5.4, similarly to the proof of Corollary 4.3 for
non-decreasing sequences.

6. Non-convexity: Adaptive confidence sets for unimodal sequences

Letm e {1,...,n}. A sequence u € R" is unimodal with mode at position m if and only if u( ) is
non-increasing and u;, ... ) is nondecreasing—in other words, u belongs to the set

Kno={u=(u,...ou))" €R":u1 > >ty Sty <+ Zupl.

Next, by taking the union over all possible locations for the mode, we define the set of all unimodal
sequences as

The set U is non-convex for n > 3.

Recall that if u € S,I U S,f is monotone, k(u) = |{u;,i =1, ...,n} is the smallest positive integer
k such that u is piecewise constant constant with k pieces. We extend the function k to the set of
unimodal sequences by setting

Yuecld, k(u) =min{k > 1 : 3 partition (71, ..., Tx): ur, is constant for all j =1, ...,k},

where the partition (77,...,Ty) is a partition of {1,...,n} with max7; < min7T;y; for all j =
1,...,k — 1. A unimodal sequence u € I/ has k(u) — 1 jumps. Similarly to isotonic regression, de-
fine the models

Uky={uel k@) <k}, k=1,...,n. (6.1)

These sets define models of increasing complexity since

ulycu@yc---cudm)y=Uu
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It is known that there exist numerical constants ¢, ¢/, ¢” such that for all « < c,
co?k/n < RE(UK)) < ¢"o?(klog(en/k) + log(n/a))/n. 6.2)

Indeed, the lower bound is a consequence of (3.3) and the inclusion R}, (S,T (k)) C R} (U(k)), while the
upper bound is proved in [3,13,16], see [3], Appendix C, for explicit constants. Thus, for & > 0 small
enough, the quantity R} (S,T (k)) is of order ko?/n, up to logarithmic factors in # and 1/«. Similarly,
the minimax risk over the sets I/ (k) satisfies

cok/n < REUK) < sup Eu|@" @) —p|} < "okloglen/k)/n, (6.3)
el (k)

for some numerical constants ¢’,¢” > 0 for instance by integrating the bounds of [3], Appendix C,
where fi"* () € argmin, ., |lw — y|| is the non-convex unimodal Least-Squares estimator (if the non-
convex optimization problem has several solutions, we break ties arbitrarily).

The results below show that, using the number of constant pieces k= p(L"*(U)) of the unimodal
Least-Squares estimator, one can construct adaptive confidence sets with respect to the collection of
models (6.1).

Theorem 6.1. Let p = k(ji"° (U)) be the smallest integer such that fi> () is piecewise constant on p
contiguous pieces. For all « € (0, 1) and all u € U, the statistic

452 en n? en 2
Funi '= —— p+3)1 - 21 — 2(p+3)1 -_— 6.4
o= (5 e )+ (2 265 e oe(22)) e

Pu(| 2@ — ] < fumi) 21— a. (6.5)

satisfies

ALS

Proof. Let fi = fi"*(U) for brevity. By definition of &"* (), inequality |ft — y|§ <lp - ylg holds.
Hence, |fi — pl3 <267 (i — p) and

| — <2676 where § = (i — p)/Ifi — plo. (6.6)

We split {1,...,n} into a partition (L, C, R) as follows: L is the largest set of indices of the form
{1,2,...,|L|} such that both fi; and p; are non-increasing, R is the largest set of indices of the form
{n—|R|+1,n—|R|+2,...,n} such that fiz and up are both non-decreasing, and C = {1, ...,n}\
(R U L) contains the remaining central indices, where by definition, fio — g is either increasing or
decreasing. Let IGL be the number of constant pieces of i on L, and let (§1 Y S}zL) be a partition of L

such that fi; is constant on each S ;. Similarly, let k r be the number of constant pieces of ft on R and

(f"l, T ) be a partition of R such that fL; is constant on each 7. Then both jL — p and 0 belon
kr p R J g
to either one of the cones

