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We study a nonparametric likelihood ratio test (NPLRT) for Gaussian mixtures. It is based on the nonpara-
metric maximum likelihood estimator in the context of demixing. The test concerns if a random sample
is from the standard normal distribution. We consider mixing distributions of unbounded support for al-
ternative hypothesis. We prove that the divergence rate of the NPLRT under the null is bounded by logn,
provided that the support range of the mixing distribution increases no faster than (logn/log 9172 we
prove that the rate of \/logn is a lower bound for the divergence rate if the support range increases no
slower than the order of /Togn. Implications of the upper bound for the rate of divergence are discussed.
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1. Introduction

Define the standard normal location-mixture density
fe(x) =/<p(x —u)dG(u), (1.1)

where ¢(x) = exp(—x2 /2)/~/27 is the standard normal density. Let § be the collection of all
distributions in the real line R and take ¥ = {fg: G € §} as the family of all standard normal
location-mixture densities. Let X1, ..., X, be independent and identically distributed observa-
tions with probability density function f. We consider testing the null hypothesis that the sample
is generated from ¢ against the general alternative that the sample is from a mixture density
fc € F other than ¢. For f1, f» € ¥, the log-likelihood ratio is defined as

f1(Xy)
X

La(f1, f2) =) _log
i=1

Let ¥, C ¥ be a sequence of density families. For testing Hy: f = ¢ against H;: f € F, \ {¢},
the nonparametric likelihood ratio test (NPLRT) statistic is

sup £y (f, @) = € (fu, 0), (1.2)
feFu
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where f, = argmax reg, [1/—; f(X;) is the nonparametric maximum likelihood estimator
(NPMLE, Robbins [17]; Kiefer and Wolfowitz [13]) of normal mixture density. We are inter-
ested in the case where

Fo={fc: G([-Mpn, M,]) =1} (1.3)

with M,, > 0, especially M,, — oo.

The MLE in (1.2) is nonparametric in the sense that ¥, is a family of “infinite Gaussian mix-
ture”, instead of the well-known finite mixtures. It is widely thought that the analysis of the
NPMLE is challenging (e.g., DasGupta [4], Chapter 33). What are the asymptotic properties of
the NPLRT? First of all, fn is consistent (Ghosal and van der Vaart [7]; Zhang [19]). Due to loss
of identifiability, the asymptotic distribution of the NPLRT is not the usual x 2 distribution. Harti-
gan [9] discovered that under the null, the NPLRT diverges to infinity in probability as M,, — oo.
Jiang and Zhang [12] proved that when F, = ¥, the rate of divergence is bounded by (logn)?.
Gu, Koenker and Volgushev [8] provided interesting numerical results for the asymptotic behav-
iors of the test under different settings. Liu and Shao [15] considered asymptotics of likelihood
ratio tests under loss of identifiability. Azais, Gassiat and Mercadier [2] considered the asymp-
totic null distribution of the NPLRT with mixing distributions of bounded support. See Section 4
for some asymptotic properties of the parametric LRT (PLRT).

The notation to be used is listed first for easy reference. We will use the abbreviation
Pf = Ef(X) for an integrable function f. Its empirical counterpart is denoted by P, f =
>, f(X;)/n.In this paper, the expectation P is taken with respect to the standard normal den-
sity ¢. For f € £,(P), define the &£, (P) norm as || f ||, = {P(fP)}/P = {[ | f (x)|P(x) dx}!/P.
The Hellinger distance between two densities f and g is defined as d2(f, g) = (1/2) ST -
\/§)2 dx. Given a collection ¥ of «£1(IP) functions, the ¥ -indexed empirical process v, is given
by {vnf = /n(P, — P) f, f € F}. Throughout the paper, x A y = min(x, y), x1 = max(x, 0)
and a, < b, means 0 < a, /b, + b, /a, = O(1).

The following theorem summarizes some results based on Ghosal and van der Vaart [7], Jiang
and Zhang [11] and Jiang and Zhang [12].

Theorem 1. There exists {ij, 1<j<N,}CF, and e, < n=1/2 logn such that log N,, < neg,
maxi<;<n, d(fG;,¢) <& and

sup £y (f. @) =(14+n,) sup €,(fG,.¢) <ne;
feFn 1<j<Np

with large probability, where |n,| < 1/n.

Theorem 1 says that the NPLRT is nearly achieved by a finite collection of Gaussian mixtures
{fG;, 1 < j < Ny} of manageable size. This collection can be regarded as approximate NPMLEs
such that d(ij, ¢) <eg, forall 1 < j < N,. In this paper, as mentioned in (1.3), we allow the
support range of mixing distribution goes to infinity. We prove that the order of the NPLRT in
(1.2) is bounded by log n in probability, provided that the support range of the mixing distribution
goes to infinity no faster than (logn/log9)!/2. This gives an upper bound. The discretization in
Theorem 1 is an element for the analysis of upper bound. We prove that the rate of /logn is a
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lower bound for the divergence rate if the support range increases no slower than the order of
Vlogn.

The rest of this paper is organized as follows. The Hermite polynomial expansion of Gaussian
mixtures is introduced in Section 2. In Section 3, we study the upper bound for the rate of
divergence of the NPLRT. The lower bound is given in Section 4. The implications of the rate of
divergence, some simulations and other mixtures are discussed in Section 5. Proofs are given in
Section 6.

2. The Hermite polynomial expansion

As in Azails, Gassiat and Mercadier [2], our analysis is based on the expansion of Gaussian
mixtures by Hermite polynomials. The Hermite polynomials are defined as
dk
Hi(x) = (—=Dke 2 2

- ce Q.1
X

with Hy(x) = 1, Hj(x) = x, Ha(x) = x2 — 1, etc. It is well known that f H;(x)Hy(x)p(x)dx =
k'I{j = k}. The Gaussian mixtures have the expansion

G
D) o), 2.2)

fo)=p) Y —
k=0 ’

where 114 (G) = [ u* dG(u) is the kth moment of G. Let
-1
ho(x) = Je(x)/e(x)
I fc/e — 12

be the generalized score function (Liu and Shao [15]). Note that the likelihood ratio fg/¢ is
square integrable. It follows from the expansion above that for fg # @,

(2.3)

Hi(x)

he(x) = cx(G)

2 N (2.4)
where ¢ (G) = {i(G)/ VKN AT 32) 13 (G)/j 12,
Define two envelope functions
" ) = |Hi ()]
2\2 X
Fl,n<x>={z - } and  Fp(x)= ) +/Co/Mye”*M0 “‘””%, 2.5)
k=1 k=m+1 k!

where Cy is a suitable constant. The expansion in (2.4) and Lemma 1 below imply that for all
integers m > M,f,

sup hG(x) = Fin(x) + F2,0(x). (2.6)
G([*M,,,M,J):l
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Lemma 1. Let cx(G) be the coefficients as in (2.4). There exists a positive constant Cq such that
forall G([—M,,, M,]) =1,

c
2(G) < < MO) —=MD?/QR) > M2 2.7)

n

Proof of (2.6). Forall G([—M,,, M,,]) =1, (2.4) and (2.7) lead to

Hi (x) Hi (x)
h G + (G
6(x) = ZC()JF kZH W=z

m 1/2
= {ZH,{Z(x)/k!} + Z JCo/ Mye==MD? /(4k)|H\k/(f)|
k=1

k=m+1
= Fin(x) + F2.n(x).

This completes the proof of (2.6). U

Lemma 2. Let F ,(x) and F» ,(x) be the envelope functions defined as in (2.5). Then,

1/2

(i) For all positive integers m, || F1 ,|l2 =m'/* and

I Fyally <9mt1/s. 2.8)
(ii) There exists a constant Cy| such that for all integers m satisfying (m — M%) /a/m > 2t,,
| Fanll2 < Z ~=MDY/ER < My P 2.9)
" k=m+1
The upper bound of the fourth moment of the Hermite polynomials in (2.8) will be applied
in Lemma 3. Specifically, it is used to prove the uniform square integrability of 7 when fg is
in a neighborhood of ¢ in ¥;. This provides sufficient conditions for the equivalence between

the Hellinger distance d(f, ¢) and the Pearson type £; distance | f/¢ — 1|l2. The detail of the
proofs of (2.8) is in Section 6. There, it is shown that

/H,f(x)go(x)dx:(k!)zZ(k) <2l> < (k) Z( ) 2% = (k1)?9F.

=0

Since (¥) < 2% //I by Stirling’s formula, the base 9 in (2.8) is tight.
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3. Upper bound for the rate of divergence

Let { fG i 1 < j < N,} be the collection of Gaussian mixtures as in Theorem 1. Define ¢ (x) =
2(x —log(1 4 x)). We have ¥ (x) > 0 and

20,(f5,.9) = 2nBu(fG, /9 — 1) — nPutr (fG, /¢ — D). 3.1)
Suppose that we have the following condition,
Pt (fo, /e — D= (1+op(D) I fo, /0 — 13 V1<j<N. (3.2)
Lethj=(fG;/¢ — D/l fG;/¢ — 1l2. Then, when (3.2) holds,

2 max {,(fG;,¢)

1<j<N,
< max {20Py(fo; /9 =D = (L+op(D)nllf, /9 = 113}
= max {2Vallfg,; /¢ = Hava(hy) = (1+op(D)nll fo,; /9 - 113} (3.3)

with large probability. The supremum of ¢, (f, ¢) can be bounded by maximizing the quadratic
form of ﬁ“fgj /¢ — 1]|2 in (3.3), which can be written as

2
2 max (/e 9) < (1+op(D) | max v(hp (3.4)