I ! Lox xSt
Dy := (S\SH . Slﬁm) X Sjep (Sm| s Sm?;e')'
or
A (ST« xSt . box xS
D_:= (S|§1| X S\SI;L\) X Sycp X (Sml . SlleRl)’
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the only difference being the direction on the central indices in C. We now argue similarly to (4.6) as
follows. If C is a nonrandom cone of the form

C:S,flxn-xSnTka,ﬁl><~--><S,f” (6.7)
for positive integers ny,...,nk,mi,...,m; such that ny + --- 4+ nx + my + --- + m; = n, then by

the Gaussian concentration theorem, (4.5) holds with probability at least 1 — ¢™*. Furthermore,
Esupgec:ipp,=1 £70 < 05(C)"/? by Jensen’s inequality, and §(C) = Zl;zl log(enj)—i—zlj=1 log(em;) <
(k+ D) log(en/(k +[) thanks to (3.12) and the fact that the statistical dimension of a product of cones
is equal to the sum of the statistical dimensions (cf. [1], Proposition 3.1, or the discussion preceding
(3.9)).

Lets =1,...,n be fixed. There are fewer than n(”;l) cones of the form (6.7) with k + [ = 5. By

the union bound and inequality log (";1 ) < slog(en/s), we have with probability at least 1 — e~ the
bound

sup( sup gTO) <o+/slog(en/s) + a\/2(x +logn +s log(en/s))

C “9eC:|fr=1

where the supremum is taken over all cones C of the form (6.7) with k + [ = s. Finally, we apply the
union bound over all s € {1, ..., n} and set x =log(n/«). We have established that with probability at
least 1 — «r,

sup 870 <o /Flog(en/$) +o\/2(10g(n?/a) +§log(en/3)).

0D, UD_:|0],=1

where § = ki + 12@ + 1. The proof is completed by combining this bound with (6.6), and observing
that§=kR+1+kL§ﬁ+3. O

Finally, the following result shows that the confidence set of the previous theorem has optimal radius
up to logarithm factors.

Theorem 6.2. If u € U, then

pi=k(R"U)) < 4k(w) log(en/k(w)) + 14log(2n/y)

with probability at least 1 — y. Furthermore, E[p] < 4k(p)log(en/k(pn)) + 14log(2en).

Proof. If i = fi"° () is a unimodal fit and s is the location of its mode, then the following facts hold
true [28]: (a) the value of [i,; of i at /i is equal to y,;, (b) ﬁ{l ’’’’’ /) 18 equal to the isotonic (decreasing)
fitof y(1 .. n}» and (¢) flgs, .y is equal to the isotonic (increasing) fit of yy; ;. Hence, we can bound
from above the number of constant pieces of ji by the number of constant pieces of two isotonic fits,
one on {1, ...,m} and the other on {m, ..., n}.

If m is a deterministic mode location, and gy _ ,, has k(g ) pieces, by Theorem 4.2 the
isotonic (decreasing) fit of y(i, ... »»} has at most

.....

.....

constant pieces with probability 1 — y. Similarly, with at least probability 1 — y, the isotonic (increas-
ing) fit of y(,....») has at most

..........

,,,,,

a)) +7log(1/y)

..........
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constant pieces with probability at least 1 — y. By the union bound, the two previous sentences hold
uniformly over all possible modes m =1, ..., n with probability at least 1 — 2ny .

Hence, with probability at least 1 —2ny, the number of constant pieces of the unimodal least-squares
it is bounded from above by

A~

2k( )1 ( en )+2k( )1 <6(n_m+1)
r,...iplog( ———— Pt omDOB e
(Lot k(pq,....iny) pitt] k(rpi,....m)

.....