This approach was taken in Liu and Shao [15].
Theorem 2. Let F;, be as in (1.3). Suppose (3.2) holds. Then,

sup € (f, ) = Op(My). 3.5)
fEFn

Proof of Theorem 2. By (3.4), it suffices to bound {max <y, v, (h j)}i. As in (2.4), we write
hjash;= Z,fil Ck (Gj)Hk/«/H. It follows from (2.7) and (2.9) that for integers m satisfying
(m — M?)//m > 2t,, we have

P max
1<j<Ny

vn< Y a6 j)Hk/x/lﬁ)

k=m+1

o0
< Y VCo/MuemCM 0By, (k)|

k=m+1

1/2 —42
<O MY,
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In the last inequality we used the fact that P|v, (Hy /\/ﬁ)|2 = 1. Taking m such that 7, =
«/log M,,, by the Markov inequality we have maxi<;<n, Vn (Z,fim_H ck(Gj)Hk/«/E) =op(l).
Since (a + b)? < 2(a* + b*), by Theorem 1 and (3.4),

2 sup £ (f, ) =2(1 +0(1)) max £,(fG;. ¢)
feFy <Jj=Nn

2

<2(1 +op(1)) { max ch(c )vn(Hk/«/—)} +op(l). (3.6

+

Note that

m

{13,12)( ch(G )vn(Hk/\/—)} X_: Vn(Hk/‘/—)

Hence by the Markov inequality

2

{ max ch(G,»)vn<Hk/~/H)} = Op(m).

1<j<N,
=/= " =1 n

This, (3.6) and (m — M?2)//m > 2t, = 2./Tog M,, imply (3.5). O

Remark 1. The crucial elements that lead to Theorem 2 are the bounds for the coefficients
¢k (G) in the Hermite polynomial expansion (2.4). They are established in Lemmas 1 and 2. The
consequence is that for the expansion of maxj<;<y, vx(h;), the remainder beyond the mth term
is negligible. Because the order of m is as large as M,%, the upper bound of the rate of divergence
is M2.

Theorem 3. Let 7, be as in (1.3). If M, < /aplogn with ay < 1/10g9, then (3.2) holds. Con-
sequently,

fquB 6 (f, 9) = Op(M2 A (logn)). (3.7)

It is known that the NPLRT with mixing distributions of unbounded support diverges to in-
finity in probability (Hartigan [9]). Jiang and Zhang [12] proved that the rate of divergence is of
equal or smaller order than (logn)?. Theorem 3 improves upon the rate to logn, provided that
the support range of mixing distribution goes to infinity no faster than (logn/log9)!/2. Clearly
the divergence rate is slow. Numerical results of the slow divergence of the critical values are
demonstrated in Gu, Koenker and Volgushev [8].

To prove Theorem 3, we need the following lemma which provides sufficient conditions for
the equivalence between the Hellinger distance d( f, ¢) and the Pearson type «£» distance || f/¢ —
1f2.
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Lemma 3. Let ¢, and C,, be sequences of positive constants satisfying €,C,, — 0. Suppose that

-1
sup <7|f/‘0 L Cn> ~0. (3.8)
feFnd(f<el N f/@ =12 P
Then,
2V2d(f,
sup 1— M — (39)
feFnd(f.p)<en lf/e — 12

In particular, condition (3.8) holds when ¥, ={fc: G([—M,, M,]) = 1} with M,, < /aplogn
for any ap < 1/log9.

For each f, there exists constants C, such that ||(|f/¢ — 1|/l f/¢ — 12 — Cx)+ll2 — 0.
When (3.8) holds, | f/¢ — 1|/Ilf/¢ — 1||2 is said to be uniformly square integrable over %, N
{f:d(f,¢) <en}. Our proof of (3.8) essentially requires the condition that f H,f', epx)dx <«
n(m!? for m = M,%(l + o(1)) (see proof of Lemma 3). This condition holds iff M, <

Jlogn/log9.

Proof of Theorem 3. Let

Yo(x) =

2x — 21og(1 0
! 5 ogl+x) x>0, (3.10)
X

x <0.

Let {fG;,1 < j < Ny} be the collection of Gaussian mixtures as in Theorem 1. As ¥_(x) <
Y (x) =2(x —log(1 + x)), it suffices to prove that

V- (fo, /9 — 1)
P,——>1+ 1). 3.11
1<i=N, " W fa, /o — LI oD GAD

We have 0 < ¥_(x) < x2 for all x. Foro > 0 and x > 0,

ox 1 L [* ot 202 (¥ (0x)
Y_(ox)=2 1—— )dt=20 dt > tdt = .
0 14+¢ o l+ot 14+0ox Jy 14+ox

This implies that for all x € R,

x(x A T) x2 V_(ox)
max = <
>0 l4+ot l4oxy o

<x% (3.12)

Then, (3.12) yields

o heiaCy =gl = leh) _y-Ugle =D _ o
T+ fe /e =G T life, /e — 113 Ife, /o =115 — 7

(3.13)

Since M? < aplogn with ag < 1/log9, it follows from Lemma 3 that 2d(fe;. o)/ fG;/e —
]2 =1+ o(1) uniformly. By Theorem 1, we assume without loss of generality that || fG,; /¢ —
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2 < én. Let C, = 1/(eylogn), so that || fg; /¢ — 1[2Cn < €,Cp — 0. Then, due to (3.13) and
]P’h? =1, (3.11) follows from

 max |(Py —P)(h3 A CJ)| = 0p(1), (3.14)
=J=
and
IP’{ max B, (h3 - C2) }_0(1) (3.15)
1<j<N,

Since Vaur(h2 A CZ) < IP’(h2 A Cz)2 < CZIP’h2 = C2 the Bernstein’s inequality (van der Vaart and
Wellner [18] page 102) ylelds

) nt*/2
]P){lir]li)lgv |(IED —P)( /\Cn)| >t} §2Nnexp{_c272t/3}

Since log N,, < ns by Theorem 1 and n/C2 = nsz(log n)? > ns , (3.14) holds. For (3.15), (2.6)
and (2.8) give that

2
P max P, n (15 C3)+5P1§}i®np,,(2|hj|—cn)+

<AP{(Fin — Ca/D4 + Fan)’
< 8P(Fin — Ca/2)3 +8PF3,
< (32/C;)PF{, +8PF3,

< 0(1)3*/C% +o(1).

In the last inequality we used (2.9) when (m — M?2)//m > 2t, = 2./Tog M,,. The right-hand side
above is o(1) by (6.9) in the proof of Lemma 3. Hence, (3.15) also holds. This completes the
proof of Theorem 3. ]

4. Lower bound for the rate of divergence

To derive a lower bound, we may consider a subfamily ¥, C %,. Since sup reg, tn(fo @) =
SUp r g £, (f, ¢), any lower bound for SUp v £,(f, @) is a lower bound for sup e ¢ £ (f, ).
Probably, the family of two-component Gaussian mixture is the most natural and simplest choice.
Let

={( = p)o&x) + pe(x —pw): pe[0,1], u € R}. (4.1)

The parametric LRT (PLRT) statistic sup s 5 £, (f, ¢) has been investigated in literature. Harti-
gan [9] discovered the PLRT statistic diverges to infinity in probability, and further conjectured
that the rate of divergence is loglogn. Using a result in Bickel and Chernoff [3], Liu and Shao
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[16] confirmed Hartigan’s conjecture, and further proved the asymptotic null distribution. Al-
though the class of mixtures with mixing distributions of unbounded support is considerably
larger than the class of two-component mixtures, the support range of the mixing distribution in
Theorem 3 increases no faster than (logn/log9)!'/2. Hence, the rate of loglogn cannot serve as
a lower bound for the rate of divergence directly. The next theorem shows that the /Iogn rate is
a lower bound if the support range increases no slower than the order of +/logn.

Theorem 4. Let ¥, be as in (1.3). For M,, = \/cologn with co > 0,

IP’[ sup Cu(f, ) < (1ogn)1/2] 0. (4.2)

feFn

Proof of Theorem 4. Let 0 =ug < uj <--- <u, = +/cologn for cg > 0. Let G be the mixing

distribution putting mass 7; at u; for j = 1,...,m, and the rest of the mass 7y at 0. Similar
2

to Bickel and Chernoff [3] and Liu and Shao [16], let 7; = n~!/%w je*”f/ 2 with random w i

J =1,...,m. For a single observation X;, the likelihood ratio for N(u, 1) against N (0, 1) is

LY. y2
"1 Xi75/2 The log-likelihood ratio for all data points can be written as

Pove 00— e L)
i=1 j=0

i=1

n m )
S Eoie )
i=1 =1
—Zlog< Z e “’X"‘”ﬁ/z—l)e_"%ﬂ).

Let Z; j = n’l/z(e“f'x"_”?/2 - l)e_ . Consider the case where | Y_; w;Z; j| < 1/2. Let
f(x)=log(l1+x)—x + x2. Since f(0) =0, f'(x) <0for —1/2 <x <0and f'(x) > 0 for
0<x <1/2,log(l +x) —x > —x? for |x| < 1/2. Thus,

2
n e m
2 log fG<(X >)>Z{Zw’ " (Zw'/zi’j) }
im1 =1
_Zzijkuj’k’ 4.3)

j=lk=1

Il
Pgs

~.
Il

where

n n
Si= Zij= Zn*lﬁ(e“fxf—”?ﬂ _ l)e—uﬁ/{
i=1 i=1
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and

Uik = ZZ' iZik= Z( wXimi/2 _ l)(e”k"i*“f/2 _ 1)e—u§/2—u§/2.