1
) + 14log —.
14

We first use that i < n and (n —m + 1) < n to bound from above the numerator inside the logarithms.
Next, we use k(p; ny) < k(p) and the fact that x log(en/x) is increasing on [1,n] to conclude
that the previous display is bounded from above by 4k(p)log(en/k(p)) + 14log(1/y). The result
in expectation is obtained by integration, using the identity E[Z] = fooo P(Z > t)dt for every non-
negative random variable Z. ]

Corollary 6.3. Let J ={1,...,n} and define the collection of models (Ex)kecg = UK))k=1... n- The
random variable 7y,; defined in (6.4) satisfies (6.5), (2.8) and (2.9) with r replaced by Fy;. Thus, the
ball centered at fi™° (SY) of radius \/m is an honest confidence set, which is adaptive in expectation
with respect to the models (U(k))k=1,...n-

The proof follows by combining Theorems 6.1 and 6.2, similarly to the proof of Corollary 4.3 for
non-decreasing sequences.

7. Concluding remarks

We have provided a simple construction of honest and adaptive confidence sets for isotonic, convex
and unimodal regression. Our construction reveals that the complexity of the Least-Squares estimator
in these problems, e.g. the number of jumps of the isotonic Least-Squares or the number of changes
of slope of the convex Least-Squares, can be used to bound from above the error of the estimator
(cf. Theorems 4.1, 5.2 and 6.1). Furthermore, the complexity of the Least-Squares estimator is these
problems is not larger, up to logarithmic factors, than the complexity of the true mean vector (cf.
Theorems 4.2, 5.4 and 6.2).

The construction of honest confidence sets in Theorems 4.1, 5.2 and 6.1 relies on a careful ap-
plication of the Gaussian concentration theorem combined with union bounds and upper bounds on
statistical dimensions of tangent cones. Such techniques can readily be extended to the setting of [12,
18,21], where bounds on the statistical dimensions of tangent cones are readily available. However, the
techniques used in Theorems 4.2, 5.4 and 6.2 to control the size of such confidence sets do not directly
extend to the settings considered in [12,18,21] and it is unclear at this point how to control adaptively
the radius of the confidence sets in these settings.

For the piecewise constant signals without the monotonicity constraint studied in Section 4.2, con-
struction of honest and adaptive confidence sets are impossible. This provides additional evidence that
shape constraints make it possible to construct adaptive and honest confidence sets or confidence bands
for models where such task is impossible in the absence of the shape constraint [6,7,15].

The present paper tackles shape constraint regression problems with fixed design: if x| <

- < x, are ordered design points then the model S,I of nondecreasing sequences is equal to
{((f(x1), ..., fxu))T, f : R — R nondecreasing}, Hence, the results of the paper readily extend
to random design isotonic regression, provided that the loss is measured with the empirical loss
%Z?:l ( f (xi) — f*(x;))*> where f* is the true regression function and x; < --- < x, are the ran-
dom design points, by setting u; = f*(x;). For convex regression, if x; < --- < x, are equispaced
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(i-e., |xi4+1 — x;| is the same for all i), the model Sy is the same as {(f(x1),..., fCx))T, f: R —
R convex}. If the design points are not equispaced, then {(f(x1),..., f(x,)T, f : R — R convex}
defines a model different than S,f , but the same logarithmic bounds on the statistical dimension hold
for non-equispaced design points [3], cf. Proposition 4.2, and consequently the results of Section 5
extend to non-equispaced designs.

Regarding random design, in order to extend the results of the present paper to i.i.d. real val-
ued design points xy, ..., x,, one would need to establish a relationship between the empirical loss
LS (f(xi) — £*(x:)? and the population loss Ex~r[(f(x) — f*(x))?| /] where F is the distribu-
tion of the design. The random design analysis in [21] is a good starting point for this purpose. Finally,
let us mention that if the design is Gaussian and high-dimensional, upper bounds based on statistical
dimensions can be obtained similarly as in the sequence model [23] and some techniques of the present
paper may thus be applicable. We leave this research direction open for future work.