i=1
Let w; = t{sgn(S;) + 1}/2 with > 0. We have

m m
IUUED I RITIAE MR R w o
j=1k=1

j=lk=1

Since Ee'Xi = ¢'*/2, we have E| Ujil < (e(”-"+“")2/27”§/27”%/2 + 3)67’4%/2714’%/2 < 4o (uj—u)?/2,
Letu; = j. Then,

m m m m
EZZ \Ujkl = 4226_(j_k)2/2 <Cym.
J=1k=1 j=1k=1
LY —py2 2 Y2 2 _2
Because E(e"/ % ™5/2 — 1)e i’ =0 and E{("1 X 7“i/* —1)e i* P2 = 1—¢ 7, §; - N(0, 1)
as j — oo. Then, there exists a small constant T such that
m m m
E{r > max(S;,00— 2 > |Ujkl{ = 1ComE(N(0. 1)), — >Cim = Cym.
j=1 j=lk=1
Because the order of m is 4/logn, we find that

— fe(Xi)
Zlog 2 (X0) > /logn

i=1

with large probability.
It remains to verify that | Z'/”: (w;Z; j| <1/2 with large probability. It suffices to consider
max | X;| < +/2logn as it holds with large probability. We have,
m m ) 2
DowiZij| =D wn AT 1)
j=1 j=1

<2rn-12 ieu,«/m—uﬁ
j=1
m
=27 Ze_(”f_V 2logny/2)? < Cyt.
j=1

The last inequality holds because for u; = j the summands decrease faster than geometric rate
from center. Taking a constant T < C4/2 gives that | Z?:l w;Z; j| <1/2. This completes the
proof of Theorem 4. (]
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In the proof, we set u; = j, so the number of support points is of order v/logn. It is known
that the NPMLE is a mixture of at most n components (Lindsay [14]). However, putting denser
equal-spaced support points in support range does not improve the lower bound in our analysis.

Remark 2. Itis unclear whether the exact rate of divergence of the NPLRT is 1/Togn or logn, or
a rate between them. Our analyses for the upper and lower bounds are very different. The proof
of the upper bound is based on the expansion of the standardized likelihood ratio in the Hermite
polynomial basis in (2.4), which leads to the use of the fourth moment condition on the envelope
function Fi , as we remarked below the statement of Lemma 3. This seems to be cruder than the
lower bound analysis. However, we are unable to use the more natural expansion in the lower
bound calculation to derive an upper bound as the magnitude of w; is hard to control. In any
case, little is known about the NPMLE, in spite of Lindsay [14], Genovese and Wasserman [6],
Ghosal and van der Vaart [7], Zhang [19] and other studies in the literature.

5. Discussion

5.1. Implications of the upper bound

The divergence rate of the NPLRT was proved to be bounded by (log#)? in Jiang and Zhang [12]
by a large deviation inequality:

P, {Zlog % >ne2} — 0. (5.1)
i=1

This has an implication of the two-component testing problem:

Hy: f(x) =@(x) against H": f(x)=(— p)e@) + papx —pa).  (52)

The alternative says only a small fraction of normal means is nonzero, and they have the same
value. In the sparse case, namely, 1/2 < 8 < 1, let p, =n—# and p,, = «/2r logn be calibration.
Let p*(8) =B — 1/2if 1/2 < B <3/4, and p*(B8) = (1 — /T — B)? otherwise. The detection
limit of (5.2) is given by p*(8) (Ingster [10]; Donoho and Jin [5]). The NPLRT separates the null
and the alternative asymptotically in the “detectable region”, that is, r > p*(8) (Jiang and Zhang
[12]).

The PLRT for contiguous alternative hypothesis was studied in Azais, Gassiat and Mercadier
[1]. This is the dense case of (5.2), where 0 < 8 < 1/2 under p, = n~B. In the dense case,
Wy is calibrated by u, = n~". The detectable region is r < p*(8) where p*(8) = 1/2 — B.
When n'2p,pu, — y € R and pu, — uo € R, the asymptotic power of the PLRT is equal to
the asymptotic level (Azais, Gassiat and Mercadier [1]). This implies that in the case where
r =(1+0(1))p*(B), the PLRT cannot distinguish the null from the alternative asymptotically.
We provide a result which says the NPLRT is consistent in the interior of the detectable region.
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Theorem 5. Consider the testing problem (5.2) where 0 < B < 1/2 under p, = n=P. Let u, =
n~". Let q(n,a) be the critical value such that Pr {€,(fn,9) > q(n, )} = . The rejection
region is En(fn, @) >qn,a). Then

P, o {NPLRT in (1.2) rejects Hy} — 1, n— 0o

H"
if and only if r < p*(B) where p*(8) =1/2 — B.

If we let « — 0, then the sum of Type I and Type II errors tends to zero. So the NPLRT
separates the null and the alternative asymptotically in the detectable region.

5.2. Simulations

We provide some simulation results to compare the NPLRT and the PLRT. Because the loglogn
rate of divergence is very slow, the asymptotic distribution is not directly applicable in computing
the critical values of the PLRT under the null. In our simulations, both the critical values of the
PLRT and the NPLRT under the null are simulated.

We first considered (5.2). We set (2, p,) = (1000, 0.005). The corresponding sparse parameter
under p, =n"# is B =0.767. We let the amplitude parameter s, range from 1.5 to 4 with an
increment of 0.25. We set the significance level @ = 0.05. Table 1 displays the powers of the
NPLRT and the PLRT based on 1000 replications. The PLRT is slightly better than the NPLRT.
This is not surprising since the PLRT is the benchmark for (5.2).

We next considered testing Hy against the Gaussian hierarchical model. Under the alternative,
the non-standard normal observations are from N (u;, 1) where u; ~ N (0, t2). We set (n, pp) =
(1000, 0.005) and (1000, 0.01). We let T range from 1 to 4.5 with an increment of 0.5. The results
are reported in Table 2. In this simulation, the NPLRT yields much stronger performance.

5.3. Other mixtures

The methods to derive the upper bound is applicable to multivariate Gaussian location mixtures.
For independent bivariate normal distribution with unit variances, the Gaussian mixtures have
the expansion

fG<x,y>=<p<x,y)ZZ“”k( L b0 B, (5.3)

j=0k=0 ']'k‘

Table 1. Powers for (5.2) at level o = 0.05. (n, p) = (1000, 0.005)

Mn
Method 1.5 1.75 2 2.25 2.5 2.75 3 3.25 35 3.75 4

NPLRT 0.097 0.126 0.171 0237 0334 0481 0.623 0.771 0.884 0952 0.982
PLRT 0.096 0.127 0.189 0279 0398 0.535 0.681 0.817 0919 0.968 0.990
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Table 2. The nonnull means are sampled from N (0, 1:2). n = 1000, « = 0.05

Dn Method 1 1.5 2 2.5 3 35 4 4.5

0.005 NPLRT 0.060 0.150 0.309 0.482 0.649 0.758 0.855 0.894
PLRT 0.057 0.115 0.206 0.328 0.438 0.557 0.631 0.702

0.01 NPLRT 0.102 0.237 0.512 0.737 0.873 0.947 0.983 0.994
PLRT 0.080 0.173 0.363 0.539 0.686 0.778 0.860 0.898

where ¢(x, y) = exp(—x2/2 — y2/2)/(27) and u;x(G) = [u/v*dG(u, v) is the (j, k)th mo-
ment of G. The generalized score function hg(x, y) = (fo(x,y)/e(x,y) — D/l fc/e — 1|2 is
expanded by

Hj(x) Hy(y)
h(e, )= Y (G~ ==, (5.4)
(j.k)#(0,0) W ﬁ

where ¢ 1(G) = {14k (G) /TR 1 20,0y 5.4 (G)/ (kD2 Let

my my 1/2

Fia(x,y)= ZZ——H2< VHE(D) [ - (5.5)

jlk!
i=tk=1"

By analysis parallel to Lemmas 1 and 2, it can be shown that the cutoffs are m; ~ M,% and
my ~ M?2. Similar analysis can be carried out in general fixed dimension.

The methods is potentially applicable to Poisson mixtures pg (x) = [ z¥e~%/x!dG(z). We test
Hj: z = z¢. The generalized score function can be expanded by the Charlier polynomials (Azais,
Gassiat and Mercadier [2]),

PG(X)/PO(X) 1
= = E b (G)C , 5.6
q6(x) 16/ o — 112 k(G)Cr(x) (5.6)

where b(G) = {mx(G)/ (k') /{52, m3(G)/ (i} /2, mi(G) = Eg(z — z0)F and

dk z\*
Ck(.x)—ZOd k<_> eiZ‘FZO

=20

6. Proofs

Proof of Theorem 1. First of all, SUp fe g, L, (f, ) < m;,zZ follows directly from Theorem 1 of
Jiang and Zhang [12].
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Let &, ={f¢: G([—M,, M,]) = 1}. Since ¢ € F,, we have E,,(f:,, 9)>0> —ne,zl. By the
proof of Theorem 1 of Zhang [19], the nonparametric MLE over %, converges: P{d( fn, @) >
&n} — 0, where g, < (logn)/+/n. For any semi-distance dy, let Ball(h, 1, do) = {h: do(h, ho) <
n} be the ball of radius n around k. We consider the n-cover of F, N {f: d(f, ) < ¢&,} for
n= 1/n3. It follows from Lemma 2 of Zhang [19] that there exists {ij, I<j<N,JCF,N
{f:d(f, ¢) <e,} withlog N, < ns,zl such that for M,, < /logn,

Nn
Fan{f:d(f.) <en} | JBall(fs;. 1/m° |- lloom,)-
j=1

where ||A oo, = SUp|y|<p |7 (x)] is the supreme norm in bounded intervals.

Proposition 2 of Jiang and Zhang [11] asserts that foralli =1, ..., n, f,,(X,') > 1/(/2men).

Then, for f¢; such that ||fn = J6;lloo,m, < 1/n3, we have

sup €,(f.9) — a5, 9)|

feFn

n n

Y (log fg,(Xi) —logp(Xi)) — Y _(log fn(Xi) — log (X))

i=1 i=1

! < ||fcj—fn||oo,M,,>
Zlog 1+ ——"
i=1 fn(Xi)
<2me/n.