Appendix A: Nondecreasing sequences with bounded total variation

Let V > 0. If the unknown parameter u satisfies u, — u1 <V, the risk of the Least Squares estimator

satisfy [31], (28),
2/3
sl (s)) -l e (L) e,

on n

where « < 3.6. Thus, an explicit constant is readily available [31], (2.8).

In this section, we explain how to construct confidence sets with diameter of the same order as the
right-hand side of the previous display. We proceed as follows.

The function f : R" — R" defined by f(v) = ”HS,T (p + ov) — u||, is Lipschitz with coefficient

o/+/n as forall v, v’ € R",
[f@) = f(V)] = [Tg (r+0v) = Mgt (1 +0v) ],
<olv—2'|, =@©/V/n)|v—2],. (A.1)

By the Gaussian concentration inequality [5], Theorem 5.6, the following holds with probability greater

than 1 — «
2log(1
855(5]) ~ k], < Bala™(8]) - ml +oy 222,

Using that (a + b)? < 2a®+2b2, we obtain the following foralla € (0, 1): If g € S} and p, — 1 <V,
then

n

2/3 2.2 2
[ (]) = ml} =21 ) o 2o slen AT oeR)e

with probability greater than 1 — .
Let Vy = pp — p1 and V =y, — y;. The random variable V — V,, is a centered Gaussian with
variance 202, so that

V<V +20/log(1/)

with probability greater than 1 — . Thus, we have established the following.
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Proposition A.1. Let p € S,,T . Define the statistic §4 by

on n

. 2(\7+2a,/1og(1/a)>2/3 2k202log(en) + 402 log(1 /a)

St =2"0 +
where k < 3.6 is the constant from [31] that appears in (A.1). Then we have ||i"° (S,I) —pnl? < 51
with probability greater than 1 — 2«.

Furthermore, it is clear that V < Vi + 20,/log(1/y) with probability greater than 1 — y for all
y €(0,1).

Proposition A.2. Let p € S,T and let V = w, — 1. Then the statistic §1 defined above satisfies

9 2/3
f < 2K202<V + 20,/10g(1/(ya))> / n 2k20% log(en) + 402 log(1/a) (A2)
on n

with probability at least 1 — y forall y € (0, 1).

Theorem A.3. Let p € S,). The statistic min(#y, §4) satisfies

~ALS

|2"(S)) = n|2 < min(Fy. 1)

with probability at least 1 — 3a. Furthermore, for all y € (0, 1), the statistic min(fT, §¢) is bounded
from above with probability at least 1 — 2y, by the minimum of the right-hand side of (4.7) and the
right-hand side of (A.2).

Forall V>o andall k =1, ..., n, define the class
SJ(k, V)= {v:(vl,...,vn)T ESJ tk(v) <kand v, — v < V}.

Since
vV \*? kloglog(16n/k
ca? mm<(—> , M) < RE(S) k. V)
on n
for some absolute constant ¢ > 0 by combining the lower bound in (3.2) with the lower bound in [31],
(2.9). Thus, the statistic min(#4, §4) of Theorem A.3 provides an honest confidence ball centered at the
Least Squares estimator, and this confidence ball is adaptive in expectation for the collection of models

1
(Sn (k’ V))ke{l,...,n},Ve[G,Jroo)'

Appendix B: Technical lemma

Lemma B.1. In the present lemma, all quantities are deterministic. Let a € [—00,4+00) and b €
(—00, +00] such that a < b. Let y € R". Define 0 and 6* as the unique solutions of the minimiza-
tion problems

0" eargmin|y—v|%, (B.1)

veS,T
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0 € argmin |y — v[3 (B.2)
veS) (a,b)

where S,I(a, by:={v=(v,...,v)7 € S,I ca <vy, v, <b}. Then k(0) < k(6%).

The intuition behind this lemma is that if a constraint is not saturated for @, this constraint is not
saturated for @ either, so @* has at least as many jumps as 6.