This and sup s g €0 (f, @) = X12 imply that sup e ¢ €, (f, @) = (1 + na) sup <<, € (fG;, @)
with large probability, where |1, | < 1/n. O

=

Proof of Lemma 1. We use C to denote a universal constant which may take different values
from one appearance to another.

Let mp be an integer satisfying 2(mg — 1) < M,% < 2myg. For j < my, y,%mo(G) <
(M)*"~2 13 (G). So

i M?(G) - f: M%j(G) - M%mO(G) f: (2mo)!

— > — > , - (6.1)
L 2! @mo)! = Q)N MZ)>mo=2]
By Stirling’s formula,
%’: (2myg)! _ (@mo)! 0, (M2)%
pa @HUMZ)2mo=2] pramo o en!
V2 MZ [ M2\ M
S i (—) (Coe™n) > =2 6.2)
M, \ e Co
n
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Since u?(G) < (2m0)k*2mougmo(c) for k > 2my, it follows from (6.1) and (6.2) that

2
doz o HOK (&

k—2m
(Mﬂm@mwﬂ@mﬂ_Agymw °Q2mo)!/ k..

Since (2m0)* =20 2mo)!/ k! = TT527"0(1 = j/@mo + j)) < e~ *=210°/@0_2.7) follows. [

Proof of Lemma 2. (i) First of all, || F; , ||§ = m follows directly from f Hi(x)Hy(x)p(x)dx =
k'I{j = k}. We include a proof since it leads to the proof of (2.8). Due to

k
_ k x2/2 d —12/2
Hk(x) = (—1) e ﬁe

t=x
k
_ 2224 e
=ée ke
du u=0
k
_ d exu—u2/2
k 9
du u=0

the second moment of the Hermite polynomials can be computed via

3/ 8k xu—u?/24+xv—v2/2
Hj(x)Hi(x)p(x)dx = Tui a0k | € p(x)dx
u=v=0
_ 7 w
qul vk |,
—K{j =k}

This gives the orthogonality. Similarly, the fourth moment of the Hermite polynomials can be
computed via

4
[ T 000

j=1

(n ) I

J

Z (xuj — u?/Z)}(p(x) dx

l<j<4

ur=uy=u3z=u4=0

(6.3)

4 ki

aki

= (1_[ © expluiuz +urus +ujug + upus 4+ upus + uzug)
J

Jj=1 8uj ur=ur=u3=us=0

Let m = (k1 + ky + k3 + k4) /2. Assume that m is an integer as the right-hand side above is zero
otherwise. Let k| > ko > k3 > k4. We have k4 + k3 < m and

4
[ T 000
j=1
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=$<li[ 812,-)( ) “flufz>m

Jj=1 a"‘j I<ji<j=4

u1=ur=u3=us=0

) (2 w) (5 )™

1<j<3 1<j1<j2<3 ur=uz=u3=0

ky 2 ki
:Z & <k4) (m_k4> (l—[ . >(u1+u2)k4 s I)(” u)™” fimlemh

_ | —

pard (m—ka)!'\ 1 ky —1 1 0u ; uy=uz=0
T k! \ 1 )\ ks =1 ) \ka —m — ks — k3 +1)) 2

kq

ki'kok3'ky! (kg + k3 — 21)!
Z 1'k2 k3 lka! (kg + k3 ) (6.4)

- S (ks = D'(ks = DYm — k3 —ka +D'm —ky = D!0m —ky = DY’

The above quantity is counted as zero when m < ki 4 [. In particular, for k4 = k3 =k = k1,

frmon i () (170
E(L) 6
Syt
<

ke ko 2
<*kn*)° 1) 22‘<(k‘)2{z<l>2’} = (k)*9*. (6.5)

=0 =0

)2

I=

It follows that

2
||F1,n||3=/{2( \k/%)> } p(x)dx

k=1

/Z<Hk(X)> o(x)dx = Hi

Since (¥) < 2% /V/1, the base 9 in (6.5) is tight.

4 m
< 29 <omtlyg,
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(i) Let y = (x — M?2)//x. For x > m, we have

g 2dy @y +2MZ/x'?)dy
CT MR T T 1+ MYx
n n
2M?/x1/?
<(2y+="— )dy < Q2y+ M,)dy. 6.6
_<y+1+M3/x) y=<Qy+ My)dy (6.6)

When x > m, y = (x — M2)//x > (m — M?)//m > 2t,. By the triangle inequality and (6.6),

Co — (k= M2)2
||F2,n||2§ V E e (k—M;)"/ (4k)
n
k=m+1

</Co/M, / T M g
m
) 24
< J/Co/M, / A2y + My)dy

2ty
—12 2 [T 2/4 1/2 2
<+Co/M,|4e " + M,e™"n e Y Mdy | =CiM, e,
0
This completes the proof of (2.9). ]

Proof of Lemma 3. Since

IWFTe— 113 = f /Tl9 — 1pdx = / T = J@rdx=2d%(f.9),  (6.7)

we have
232d(f, ¢) fle—1 2/ fle—1)
sup |1 LSO - 6.8)
fEeFud(f.9)<en 1f/e =121 ™ remacroy<el If/0 =12 I1f/e =12 |,

by the triangle inequality. Let h = (f/¢ — 1)/l f/¢ — 1||2. Then, (3.8), (6.7) and &,,C;, — 0 imply
that

fle—1  2(Jf/lp—D
I f/e—1l2  Nf/e—1l2

feFn,d(fip)<en 2

_ Nl —1
= sup ——Fh
feFnd(fp<el V19 +1 o
Vo —1
= sup 7]‘/(,0 (|h| -Cy+ Cn)
feFnd(f)<e,l vV f/o +1 )

< sup {||(|h|—Cn)+”2+«/§8nC,,}—>0.
fe-?dn»d(fv(/))fsn
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It remains to verify (3.8) for the specific M,,. For bounded M,, (3.8) follows from the fact
that Fy , + F», for some fixed m is an L, envelope function. Assume M, — oo. Let C,, =
1/(enlogn). Since (Fy, — Cy)4 < F},/Cy, by Lemma 2, when (m — M?)//m > 2t, =

2/log M,
—1
- ( -1 Cn)
feFn.d(f9)<en I f/o — 12 +

= ”(Fl,n - Cn)+”z + ||F2,n||2
2

< IF1ull3/Cu +o(1)
<0M3"/Cy +o(1).
Thus, when M,% <aplogn with ag < 1/1og9,
10g(32m/C3) = log((logn)2€£9m)
< log((logn)*9™ /n) + O(1)
< (logn)((l + o(l))ao log9 — 1) + O(loglogn)
— —00. (6.9)

This completes the proof of Lemma 3. ]

Proof of Theorem 5. Let G™ = (1 — p,)8p + pnd,, where 8, is the probability distribution
giving its entire mass to . Using Theorem 2 of Jiang and Zhang [12], it remains to prove that
nd* (e, fG<,.))/(log11)2 — oo if and only if » < 1/2 — B. Note that fsum (x) = (1 — py)e(x) +
Pne(x — ). We divide the Hellinger distance into two parts:

2d% (¢, fom) = / (Vo) = VA= p)e () + prox — i)’ dx

= /(1 - \/1 —n=P +n=Pexp(xm, — u%/Z))zw(x) dx

B

%
1oy logn+5t ~+o0
= +

—00 %logn-‘,—’%"

2L+ D (6.10)

We first calculate /1. When x < (8/u,) logn + w, /2, the Taylor series gives that

2

10 4P exp(xun —u3/2) =1 - é(l +o<1>)n"3{1 B e@("w - M?) }

Then,

B

Tnlogn+“7" 1 2\ 12
L= (1 +0(1)) : Zn_zﬂ{l — exp(xun — %)} ¢(x)dx
—00
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B

1 oy logn+43 MZ
= (l +0(l)) Zn—2ﬁ {1 - 2exp<xun - 7") +exp(2xun — uﬁ)}(p(x) dx
—00
A
=(1+oM)U3+ 14+ Is). (6.11)
Here

1
I = —nzﬂd)(ﬁlogn + &)
4 n 2

The cross term is
B

1 ™ logn-i—”% 2
Iy = ——nfzﬁ/} exp(xun — &><p(x) dx
2 oo 2

1
=——n o ﬁlogn—ﬂ .
2 2

Some calculations show that

:1 iy M—nlogn+“7” )
15_4n exp(2xpn — py)p(x) dx

o0

1 3
= Zn—Zﬂ exp(n_zr)dD(% logn — EM")

Putting /3, 14 and I5 together, we obtain

I3+ 14+ Is
ot oo+ 1) <20 oen = 3 ) el e oen = S )|
=-n ®| —logn+ — | —2&( —logn — — | +exp(n ™" )®| — logn — =
4 Hn £ 2 Mn s 2 P( ) HKn s 27"
1
=0+ o(1))n~? (exp(n™) — 1)
1
=—(1+o())n 22,
4
This and (6.11) give that
1
I > (logn)?/n  iff r<5-—#8 (6.12)

The analysis I is easier. When x > (8/u,) logn + , /2, the main term in the square root is
nPexp(xu, — u2/2). So

+00 2
L = / (1 - \/1 —n=P+n=Pexp(xm, — M%/Z)) o(x)dx
Mﬁnlogn+“7"
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+00 'u2
=o0()n~* /,s exp(x,u,, - 7"><p(x)dx

£ HKn
in logn+55

= O0(MnFPd(n~"/2— pn”logn)
« (logn)?/n. (6.13)

The last step is due to ®(—x) = (1 + o(1))p(x)/x.
Combining 2d*(g, fgw) = I1 + I, (6.12) and (6.13), we have that d*(¢, fgw) > (logn)?/n
ifandonlyifr < 1/2 — 8. (|
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