Proof of Lemma B.1. Let 7, = {i=1,...,n:0  <a}, Ty={i=1,....,n:0" > b} and T. = {i =
l,....,n:a< éi* < b}. We will prove that the unique minimizer 6 of the problem (B.2) is

0TU = alTa, 0Tc 20*}(, oTb :blTb, (B.3)
where 1=(1,..., )" € R". Then it is clear that k() = 1 + k(0%.) + 1 <k(6%,) +k(6%.) +k(07,) =
k(0%).

First, by strong convexity there exists a unique solution to the minimization problem (B.2), and a
unique solution to the minimization problem (B.1). Second, by the characterization of the projection

onto the closed convex set S,,T (a, b), if @ satisfies
Au=w—6)"(y—-0)<0

forallu S,I (a, b), then @ is the unique solution to the minimization problem (B.2). Let @ be defined
by (B.3). By simple algebra, for all u € S,,T (a, b),

Au=(ur, —aly, + 65 —65) (yr, — 0% ) + (g, —aly,)" (6%, —aly,)
+ (ur, — b1, + 07, — %)T(yn —07%,) + (ug, — blg)" (6%, — b1y,
+ (ur, = 07,)" (v7, — 07,).

If a vector v has nonnegative entries and a vector x has non-positive entries, then vTx <0, so (ur, —
alr,)" (07, —alr,) <0and (u, — bly,)" (0%, — bly,) <O0. Thus,

Au < (ur, — alz, +0%, ~0%,)" (7, — 07,)
+ (”Th — b1y, + 0% - 0E)T(YT/? - 0;1,)
+ (ur, —0%,)" (yr. = 03,).
and the right-hand side of the previous display is equal to
(v—0%)"(y—6%), (B.4)
where v € R” is defined by
vy, :=ur, —alg, + 07, vy, i=ur,, vy, '=ur, — bly, +07,.

We have v € SnT by definition of 7,, T, and Tj. The quantity (B.4) is non-positive because 8* is the
projection of y onto the convex set S,I. Thus, we have established that A, <0 for all u € S,T (a,b), so
that the unique solution of the minimization problem (B.2) is given by the expression (B.3). ]
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Appendix C: Proofs for convex sequences

Proof of Theorem 5.2. For any set T of the form (4.3), using the concentration property (3.7) of the
random variable (3.6) with K = Slr}l’ we have with probability greater than 1 — «,

|H$|n” D) |§ <28(8[y|) +4log(1/a) < 16log(en) + 4log(1/a),

where we used (5.2) for the last inequality. There are less that n?sets T C {l,...,n} of the form (4.3).
Using the union bound for all sets T of the form (4.3), we have P(2(«)) > 1 — o where

2
Q(x) :={ sup |n5|nT(sT)|§502<1610g(en)+410g<%)>}.

T c{1,...,n} of the form (4.3)
Let o = " (SY) for notational simplicity. Then (2.6) with u replaced by p can be rewritten as
i — i3 <267 (R —p) — | — pl3.

By definition of ¢(-), there exists a partition (f"l, .. f‘) of {1, ...,n} such that &*° (S, Yy is affine on
each Tj, j =1, ..., . Furthermore, each 7} has the form (4.3) because fi"*(SY) € SY. We have

26" (j—p) — i — MIQ—Z%T(;L wi,
j=1

q E (L m),
<]Z<|(u M)le)

where we have used 2ab — a? < b2. By definition of (fl, e, fé), L is affine on f"j for each j =
1,...,q, thus the vector (ft — ;L)T € 8" is a concave sequence. By taking the supremum, we obtain

|71

q
i — /L|2<Z sup (E%v)z=Z\Hs‘;_‘($m|)|§’
=1 J

j= 1v68 |v|2<1

where we used (3.6) for the last equality. On the event Q («) and by definition of 7,

i
i — % < Z l_lslmf |(§\fj|)|§ < 024(1610g(en) +4log(n2/a)) =nry.
ot j
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